
�� � �� � ��� � � 	

� �� �
� �� �� � �

� � � � �� ��� ������ ������� ! "� �����#��$% &'  (�)��)
A =





3 1 0
0 1 2
0 1 2



 * +, -. � / *0*0 
1$ 234 5 *6

789:; < �'  �= >. ?��(��%�&�$� @A */ * B'$= >. C %� $��(�% (����. %$� ��>
A D

p(t) = det(A − tI)

= det









3 1 0
0 1 2
0 1 2



 − t





1 0 0
0 1 0
0 0 1









= det





3 − t 1 0
0 1 − t 2
0 1 2 − t





EFGHIJ KLHFMFNI OO PQ GN RMSIJ LTHMU VP WXRY PZ
= (3 − t) det

[

1 − t 2
1 2 − t

]

= (3 − t)
(

(1 − t)(2 − t) − 2
)

= (3 − t)(t2 − 3t)

= −t(t − 3)2.

[������ ! �� �$>  %>)��$ = \&�>��%$
p(t) = 0 * ]%>)��$�%$ �$>

λ1 = 0
"�

λ2 = 3 *[ ��>. �&^�$ %� _��% �����#��$%�% * �'$)^ _��>. #�� �����#��$%�% )�. ^� `�'$%������� ! ��>
λ1 = 0 * a��$ _��%)^ . �� b# c %�  �')% = \&�>�%

(A − λ1I)x = 0 * a%$ )�.
λ1 = 0

bC �$ = %&�%� )�. b%$& %�  �')%
Ax = 0 * 3�^= >. A

'_$ C $>^^ �&$%)^%  % &"$.




3 1 0
0 1 2
0 1 2



 ;





3 0 −2
0 1 2
0 0 0



 ;





1 0 −2

3

0 1 2
0 0 0



 .

]%>)��$
Ax = 0

�$> b#c %  �$ # ��$%$ C &"$. ��>
(x1, x2, x3) = x3(

2

3
,−2, 1) d "� b��$ d >^%�#��>$���

0 d �$> �����#��$%$
A

^� `�'$%�!� ������� ! ��>
λ1 = 0 *3#" �$ %� _��% �����#��$% &'$�$ ` �^^ ������� ! ��

λ2 = 3 * a>$&>. %� _��%  %>)��$
(A − 3I)x = 0 * �C>. %�

A − 3I =





0 1 0
0 −2 2
0 1 −1



 ; · · · ;





0 1 0
0 0 1
0 0 0



 .

ef$ �$
x1

�$ &$= C ) g$�'^% ��
x2 = 0

"�
x3 = 0 * ]%>)��$ = \&�>��%$

(A − 3I)x = 0
�$>b#c �C(#-.  ��% %  �$ # ��$%$ C &"$. ��>

(x1, x2, x3) = x1(1, 0, 0) * h �� `\&>. �����#��>$
c `\�!>�>. �&

x1 6= 0 *ijklmnop� q � 3= C &)%�^ �$ %� r$s&% `#"$^ # ��$%$��$ )�. #�� &>�!>. �$> #�$(� ��%�����#��$%$ * a%� �$ ��$^ . �� %� . %$�&% !% bC . ��
A

"� %^`>�% `#"$^ 1^(". %� �$ �((�
>rr`%t��� # ��>$��� . %$�&% !%�>$ . �� ������� ! ��> *

/u



� � � � �� �� � 3%���� %� � �$ ������� ! � &'  (�)
A

�& "� %����) �&
A

�$ �((� %�!`#�$&�
%� ��^ * +, -. � / *0*@ 1$ 234 5 *6

789:; < h �^>. %� &�$����)&'  (�
A

�$ �((� %�!`#�$&%� ��^ �& "� %����) �& = %&�%�
Ax = 0

`�&>$  %>)�
x 6= 0 *� �$>. &'$)^ $C� &'$�$ %�

λ = 0
)f ������� ! �

A * aC �$ ^� # ��>$ +�����# ��>$6 x 6= 0b%���� %�
Ax = 0x = 0 * �' ( ��

A
�$ �((� %�!`#�$&%� ��^ b#c = %&�%�

Ax = 0
`�&>$

%�$%$  %>)��$ �� �1  # ��>$��� *� &>�^ �� ! �$ %� �&
A

�$ �((� %�!`#�$&%� ��^ bC `�&>$ = %&�%�
Ax = 0

 %>)�
x 6= 0 *

a�))� # ��>$
x

�$ �����#��>$
A . �� ������� ! �

0 *
� � � � �� �� � ]C^>. A

#�$%
n × n

&'  (� *�n � 3���� %� &'  (��
A

"�
AT

`%&% )\.> ������� ! � *�� � � �$>. $C� &'$�$ %� b��%$ )^\(�� c ���`#�$$�  c�>
A

�$>  \�� )%. %� bC (�.>$
%  ^%& 1^ ^% %�

s d )%. % `#%�%  c�% �$ #% �� * 3���� %�
s

�$ ������� ! �
A *��� � �$>. $C� &'$�$ %� b��%$ )^\(�� c ���`#�$= >. !C (�

A
�$>  \�� )%. %� bC (". �

%  ^%& 1^ ^% %�
s d )%. % `#%�% !C (>$ �$ #% ��� * 3���� %�

s
�$ ������� ! �

A *
789:; < �n � h �� )��>. %� &' (��

A
"�

AT
`%&% )\.> (����. %$� ��> * ?��(�>.(����. %$� ��>

AT * 3%. (#-.^ )(� �$��� ���> �$ (����. %$� ��%�
pAT (t) = det(AT −tI) *	 �� b# c %� �"^% %� C(#��% g$�'^�)^ �((� # �� g' ^���> "� %�

IT = I
&-)^ %�

pAT (t) = det(AT − tI) = det(AT − tIT ) = det((A − tI)T ) = det(A − tI) = pA(t).

a#c `%&% &'  (��
A

"�
AT

)\.> (����. %$� ��> * [ ������ ! �� �$> $-^>$ (����. %$� ��>��%$"� �$> b#c b%> )\.> &'$�$
A

"�
AT *�� � h �� )��>. %� #��>$���
x0 = (1, 1, . . . , 1)

�$ �����#��>$
A . �� ������� ! ��

s *
?��(�>. D

Ax0 =











a11 a12 · · · a1n

a21 a22 · · · a2n*** *** * * * ***
an1 an2 · · · ann





















1
1***
1











=











a11 + a12 + · · ·+ a1n

a21 + a22 + · · ·+ a2n***
an1 + an2 + · · ·+ ann











=











s

s***
s











= s











1
1***
1











.

a#c �$
Ax0 = sx0

"�
x0

�$ �����#��>$
A . �� ������� !��

s *��� ef$ ��^>. #�� ��^^ �n �� "� �� ��  �� � * 
. &' (��
AT

�� !�$ %� )^\(�� c  c�>
i

�$> b%> )\.> "� )^\(�� c !C ( �
i

c
A * 3>. . % )^%(%��% c  c�>

i
c
AT

�$ b#c = \&�)>. .> )^%(%��% c !C (�
i

c &'  (��>
A * �"$)��!%� )���$ %� )>. . % )^%(%��% c `#�$= >.!C (�

A
)f %  ^%&

s
"� >. AT

�� ! �$ b#c %� )>. . % )^%(%��% c `#�$$�  c�> �$ %  ^%&
s *3%. (#-.^ �� ��  �� �$

s
������� ! �

AT
"� b%$ )�. A

"�
AT

`%&% )\.> ������� ! � bC �$
s

 c(% ������� ! �
A *

� � � � �� �� � 3(� �$���>.
A =





a b b

b a b

b b a



 .

�n � 3���� %� #��>$���
x0 = (1, 1, 1)

�$ �����# ��>$
A

s`C� b#c `#%�% �� !�
a

"�
b`%&% *�� � [$ . \�> ��^ %�

v0 = (1, 2, 3)
)f �����#��>$

A�

/




789:; < �n � ef$ . C #c)% ^� �� ��  ��%$ c , -. � @A *A `f$ %� "&%� * [�  c(% �$ ���&% ^
%� r$s&% g ���^ `#"$^

x0

�$ �����#��>$ * 3= C>. %�

Ax0 =





a b b

b a b

b b a









1
1
1



 =





a + 2b
a + 2b
a + 2b



 = (a + 2b)





1
1
1



 = (a + 2b)x0.

3#"
x0

�$ �����# ��>$ "� ������� ! �� �$
a + 2b *�� � [&

v0

�$ �����# ��>$ bC �$ ^� ^% %
λ

b%���� %�
Av0 = λv0

* 4^`>�>. `#"$^
`-�^ �$ %� _��% �� ! � C a, b

"�
λ

b%���� %�
Av0 = λv0

* �1 �$
λv0 = (λ, 2λ, 3λ)

"�

Av0 =





a b b

b a b

b b a









1
2
3



 =





a + 5b
2a + 4b
3a + 3b



 .

a��%$ #�� )^�  >. >rr = \&�>���
Av0 = λv0

&-)^ %�




a + 5b
2a + 4b
3a + 3b



 =





λ

2λ
3λ



 ,

"� b�))%$ >rr � )���%$ . C )�^= % >rr )�. = \&�>`��rr�
a+5b −λ = 0

2a+4b−2λ = 0

3a+3b−3λ = 0.

]%>)� b�))% = \&�>`��rr�) �$
(a, b, λ) = λ(1, 0, 1) * a�^^% )���$ %� #�))> ��% �$ . \�> ��^

%�
(1, 2, 3)

)f �����#��>$
A

"� ������� !��
λ

��^>$ #�$�� `#%�% ^% % )�. �$ d �� bC �$

A =





λ 0 0
0 λ 0
0 0 λ



 .

//
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� � � � �� ��� 3(� �$���>.

A =





−2 0 −1
0 2 0
3 0 2



 .

������ ������� ! "� �����#��$%
A * [ $ &'  (��

A
`"$�% c�>��$%� ��^ +� * !�%�"�% ��%g �6�[&

A
�$ `"$�% c�>��$%� ��^ bC ����� b�� %� _��% &' (�

P
b%���� %� &'  (��

P−1AP
�$

`"$�% c�>&'  (� *789:; < �'  �= >. ?��(��%�&�$� @A */ ^� %� _��% ������� ! �� "� �����# ��$%�% * �'$)^
�$ %� _��% (����. %$� ��>

A * e1� �$
p(t) = det(A − tI)

= det





−2 − t 0 −1
0 2 − t 0
3 0 2 − t





ERMSIF LTHMU R�FI OZ
= (2 − t) det

[

−2 − t −1
3 2 − t

]

= (2 − t)
(

(−2 − t)(2 − t) + 3
)

= (2 − t)(t2 − 1)

= (2 − t)(t − 1)(t + 1).

[������ ! �� d  %>)��$
p(t) = 0 d �$> b# c

λ1 = −1, λ2 = 1
"�

λ3 = 2 *[ ����# ��%$��$ _��%)^ . �� b# c %�  �')% = \&�`��rr��
(A − λi)x = 0 *B'$= >. C λ1 = −1 * aC b%$& %�  �')% = \&�>`��rr��

(A+I)x = 0 * �"^>. #��= > ��%%�&�$� ^� %�  �')% = \&�>`��rr��

A + I =





−1 0 −1
0 1 0
3 0 3



 ; · · · ;





1 0 1
0 1 0
0 0 0



 .

?>!!% �&$%)^%  %&"$. �� )���$ "((>$ %�
x

�$  %>)�
(A + I)x = 0

�& "� %����) �&
x>rr&'  �$ )(� ' $���

x1 + x3 = 0
"�

x2 = 0 * ]%>)��$�%$ �$> b#c # ��$%$
x = t(1, 0 − 1) d"� �&

t 6= 0
bC �$

x
�����# ��>$ *� )%. % `C^^ &-)^ %� �����#��$%$ &'$�$

λ2 = 1
�$> C &"$. ��>

x = t(1, 0,−3)
b%$)�. t . C #�$% `#%�% ^% % )�. �$ ��. % � d "� �����#��$%$ &'$�$

λ3 = 2
�$> C &"$. ��>

x = t(0, 1, 0), t 6= 0 *
�\(>. �1 �$>�� &'$�$ `#�$^ �����$1. * h ��>$���

v1 = (1, 0,−1) .'�!%$ �$>��&'$�$
E(−1) d # ��>$���

v2 = (1, 0,−3) .'�!%$ �$>�� &'$�$
E(1)

"�
v3 = (0, 1, 0).'�!%$ �$>�� &'$�$

E(2) * 3%. %� .'�!% #��$%$��$ �$>�� &'$�$
R3 * �' (��

P
&-)^

. �� b#c %� $%�% b�))>. #��$>. )�. !C (>. c &'  (� "�
Λ

�$ `"$�% c�>&'  (� )�. `�&>$
������� ! �� C `"$�% c�>��� b%���� %� c

i
�^% )-^� C `"$�% c�>��� (�.>$ ������� !�� &'$�$

i
�^% !C (#��>$

P * a#c �$

P =





| | |
v1 v2 v3

| | |



 =





1 1 0
0 0 1
−1 −3 0





"�
Λ =





−1 0 0
0 1 0
0 0 2



 .

/	



� � � � �� �� � +� $ r$s_ #"$�� @��A6 3���� ^� >. `#"$^ &'  (��

A =

[

5 1
0 5

]

�$ `"$�% c�>��$%� ��^ * ? \()^>�����>$ �%>�)'� ��>$ *
789:; < ?�'�>. %� `"$�% c�>��$% &'  (�� * �' �= >. ?��(��%�&�$� @u */ * [& &'  ( �� �$

`"$�% c�>��$%� ��^ bC .>�>. #�� _��% �$>�� %& �����#��$>. �� %��%$) .>�>. #��
)= C %� ) c(>$ �$>��>$ �$ �((� ^� *�'$)^% )($�_� �$ %� $��(�% ������� ! �

A * � ����. %$� ��%
A

�$

p(λ) = det(A − λI) = det

[

5 − λ 1
0 5 − λ

]

= (5 − λ)2.

�%&�%�
p(λ) = 0

`�&>$ g%$% ���%  %>)�
λ = 5 d )�. �$ ���% ������� ! �

A *[ ����# ��$%$ &'  (�)��) _��%)^ �1 . �� %�  �')% = \&�>�%
(A− λI)x = 0 * �C>. %>(��

&'  (�
[A − 5I | 0] =

[

0 1 0
0 0 0

]

.

a%� ���% )�. &-)^ 1^ 1$ = \&�>`��rr��> �$ %�
x2 = 0

��
x1

. C #�$% `#%� )�. �$ *
]%>)��$ = \&�>`��rr�)��) �$> b#c # ��$%$

(x1, x2) = r(1, 0)
"� ���> �����#��$%$ &'  (�)��)�$> #��$%$��$

r(1, 0)
b%$ )�. r 6= 0 * a# c �$ 1^� "(%� %� _��% �$>�� &'$�$

R2
)�.)%. %�)^��!>$ %& �����#��$>. A * �' (��

A
�$ b#c �((� `"$�% c�>��$%� ��^ *[ ����� . -^^� "$�% b�^^% . �� #c)>� ^� 3�^����%$ @u *� * 4  ��g$> �� . %$�&� !�� �������� ! �)��)

λ = 5
�$ @ �� $1. &$-�� ��% . %$�&� !�� +# c!! �����$1. )��)6 �$ 0* 3%. (#-.^3�^����> @u *� �$ &'  ( ��

A
bC "� b#c %����) `"$�% c�>��$%� ��^ %� >. \  ������� ! ��

�� ! � %� $1. &$-�� �� . %$�&� !�� )f = \&� % ��g$> �� . %$�&� !�� *
� � � � �� �� � 3���� ^� >. `#"$^ �&^�$&%$%�!� &'  (� �$ `"$�% c�>��$%� ��^

A =





1 −4 2
−4 16 5
0 0 −3



 .

789:; < ����>. ������� !�
A * � ����. %$� ��% &'  (�)��) �$ + ��%� �&^�$ ���)^>  c�>&'  (�)6

det(A − λI) = det





1 − λ −4 0
−4 16 − λ 0
0 0 −3 − λ





= (−3 − λ) det

[

1 − λ −4
−4 16 − λ

]

= (−3 − λ)
(

(1 − λ)(16 − λ) − 16
)

= (−3 − λ)(λ2 − 17λ)

= (−3 − λ)(λ − 17)λ.

[������ ! �� �$>
λ1 = 17, λ2 = −3

"�
λ3 = 0 * 3%. (#-.^ �' ��)�^����> @A *u bC �$

n × n
&'  (� )�. `�&>$

n
s c( $%>�^\ > ������� ! � `"$�% c�>��$%� ��^ * �((%$ &'  (� �$ %&)^-$�����

3 × 3
"� `�&>$ b$= 1 s c( $%>�^\ > ������� ! � "� �$ b#c `"$�% c�>��$%� ��^ *

/�



� � � � �� �� � � ����� ^#\ s c( `"$�% c�>&'  (� )�. �$> g-�� C. s^% &'  ( ��> [

1 4
0 −3

]

*
+, -. � 
 *@ *0u 1$ 2�5 *6

789:; < �' (��
A

�$ )%�^ C. s^% `"$�% c�>&'  (�
D

�& ^� �$ %�!`#�$&%� ��^ &'  ( �
Pb%���� %�

D = P−1AP +)= C 3(� �$��� ���> 0� *�6 * a�((= >. 1$ �' ��)�^����> @u *
 %�
)^\(�� C `"$�% c�>

D
�$> ������� ! �

A
"� !C (%$

C
�$> �����#��$%$ * �  c( `"$�% c�>&'  ( �

)�. �$> C. s^%
A

&C)^ . �� b#c %� $%�% ������� !>�>. C s c(% #��> C `"$�% c�>�% *� b�))> !-. � �$

det(A − λI) = det

[

1 − λ 4
0 −3 − λ

]

= (1 − λ)(−3 − λ).

[������ ! �
A

�$> b# c
λ1 = 1

"�
λ2 = −3 *

� � %� _��% �����#��$%�% ^� `�'$%�!�
λ1 = 1

 �')>. #�� = \&�>�%
(A − I)x = 0"� &C>. %�  %>)��$�%$ �$>

x = r(1, 0) * [&
r 6= 0

bC �$
r(1, 0)

�����#��>$ * 3�^= >.
v1 = (1, 0) *[ ����# ��$%$ &'$�$

λ2 = −3
�$> %  �$ # ��$%$

r(1,−1)
b%$ )�. r 6= 0 * 3�^= >. v2 =

(1,−1) * 3�^ �1
P1 =

[

1 1
0 −1

] "�
P2 =

[

1 1
−1 0

]

.

aC �$>
P−1

1 AP1 =

[

1 0
0 −3

] "�
P−1

2 AP2 =

[

−3 0
0 1

]

,

^#\ `"$�% c�>&'  (� )�. �$> g-�� C. s^%
A *

� � � � �� �� � �n � 3���� %� �& &'  (��
A

"�
B

�$> C. s^% bC �$
rank(A) = rank(B) *�� � ]C^>. A

#�$% `"$�% c�>��$%� ��^
n × n

&'  (� * 3���� %�
rank(A) = rank(A2) *

789:; < �n � ]C^>. P
#�$% %�!`#�$&%� ��^ &'  ( � b%���� %�

B = P−1AP * aC �$
A = PBP−1 * a-�� ��^ �$ %� �C �%)^ #�$(�&��� b%���� %� #�� )��>. %�

N(B) = P−1N(A) = {v | ^� �$
w ∈ N(A)

b%���� %�
v = P−1w}.

3��>. &'$)^ %� �&
v

�$ c
P−1N(A)

bC �$
v

c
N(B) * ]C^>. w

#�$% #��>$ c
N(A)

b%����%�
v = P−1w * aC �$

Bv = BP−1w = P−1APP−1w = P−1Aw = 0 * 3#"
v ∈ N(B)"�

P−1N(A) ⊆ N(B) *� �$>. �1 $C� &'$�$ %�
v

)f #��>$ c
N(B) * 3�^= >. w = Pv * aC �$

Aw =
PBP−1Pv = PBv = 0 * 3#"

w ∈ N(A)
"� )#" �$

P−1w = P−1Pv = v
)#"

v ∈ P−1N(A) a#c �$
N(B) ⊆ P−1N(A) * e\&>. �1 )��^ %�

N(B) = P−1N(A) *3��>. �1 %� #c!!�� C N(B) = P−1N(A)
�$ )1 )%. % "� #c!!�� C N(A) * ]C^>.

{v1, . . . ,vk}
#�$% �$>�� &'$�$

N(A) * a%$ )�. P−1
�$ %�!`#�$&%� ��^ &'  (� bC �$ &= \ �

)(' !%� {P−1v1, . . . , P
−1vk}

s`C� d )%. %�g �$ !-. � A *@ *00 c 234 5 * [&
w ∈ P−1N(A)bC �$ ^� # ��>$

v ∈ N(A)
b%���� %�

w = P−1v * ? �^>. v = c1v1 + · · · + ckvk

"� bC&-)^ %�
w = P−1v = P−1(c1v1 + · · · + ckvk) = c1P

−1v1 + · · · + ckP
−1v.

3#"
w

�$ c )r%���
P−1v1, . . . , P

−1vk

"� #�� &C>. %�
P−1N(A) = Span(P−1v1, . . . , P

−1vk) *a#c �$
null(A) = null(B)

"�
rank(A) = n − null(A) = n − null(B) = rank(B) *�� � a%$ )�. A

�$ `"$�% c�>��$%� ��^ bC �$ �$ ^� %�!`#�$&%� ��^ &'  ( �
P

b%���� %�
Λ = P−1AP

�$ `"$�% c�>&'  ( � * 3= C>.  c(% %�
Λ2 = (P−1AP )(P−1AP ) = P−1A2P *

/�



3%. (#-.^ �n �  �� �$
rank(A) = rank(Λ)

"�
rank(A2) = rank(Λ2) * 3^f^^ `"$�% c�>�

&'  (�) �$ = \&� &= \ !% �((� � )^%(% C `"$�% c�>��� * a�))� &= \ ! � �$ )C )%. � c
Λ

"�
Λ2

)#"
%�

rank(Λ) = rank(Λ2) * a#c �$
rank(A) = rank(Λ) = rank(Λ2) = rank(A2).

4^`>�>. %� b%� �� ! �$ �((� % . ���^ %�
rank(A) = rank(A2) d ^ *! * �� !�$ b%� �((� >.

&' (��
A =

[

0 1
0 0

] *

	�



�� � �� � ��� � � 	�
�� � 
�� �
 � � � ��� 
� � �
 � � � �� 
 � � ��� �

� � � � �� ��� +� $ r$s_ c !�)�.g�$ @��0*6 3�^= >.
A =

[

7 3
3 7

]

������
A25 *

789:; < �"^>. %�&�$� )�. ('��^ #%$ c ?��(��^-(�� @
 *0 * e"$�% c�>��$>. A *�'$)^ �$ %� _��% ������� ! �� * � ����. %$� ��%� �$

p(t) = det(A− tI) = det

[

7 − t 3
3 7 − t

]

= (7− t)2−9 = t2−14t+40 = (t−4)(t−10).

[������ ! �� �$> b#c
λ1 = 4

"�
λ2 = 10 *� ���>. )#" �����# ��$%�% * �'$)^ &'$�$

λ1 = 4 * ]%>)��$ = \&�>��%$
(A − 4I)x = 0�$>

x = t(1,−1) * h ��>$���
v1 = (1,−1) .'�!%$ �$>�� &'$�$ �����$1. ��

E(4) * 3#" �$
b%�

λ2 = 10 * ]%>)��$ = \&�>��%$
(A− 10I)x = 0

�$>
x = t(1, 1) * h ��>$���

v2 = (1, 1).'�!%$ �$>�� &'$�$ �����$1. ��
E(10) *3^�  >. )#" >rr &' (��>

P =





| |
v1 v2

| |



 =

[

1 1
−1 1

] "� $��(�>. )#"
P−1 =

1

2

[

1 −1
1 1

]

.

aC �$
Λ = P−1AP =

1

2

[

1 −1
1 1

] [

7 3
3 7

] [

1 1
−1 1

]

=

[

4 0
0 10

]

.

�1 �$
Λ = P−1AP

)#" %�
A = PΛP−1 * [ ��) "� )��^ #%$ c ?��(��^-(�� @
 *0 bC �$

Ak = PΛkP−1 * aC �$
Ak = PΛkP−1

=

[

1 1
−1 1

] [

4k 0
0 10k

]

1

2

[

1 −1
1 1

]

=
1

2

[

1 1
−1 1

] [

4k −4k

10k 10k

]

=
1

2

[

10k + 4k 10k − 4k

10k − 4k 10k + 4k

]

.

� ��>$)^%�%� �$ %�
A25 =

1

2

[

1025 + 425 1025 − 425

1025 − 425 1025 + 425

]

.

� � � � �� �� � ]C^>. a0 = 2, a1 = 3
"�

ak+1 = 3ak − 2ak−1

&'$�$
k ≥ 1 * �"^�� c�> ��% % ��g$> ^� %� _��% &"$.1 > &'$�$

ak
* +, -. � / *A *	 1$ 234 5 *6

789:; < �'  �= >. %�&�$����� 1$ [�%. r � @ d g  ) * A@	 c 234 5 * 3�^= >. xk =

[

ak

ak+1

] *
3#" �$

xk+1 =

[

ak+1

ak+2

]

=

[

ak+1

−2ak + 3ak+1

]

=

[

0 1
−2 3

] [

ak

ak+1

]

.

	0



3�^= >. A =

[

0 1
−2 3

]

* [ ��) "� c )���!-. ��> >. ��g "�%��� ^\ >$�%$ bC �$
xk = Akx0

*
�"^>. `"$�% c�>�= \$���� ^� %� C^^% "((>$ C Ak * �' �= >. ?��(��%�&�$� @u */ #��
`"$�% c�>�= \$������� *�'$)^ b%$& %� _��% ������� !�

A * � ����. %$� ��%
A

�$

p(t) = det(A− tI) = det

[

−t 1
−2 3 − t

]

= (−t)(3− t) + 2 = t2 − 3t + 2 = (t− 1)(t− 2).

]%>)��$
p(t) = 0

�$>
λ1 = 1

"�
λ2 = 2 *[ ����# ��$%$��$ _��%)^ . �� b#c %�  �')%

(A−λiI)x = 0 * � b�))> !-. � #%�^%$ "((>$
g%$% ���� )^%(%� �����#��>$ &'$�$ `#"$^ ������� ! �� * h ��>$���

v1 = (1, 1)
�$ �����#��>$

&'$�$
λ1 = 1

"�
v2 = (1, 2)

�$ �����#��>$ &'$�$
λ1 = 2 *3�^= >. �1

P =

[

1 1
1 2

] "� bC �$
P−1 =

[

2 −1
−1 1

]

.

3c�%� �$
Λ = P−1AP =

[

1 0
0 2

]

.

�"^>. "((>$ �1 %� b%$ )�. Λ = P−1AP
bC �$

A = PΛP−1
"�

A = PΛkP−1 * a#c
xk = Akx0

= PΛkP−1x0

=

[

1 1
1 2

] [

1 0
0 2k

] [

2 −1
−1 1

] [

2
3

]

=

[

1 1
1 2

] [

1 0
0 2k

] [

1
1

]

=

[

1 1
1 2

] [

1
2k

]

=

[

1 + 2k

1 + 2k+1

]

.

3#"
[

ak

ak+1

]

= xk =

[

1 + 2k

1 + 2k+1

]

,

"� b#c �$
ak = 1 + 2k.

� � � � �� �� � +� $ r$s_ #"$�� @��A6 ]�')�� !��>$= \&�>`��rr��
x′

1 =3x1−4x2

x′
2 =2x1−3x2

x′
3 = x3.

ijklmnop� q � � g s( b��$$% 4!%. ) "� 3`�&$�� (". % )#"�% !��>$= \&�>`��rr� &'$�$
c (%t% 	 d b$��= % ` >^% d )�. �$ �((� ` >^� %& �C. )�&���> `%>)^�� @��
 * �  %>)� b�))%!-. �) �$ &'  �^ %�&�$� 1$ 2�5 * , ��>$= \&�>`��rr� (". % #c�% >rr c `%���^���>. * �= %  %��$ >. b%> c �C. )(���>�>. 3^-$�&$-���$��� ��� � ��g "� , ��>$= \&�>$ *

	@



789:; < 3^>� %&'  ( � = \&�>`��rr�)��) �$

A =





3 −4 0
2 −3 0
0 0 1



 .

�'$)^% )($�_� c  %>)����� �$ %� `"$�% c�>��$%
A d b *� *% *) * # �� b>$&>. %� _��% %�!�

`#�$&%� ��^ &'  (�
P

"� `"$�% c�>&'  ( �
Λ

b%���� %�
P−1AP = Λ * �"^>. ?��(��%��

&�$� @u */ *�'$)^% )($�& �$ %� _��% ������� ! �
A * � ����. %$� ��%

A
�$ +�"^>.  ��>� �&^�$ b$��= %

!C (6

p(λ) = det





3 − λ −4 0
2 −3 − λ 0
0 0 1 − λ





= (1 − λ) det

[

3 − λ −4
2 −3 − λ

]

= (1 − λ)
(

(3 − λ)(−3 − λ) + 8
)

= (1 − λ)(λ2 − 1)

= (1 − λ)(λ − 1)(λ + 1).

]%>)��$
p(λ) = 0

�$> ������� ! �
A * [ ������ ! �� �$>

λ1 = −1
"�

λ2 = 1 *
�-)^ �$ %� _��% �����#��$%�% * B'$= >. . ��

λ1 = −1 * a>$&>. %�  �')% = \&�>�%
(A−λ1I)x = 0 * ]%>)�%$1. b�))%$% = \&�> �$ �����$1. A

^� `�'$%�!�
λ1 = −1 * ? ��= >.&' (�

A − (−1)I D

A − (−1)I =





4 −4 0
2 −2 0
0 0 2



 ; · · · ;





1 −1 0
0 0 1
0 0 0



 .

3= C>. %�  %>)��$�%$ �$>
(x1, x2, x3) = x3(1, 1, 0) * [ ����$1. A

^� `�'$%�!�
λ1 = −1

�$
b#c

Eλ1
= Span((1, 1, 0)) * � $>��>$ &'$�$  %>)�%$1. �� �$

v1 = (1, 1, 0) *3#" �$> b%� �����#��%$��$ &'$�$ ������� ! ��
λ2 = 1 * ]�')>. = \&�>�%

(A−λ2I)x = 0 *�C>. %>(�� &'  (�

A − I =





2 −4 0
2 −4 0
0 0 0



 ; · · · ;





1 −2 0
0 0 0
0 0 0



 .

ef$ �$>
x2

"�
x3

&$= C )%$ g$�'^>$ +��� � #��!�)^>�>  ��� �$ c &'$)^% !C (�6 * ]%>)��$= \&�>`��rr�)��) �$>
(x1, x2, x3) = (2x2, x2, x3) = x2(2, 1, 0) + x3(0, 0, 1).

h ��$%$��$
v2 = (2, 1, 0)

"�
v3 = (0, 0, 1) .'�!% �$>�� &'$�$  %>)�%$1. �� )�. �$ = %&�^�����$1. �

A
^� `�'$%�!�

λ2 = 1 *
h ��$%$��$

v1,v2,v3

�$> �����#��$%$
A

"� .'�!% �$>�� &'$�$
R3 * a#c �$ &'  ( ��

A
`"$�% c�>��$%� ��^ * �' (��

P
_��)^ . �� b#c %�  C^% �����#��$%�%

v1,v2,v3

#�$%!C (%
P

"� `"$�% c�>&'  (��
Λ

_��)^ . �� b#c %� $%�% ^� `�'$%�!� ������� !>. A C`"$�% c�>�% * 3#" %�

P =





| | |
v1 v2 v3

| | |



 =





1 2 0
1 1 0
0 0 1





"�
Λ =





−1 0 0
0 1 0
0 0 1



 .

	A



]C^>. y = P−1x * 3�^= >. x = Py
��� c = \&>�%

x′ = Ax * �"^>. "((>$ %�
x′ = Py"� b#c �$

Py′ = APy * 	 %$�&\ !>. gC�%$ ` ��%$ . ��
P−1

&$C #��)^$� "� &C>. bC %�
y′ = P−1APy * a%$ )�. Λ = P−1AP

bC �� !�$ >. y
!��>$= %&�%�

y′ = Λy * a%���� %�




y′
1

y′
2

y′
3



 =





−1 0 0
0 1 0
0 0 1









y1

y2

y3



 =





−y1

y2

y3



 .

�C>. �1 !��>$= \&�>$
y′

1 = −y1 y′
2 = y2 y′

3 = y3.

,��>$= \&�> C &"$. ��>. y′ = ay
�$ %>�#�  ^ %�  �')% d  %>)��� �$

y = keat
b%$ )�. k

�$
&%)^� * a# c �$

y1 = k1e
−t y2 = k2e

t y3 = k3e
t.

a%$ )�. y = P−1x
bC �$

x = Py
"�





x1

x2

x3



 =





1 2 0
1 1 0
0 0 1









k1e
−t

k2e
t

k3e
t



 =





k1e
−t + 2k2e

t

k1e
−t + k2e

t

k3e
t



 .

	u



�� � �� � ��� � � 	�
���� �� 
 �
 � �
 �

� � � � �� ��� ]C^>. A
#�$% b#�$)^%� %�

3 × 3
&'  (� *n � 3���� %� (����. %$� ��%

A
`�&>$ $%>�^\ >$s^ *� � 3���� %� ‖Ax‖ = ‖x‖ &'$�$ %  % #��$%

x ∈ R3
"� C '(^�� %� ���> . \�> ��>

$%>�^\ > ������� ! �
A

�$>
1

"� −1 *� � 3%���� %� �&
det A = 1

bC �$
1

������� ! �
A *q � 3%���� %� �&

det A = 1
bC �$

µA : R3 → R3
#\$r>� )�. &-)^ . �� %� )�1% >.��^^`#�$^ `"$�

θ
>. ���`#�$� C) *p � 3%���� %� )%. )(�'^��� )�1����% c

R3
�$ )�1����>$ *

+,-. � / *@ *0u 1$ 234 5 *6
789:; < n � � ����. %$� ��%

A
�$ A * )^��). %$� ��% * h �^>. ������ %� (����. %$� ��%�

�$ C &"$. ��>
p(t) = −t3 + a2t

2 + a1t + a0
* 3= C>. %� b��%$

t → −∞ bC p(t) → ∞ "�
b��%$

t → ∞ bC p(t) → −∞ * 3%. (#-.^ 	 �  �� � ! �))�^����>��� 1$ 3^-$�&$-���$����
���> bC ` �^>$ �$%&

p(t)
%� )(�$%

t
�C)��� "� b#c `�&>$ = %&�%�

p(t) = 0
%� . ���)^% (")^�

���% $%>�^\ > %>)� *� � h �^>. %�
x · y = xTy

"� %�
AT A = I * a#c �$

‖Ax‖2 = (Ax) · (Ax) = (Ax)T (Ax) = xT AT Ax = xT x = x · x = ‖x‖2.

a%$ )�. ‖Ax‖ ≥ 0
"� ‖x‖ ≥ 0 . C C '(^% %& = \&�>��� ‖Ax‖2 = ‖x‖2

%� ‖Ax‖ = ‖x‖ *+a�^^% #%$  c(% )��^ c 3�^����> @/ *A c &'$�$ �)^$� *6� �$>. $C� &'$�$ %�
λ

)f ������� !�
A

"�
x

)f ^� `�'$%�!� �����#��>$ d b *� *% *) * Ax =
λx * aC �$

‖x‖ = ‖Ax‖ = ‖λx‖ = |λ|‖x‖.
a#c �$ |λ| = 1

"� b%$ . �� C '(^>. #�� %�
λ = −1

��%
λ = 1 *� � a%$ )�. det(A) = 1

bC �$
p(0) = det(A − 0I) = det(A) = 1 * [� ���) "� )%���`f$ &'$�$ "&%� bC p(t) → −∞ b��%$

t → ∞ * a��%$
t

)^-((%$ bC &�$ �$%&
p(t)

���>$
&'$�$

t
�C)��� "� b#c ` �^>$ %� #�$% ^� = C(#-� ^% %

λ
b%���� %�

p(λ) = 0 * [� ���>
. \�> ��> $-^>$

p +������� ! �
A6 �$> −1

"�
1 * a#c �$

λ = 1
$s^ (����. %$� ��>��%$ "�

1
�$ ������� ! �

A *q � ? �&= >. >rr %� )%. (#-.^ 3�^����> @/ *A bC �$ #%$�#��^�$
A

!�r� . %$�&� ! � db *� *% *) * &' $�$ %  % #��$%
x,y ∈ R3

�� ! �$ %�
(Ax) · (Ay) = x ·y * 3f$)^%( ��% �� ! �$ %� �&

x
"�

y
�$> `"$�$f^^�$ `#"$ C %��%� bC �$>

Ax
"�

Ay
 c(% `"$�$f^^�$ *3(� �$���>. ` >^$1. ��

V = E(1)⊥ * 3��>. %�
µA(V ) = {Av | v ∈ V } �$ = %&�^

V *3("�>. #��>$
v ∈ V * [&

x
�$ ���`#�$ #��>$ c

E(1)
bC �$

v
`"$�$f^^>$ C x * a#c �$

Av`"$�$f^^>$ C Ax = x * 4 & b�))> C '(^>. #�� %�
Av ∈ V * 3#"

µA(V ) ⊆ V * h \$r>���
µA

�$ %�!`#�$&%� �� b%���� %� #c!!�� C µA(V )
�$ = \&� #c!!�� C V * a%$ )�. µA(V ) ⊆ V"� ` >^$1. ��

µA(V )
"�

V
`%&% )\.> #c!! ��^>. #�� C '(^%� %�

µA(V ) = V *3��>. %�
A = I

��% �����$1. ��
E(1)

`�&>$ #c!!��% 0* [&
E(1)

`�&>$ #c!!��% A bC�$
E(1) = R3

"� b#c �� ! �$ >. )f$`#�$� #��>$
x

c
R3

%�
Ax = x * aC &-)^ %�

A = I"� �((�$^ . ��$% >. b%� ^� # �( %� )��= % * [& #c!!�� C E(1)
�$ @ bC `�&>$

V
# c!!��%

1 *3��= >. %�
v

)r%���
V * 3%. (#-.^ "&%�)\��> �$

Av ∈ V
"� b%$ )�. V = Span(v)bC �$

Av
)%. )c�%

v d b *� *% *) * v
�$ �����#��>$

A * [ ������ ! �� ^� `�'$%�!�
v

��^>$ �((�
#�$��

1
)#" b%� ` �^>$ %� #�$% −1 * 3^%�% . C % �$ bC %�

1
�$ ^#\&% ^ ������� ! � "� −1�$ ���&% ^ ������� ! � * �(#��%

A
�$ . %$�&� ! � ������� !%��% +^% �� . �� . %$�&� !��6 )#"

det(A) = 1 · 1 · (−1) = −1 d )�. �$ . s^)\�� * �  '(^>. b#c %�
E(1)

`%_ #c!!��%
1

"�
V

`%_ #c!!��% @ *
	




h� = >. b#�$)^%� %�%� �$>�� {v1,v2,v3}
b%���� %�

v3

)r%��%$
E(1)

"�
v1 ×v2 =

v3
* � $>��>$��� {v1,v2,v3} �

#�$(%$� ���) "� #��= > ��� �$>��>$��� {e1, e2, e3} * aC)r%��%
v1

"�
v2

` >^$1. ��
V = E(1)⊥ * h ��$%$��$

µA(v1)
"�

µA(v2)
�$> gC��$ ����

���%$# ��$%$ "� `"$�$f^^�$ `#"$ C %��%� "� gC��$ �$> c
V * a#c . C $�^%

µA(v1) =
cos(θ)v1 + sin(θ)v2

"� b%$ )�. µA(v2)
�$ `"$�$f^^>$ C µA(v1)

bC �$
µA(v2) =

− sin(θ)v1 + cos(θ)v2

��%
µA(v2) = sin(θ)v1 − cos(θ)v2

* 3= C>. �1 %� &' (�
µA

. ��
^�  �^� ^� �$>��)��) {v1,v2,v3}

�$

B =





cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1





��%
B =





cos(θ) sin(θ) 0
sin(θ) − cos(θ) 0

0 0 1



 .

�' (��
B C %� #�$% C. s^%

A
)#" %� b%> `%&% )\.> C(#��> * 3����� . \�> ��( ��� `f$

%� "&%� &'$�$
B

`�&>$ C(#��> −1 * a# c �$ &'  (�
µA

. �� ^�  �^� ^� �$>��)��) {v1,v2,v3}

B =





cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1





"�
µA

�$ )�1����>$ >. C)��� . �� )^�&�># ��>$
v3

>. `"$���
θ *p � ]C^>. T : R3 → R3

#�$% )�1���� >. ���`#�$� C) >. `"$���
θ * 3��>. &'$)^%� #��= > ��% &'  (�� &'$�$

T
�$ b#�$)^%� %� * h� = >. b#�$)^%� %�%� �$>�� {v1,v2,v3}b%���� %�

v3

�$ c )^�&�> )�1����)C)) "�
v1 × v2 = v3

* �' (�
T . ��%� #�� b���%�

�$>�� �$

B =





cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1



 .

4>�#� ^ �$ %� �%��% 1$ )(>��% >. %� b�^^% &'  ( � �$ b#�$)^%� %� * h��= > ��% &'  (�� &'$�$
T

�$
A = PBP−1

b%$ )�. P
�$ &'  (�� )�. `�&>$

v1,v2,v3

)�. !C (% * 4^`>�>. %�b%$ )�. !C (%$
P .'�!% b#�$)^%� %�%� �$>�� &'$�$

R3
bC �$

P
b#�$)^%� %� &'  (� "�

P−1 = P T * h �^>. %�
BT B = I * aC �$

AT A = (P−1BP )T P−1BP = (P T BP )TP T BP = P T BT PP TBP = I.

a#c �$ &'  (��
A

 c(% b#�$)^%� %� *]C^>. �1
S

#�$% )�1���� >. ���`#�$� C) >. `"$���
φ * 3��= >. %�

C
)f #��= > ��%&'  (�� &'$�$

S * h��= > ��% &'  (�� &'$�$
T ◦ S

�$
AC * 4 >�#� ^ �$ %� �%��% 1$ )(>��%

>. %�
AC

�$ b#�$)^%� %� +. %$�&� ! � ^#���= % b#�$)^%� %�$% &'  (= % �$ b#�$)^%� %�6 "�
det(AC) = 1 * a#c �$

AC
&'  (� &'$�$ )�1���� >. ���`#�$� C) "� )%. )(�'^�����

T ◦ S�$ )�1����>$ *
� � � � �� �� � � ����� b#�$)^%� %� &'  (�

Q
)�. `"$�% c�>��$�$ &'  (��

A =





1 −2 2
−2 1 2
2 2 1



 .

+, -. � / *u *0& 1$ 234 5 *6

	/



789:; < ���p� �� ����% ������� ! �
A *

?��(�>. (����. %$� ��>
A * e1� �$

p(t) = det(A − tI)

= det





1 − t −2 2
−2 1 − t 2
2 2 1 − t





= (1 − t) det

[

1 − t 2
2 1 − t

]

− (−2) det

[

−2 2
2 1 − t

]

+ 2 det

[

−2 1 − t

2 2

]

= (1 − t)(t2 − 2t − 3) + 2(2t − 6) + 2(2t − 6)

= (1 − t)(t − 3)(t + 1) + 8(t − 3)

= (t − 3)
(

(1 − t)(1 + t) + 8
)

= (t − 3)(−t2 + 9)

= −(t + 3)(t − 3)2.

[������ ! �� d  %>)��$
p(t) = 0 d �$>

λ1 = −3
"�

λ2 = λ3 = 3 *
���p � � � ����% �����$1. �� *[����# ��$%$��$ _��%)^ . �� %�  �')% = \&�`��rr��

(A − λiI)x = 0 * �'$�$
λ1 = −3b%$& %� _��% �1  $1. &'  (�)��)

A − (−3)I =





4 −2 2
−2 4 2
2 2 4



 ; · · · ;





1 0 1
0 1 1
0 0 0



 .

[����#��$%$��$ >rr&'  % b# c = \&�>$�%$
x1+x3 = 0

"�
x2+x3 = 0 * a#c �$> �����#��$%$��$

C &"$. ��>
x = x3(−1,−1, 1) . ��

x3 6= 0 * h ��>$���
v1 = (−1,−1, 1)

�$ �$>��>$ &'$�$
�����$1. ��

E(−3) *3("�>. �1
λ2 = 3 * aC b%$& %�  �')%

(A − 3I)x = 0 d b *� *% *) * _��% �1  $1.

A − 3I =





−2 −2 2
−2 −2 2
2 2 −2



 ; · · · ;





1 1 −1
0 0 0
0 0 0



 .

[����#��$%$��$ �$> b#c %  �$ # ��$%$ C &"$. ��>
x = x2(−1, 1, 0) + x3(1, 0, 1) d b%$ )�. x2"�

x3

�$> �((� g-�� � * h ��$%$��$
v2 = (−1, 1, 0)

"�
v3 = (1, 0, 1) .'�!% �$>�� &'$�$�����$1. ��

E(3) *
���p � � � h ��$%$��$

v1,v2,v3
.'�!% �$>�� &'$�$

R3 a%$ )�. #�� # � = >. _��%
b#�$)^%� %� &'  (� )�. `"$�% c�>��$�$

A
bC _��>. #�� b#�$)^%� %�% �$>�� * �s� �$ %�&C)^ # �� `#�$^ �����$1. &'$�$ )�� b#c �����# ��$%$ )%. `#�$&) &'  (� )�. ^� `�'$% s c(>.������� !>. �$> )= C &($%&% `"$�$f^^�$ `#"$ C %�$% *

h ��>$���
v1 = (−1,−1, 1)

�$ �$>��>$��� &'$�$
E(−3) * h �� #� = >. b#�$)^%� %�%��$>�� )#" #�� b>$&>. ������%$#��>$ )�. )r%��%$

E(−3) * 3�^= >. b#c
q1 = 1

‖v1‖v1 =
1√
3
(−1,−1, 1) *
h ��%$%$��$

v2 = (−1, 1, 0)
"�

v3 = (1, 0, 1) .'�!% �$>�� &'$�$
E(3) * B��^>. %�&�$�

� $%. �3�`. �!^ ^� %� _��% b#�$)^%� %�%� �$>�� * 3�^= >. &'$)^
w2 = v2

"� )#"
w3 = v3 − v3·w2

w2·w2

w2 = (1, 0, 1) − −1

2
(−1, 1, 0) = (1

2
, 1

2
, 1).

h �� #� = >. ������%$# ��$% )#" #�� )�^= >.
q2 = 1

‖w2‖w2 = 1√
2
(−1, 1, 0)

"�
q3 = 1

‖w3‖w3 = 1√
6
(1, 1, 2).

		



h ��$%$��$
q1,q2,q3

.'�!% b#�$)^%� %�%� �$>�� &'$�$
R3 *

���p � � � 3^�  >. >rr &'  (��>
Q D

Q =





| | |
q1 q2 q3

| | |



 =







− 1√
3

− 1√
2

1√
6

− 1√
3

1√
2

1√
6

1√
3

0 2√
6






.

3c�%� &' ��$ %�
Q−1AQ

�$ `"$�% c�>&'  (� "�

Q−1AQ =





−3 0 0
0 3 0
0 0 3



 .

� � � � �� �� � ]C^>. Λ = Q−1AQ
#�$% `"$�% c�>&'  (� * 3���� %� �&

Q
�$ b#�$)^%� %�

bC �$
A

)%. `#�$&^ *
789:; < a%$ )�. Λ = Q−1AQ

bC �$
A = QΛQ−1 * 	 �� b# c %� �"^% "((>$ $�� >$

>.
�

g' ^���%$� &'  (= % "� bC )f$)^%( ��% %� `"$�% c�>&'  (��
Λ

�$ )%. `#�$&^ "� %� >.b#�$)^%�% %�% &'  (��
Q

�� ! �$ %�
QT = Q−1

&-)^ %�
AT = (QΛQ−1)T = (QΛQT )T = (QT )T ΛT QT = QΛQ−1 = A.

3#"
A

�$ )%. `#�$&^ ���) "� C^^� %� )��% *

	�
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 �
 � ����� �

� � � � �� ��� � ����� `"$�$f^^ g$�'^>)(�r^� )�. g$�'^% &�$����)&"$. ��>
3x2−4xy+

3y2
c `"$�% c�>&"$. * +, -. � � *0 *0A 1$ 2�5 *6
789:; < �"^>. ?��(��%�&�$� @	 *u *

���p� �� ����% )%. `#�$&^ &'  (� &'$�$ &�$����)&"$. �� * 3^>� %$��$ # �� \��>$ #� !��
(". % C `"$�% c�>�% "� )^>�>  ��� #�� g %�!%�%  ����� )(�r^%)^ = %&�^ )�^^`#"$> . ����
#�� `"$�% c�>�% * �C>.

A =

[ +)^>�>  # ��
x26 1

2
+)^>�>  # ��

xy6
1

2
+)^>�>  # ��

xy6 +)^>�>  # ��
y26

]

=

[

3 −2
−2 3

]

.

���p� � � ?��(�% ������� ! �
A * �'$)^ �$ %� _��% (����. %$� ��>

A D
det(A − λI) = det

[

3 − λ −2
−2 3 − λ

]

= (3 − λ)2 − 4

= λ2 − 6λ + 9 − 4

= λ2 − 6λ + 5

= (λ − 1)(λ − 5).

[������ ! �� �$> b#c
λ1 = 1

"�
λ2 = 5 *e"$�% c�>��$� b�))% &�$����)&"$. ) �$
λ1t

2

1 + λ2t
2

2 = t21 + 5t22.

���p� � � ����% �����#��$% &'$�$
A

)�. �$> = %&�&$%.^ ������%$#��$%$ * �C>. #��$%�%

v1 =
1√
2

[

1
1

] "�
v2 =

1√
2

[

1
−1

]

.

���p� � � B$�'^>)(�r^%&'  (��
P

_��)^ . �� b#c %� $%�% #��$>�>. C !C (%�% * �C>.&' (��
P =

1√
2

[

1 1
1 −1

]

.

�\(>. �&^�$ %� C(#��%
C

�$ � 0* [& # �� #� = >. &$�(%$ &'  (� . �� C(#��> 0 +)�1����)&'  ( �6bC ��^>. #�� g$�'^^ \  >. &"$. �$(= >. c ���>. !C (�
P

"� bC g$�'^�$ C(#��%� >.&"$. �$(� * ����= >. bC &' (��
1√
2

[

1 −1
1 1

]

.

���p� � � a��%$ #�� �"^>. g$�'^>)(�r^��
x = P td b%� �$ %� )��= % )�^= >. ���

x =
1√
2
(t1 + t2)

y =
1√
2
(t1 − t2),

&C>. #�� %�
3x2 − 4xy + 3y2 = t21 + 5t22.

	�



� � � � �� �� � +� $ r$s_ c %r$c @��A *6 � ����� `"$�% c�>��$� +� * ! �%�"�% &"$. 6&�$����)&"$. )��) −6xy+8y2
"� )���� ^� `#"$^ &�$� ��� )�. `�&>$ = \&�>�% −6xy+8y2 =

9
�$ )r "$g%>�>$ +� * �  �r)�6 d g$���g "�� +� * `'r�$g " %6 ��% t�'�g"�� +� * r%$%g " %6 *

h ��gs^ D ? �))�� >rr .'�! %& &�$ ��>. *
789:; < 3^�  >. >rr )%. `#�$&> &'  (� &'$�$ &�$����)&"$. �� * a%� �$

A =

[

0 −3
−3 8

]

.

� ����. %$� ��%
A

�$

p(t) = det(A− tI) = det

[

−t −3
−3 8 − t

]

= (−t)(8− t)− 9 = t2 − 8t− 9 = (t + 1)(t− 9).

[������ ! �� �$>
λ1 = −1

"�
λ2 = 9 * e"$�% c�>&"$. &�$����)&"$. )��) �$ −t21 + 9t22 *[ ������ ! �� `%&% s c( &"$. �$(� )#" )%. (#-.^ 3�^����> @	 *	 �$ &�$�  ��� g$���g "�� *3c�%� �$ b%� #��g s^�� * ��$�  ��� −6xy + 8y2 = 9

`�&>$ = \&�> −t21 + 9t22 = 9
c

g$�'^>�>. t1
"�

t2 * h ��>$���
q1 = 1√

10
(3, 1)

�$ �����#��>$ &'$�$
λ1 = −1

"� #��>$���
q2 = 1√

10
(−1, 3)

�$ �����#��>$ &'$�$
λ2 = 9 * � g$�'^>)(�r^>�>. )�. �"^>� �$> ^� %�

(". % &�$����)&"$. ��> '_$ C `"$�% c�>&"$. bC ^C(�%
t1

"�
t2

`��^ . ��%� # �� �$>����
{q1,q2} * ���(�>. #��= > ��^ `��^%(�$_ * 	 �$(= >. )#" ���

t1
�C) c )^�&�>

q1

"�
t2
�C) c)^�&�>

q2
* 3�1>. g %���> %����) )#" %�

t1
� "�

t2 C)%$��$ `"$_ #�� "((>$  c(^ "&
x
� "�

y
�C)%$��$ ��$% #��= > ��% * 	 �$(= >. ���  c�>$�%$

t2 = 1

3
t1

"�
t2 = −1

3
t1 * B$���g"����&�$ c ����>. r>�(^%�%

(t1, t2) = (0, 3)
"�

(t1, t2) = (0,−3) d "�  c�>$�%$ "((%$ �$>%�&�  >$ *
� � � � �� �� � 3%�^ �$ %� &�$����)&"$. q(x1, . . . , xn)

)f = C(#-^^ C(#���� +� * r ")�^�#�
!�_��^�6 �&

q(x1, . . . , xn) > 0
&'$�$ %  %$ ^\ >$

x1, . . . , xn

b%���� %�
x1, . . . , xn

�$> �((�%  %$ �1  * 3���� %� &�$����)&"$. q
�$ = C(#-^^ C(#���� �& "� %����) �& \  ������� ! �)%. `#�$&% &'  (�)��) �$> )^-$$� �� � *

789:; < ]C^>. q(x1, . . . , xn)
#�$% ��_� &�$����)&"$. * ]C^>. A

^C(�% )%. `#�$&%&'  (�� &'$�$
q

"�
λ1, . . . , λn

������� ! �
A +^% �� . �� . %$�&� !��6 * h �� ��^>. �1 &>�!��g$�'^>)(�r^%&'  (�

P
b%���� %� �&

t = (t1, . . . , tn)
�$> ��= %$ g$�'^>$ "� # �� )�^= >.

x = (x1, . . . , xn) = P t
bC &-)^ %�

q(x1, . . . , xn) = λ1t
2

1 + · · · + λnt2n.

3= C>. g���^ %� �& %� \  ������� ! �� �$> = C(#-� bC �$
q(x1, . . . , xn) > 0

�& �� ! �� C
x1, . . . , xn

�$> �((� � * 3(� '$��� >. %� \  ������� ! �� )f> = C(#-� !>�%$ b# c ^� %�
C '(^% %�

q
)f = C(#-^^ C(#���� &�$����)&"$. *� �$>. �1 $C� &'$�$ %�

λi ≤ 0 * ]C^>. ti = 1
�� \  `��

t
��� )�^= >. #�� = \&� � *3�^= >. )#"

x = P t * aC #�$�>$
q(x1, . . . , xi, . . . , xn) ≤ 0

"� &�$����)&"$. �� �$ b#c �((�
= C(#-^^ C(#���� * 4 & b�))> )f)^ %� �&

q
�$ = C(#-^^ C(#���� &�$����)&"$. bC #�$�% \  ������� ! � )%. `#�$&% &'  (�)��)

A
%� #�$% )^-$$� �� � *

��
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��� �� �

� � � � �� ��� +� $ r$s_ c #"$�� @��A *6 ]�')�� = \&�>`��rr��
z1+iz2 +z3−z4 = 0

z1 +(1 + i)z3+z4 = 0,

b%$ )�. z1, z2, z3, z4

�$> ^#���^\ >$ *789:; < 3^�  >. >rr &' (� "� g ��^>. � %>)) �'����> +b>$&>. �((� %� `%&% !C (���
^� `-�$� . �� b#c b%$ �$> "� #�$�% g%$% �6 D

[

1 i 1 −1
1 0 1 + i 1

]

;

[

1 0 1 + i 1
1 i 1 −1

]

L2

L1

;

[

1 0 1 + i 1
0 i −i −2

]

L2 − L1

;

[

1 0 1 + i 1
0 1 −1 2i

]

−iL2

a��%$ #�� )�1>. b�))> %&^>$ ^� g%(% c = \&�>`��rr� &C>. #��
z1 +(1 + i)z3 +z4 = 0

z2 −z3+2iz4 = 0.

z1 = −(1 + i)z3 − z4 = −(1 + i)z3 − z4

z2 = z3 − 2iz4 = r − 2iz4.

]%>)� = \&�>`��rr�)��) �$ b#c








z1

z2

z3

z4









=









−(1 + i)z3 − z4

z3 − 2iz4

z3

z4









= z3









−(1 + i)
1
1
0









+ z4









−1
−2i
0
1









.

4^`>��� %�
z3

"�
z4

. ��% ^%(% `#%�% ^# ���^\ >�� ! � )�. #�� # � = >. *
� � � � �� �� � +� $ r$s_ c !�)�.g�$ @��@ *6 ������ �$>�� &'$�$ !C ($1. &' (�)��)





1 i −i

3 4 + i −2 + 3i
3 2 + 2i −1



 .

789:; < �= %  %� #%$ >. %�&�$���% ^� %� _��% �$>�� &'$�$ !C ($1. &' (�) C �'$�$� �)^$%$g %�� 0@ d ?��(��%�&�$� 0@ *u * B'$= >. C %� �"^%  c�>%���$��$ ^� %� (". % &' (��>
'_$ C �&$% )^%  %&"$. D





1 i −i

3 4 + i −2 + 3i
3 2 + 2i −1



 ;





1 i −i

0 4 − 2i −2 + 6i
0 2 − i −1 + 3i



 L2 − 3L1

L3 − 3L1

;





1 i −i

0 4 − 2i −2 + 6i
0 0 0





L3 − 1

2
L2

.

� 0



� �&$% )^%  %&"$. ��> �$> r���%$ c &'$)^% "� \�$>. !C ( * 3%. (#-.^ ?��(��%�&�$� 0@ *ubC ^\(>. #�� �1 !C (#��$% 0 "� @ 1$ l��kn�pmn &' (��> "� b��$ �$> �$>��>$��� *
h ��$%$��$

(1, 3, 3)
"�

(i, 4 + i, 2 + i) .'�!% �$>�� &'$�$ !C ($1. �� *
�� �� � �"^�� %�&�$� � $%. �3�`. �!^ ^� %� g$�'^% �$>����>. (2 + i, 1 + i), (1 + i, i)&'$�$
C2

c b#�$)^-�%� �$>�� * +, -. � � *@ *@	 1$ 2�5 *6
789:; < �\$>. �&^�$ ?��(��%�&�$� 0
 *� * 3�^= >.

a1 = (2 + i, 1 + i)
"�

a2 = (1 + i, i).

3�^= >. v1 = a1 = (2 + i, 1 + i) * �"^>. )#" � $%. �3�`. �!^ %�&�$���% ^� %� &C v2

)�.�$ `"$�$f^^>$ C v1
* 4^`>�>. %� b%$ )�. #�� �$>. %� #���% . �� ^#���^% �%#��$% bC)(�r^�$ . C `#"$ #��>$��� �$ &'$�$ &$%. %� b��%$ ���&� !� $��(�%� * �'$�$ ^# ���^\ >$ �$

$f^^% &"$.1 %�
v2 = a2 −

〈v1, a2〉
〈v1,v1〉

v1.

�C>. %�

v2 = a2 −
〈v1, a2〉
〈v1,v1〉

v1

= (1 + i, i) − 〈(2 + i, 1 + i), (1 + i, i)〉
〈(2 + i, 1 + i), (2 + i, 1 + i)〉(2 + i, 1 + i)

= (1 + i, i) − (2 + i)(1 + i) + (1 + i)i

(2 + i)(2 + i) + (1 + i)(1 + i)
(2 + i, 1 + i)

= (1 + i, i) − (2 − i)(1 + i) + (1 − i)i

(2 − i)(2 + i) + (1 − i)(1 + i)
(2 + i, 1 + i)

= (1 + i, i) − 4 + 2i

7
(2 + i, 1 + i)

= (1 + i, i) − 1

7
(6 + 8i, 2 + 6i)

=
1

7
(1 − i,−2 + i).

3#%$�� )�. #�� &C>. �$ b#c

v1 = (2 + i, 1 + i)
"�

v2 =
1

7
(1 − i,−2 + i).

]%�% . -^^� b�^^% ^� b#c # �� �$>. %����) g ���� >. b#�$)^-�%� �$>�� )#" . %$�&% !%
. C v2

. �� 	 "� &C �$>�����
(2 + i, 1 + i)

"�
(1 − i,−2 + i).

� � � � �� �� � +� $ r$s_ c !�)�.g�$ @��@ *6 � �$�� �$��� &'$�$ %� &'  (��




1√
2

0 i√
2

0 i 0
i√
2

0 1√
2





)f ���"(% "� _���� %�!`#�$&> b�)) *
�@



789:; < 3(c$>. &' (�� c !-. ��>
A * �' (��

A
�$ ���"(% �&

A∗A = I * 4�"(% &' ( ��
A∗ _��)^ . �� b#c %� )%. "(% &'$)^ %  %$ ^\ >$�%$ "� g'  ^% )#" b# c &'  (� * aC �$

A∗ =





1√
2

0 − i√
2

0 −i 0
− i√

2
0 1√

2



 .

?��(�>. �1
A∗A

"� &C>. %�

A∗A =





1√
2

0 − i√
2

0 −i 0
− i√

2
0 1√

2









1√
2

0 i√
2

0 i 0
i√
2

0 1√
2



 =





1 0 0
0 1 0
0 0 1



 .

a%$ )�. A∗A = I
bC �$ &'  ( ��

A
���"(% "� %�!`#�$&%� �$ %>�#�^%� &'  (��

A∗ )�. )��^
�$ `f$ %� "&%� *

�A


