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Abstract

The problem —Au-+F(V (ex),u) = 0 is considered in R"™. For small ¢ > 0 solutions are
obtained that approach, as ¢ — 0, a linear combination of specified functions, mutually
translated by O(1/¢€). These are the so-called multi-bump solutions. The method involves
a rescaling of the variables and the use of a modified implicit function theorem. The usual
implicit function theorem is inapplicable owing to lack of convergence of the derivative
of the non-linear Hilbert space operator, obtained after an appropriate rescaling, in the
operator-norm topology. An asymptotic formula for the solution for small € is obtained.

1 Statement of the problem

Consider the problem
—Au+ F(a,u) =0 (1.1)

posed in a space of real functions F on R, where F' is a differentiable function of v and a
is a real parameter in some interval /. Suppose that for each a we know a solution of (1),
¢o(x), possessing some non-degeneracy. This requires, for example, that the linearized
operator —A + ?‘9_5(“’ ¢a(x)) is a Fredholm operator of index 0 (with suitable choice of
codomain) and that its kernel is spanned by the n partial derivatives D;pq(x).

Problem 1.1 Find solutions in E when a is replaced by a function of x that is “nearly
constant”. In particular how are the solutions related to the functions ¢q(z) and their
translates?
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In this paper we shall concentrate entirely on the case
—Au+ F(V(ex),u) =0 (1.2)
where € > 0 is a small parameter and V a given function with range in I.

Example 1.2 The non-linear Schridinger equation. Take F(a,u) = au—uP, I =10, 00],
E is the Hilbert space of real functions W22(R™). This gives the problem of semiclassical
states of the non-linear Schrédinger equation with potential V(x), equivalent to

—ENyu+V(y)u —uf =0 (1.3)

where y = ex. The function ¢.(x) is the spherically symmetric, positive solution (the
ground state) of —Au + au — uP = 0, which exists for allp > 1 if n = 1,2, and for
1<p<Z2ifn>2.

There are of course other ways to replace a by a nearly constant function, and though
they fall outside the scope of this article we mention one here.

Example 1.3 The non-linear eigenvalue problem. Take F(a,u) = u— auP. Replace a by
the function a+h()\7%az), where A > 0 small and h is in some sense small at infinity. The

unperturbed problem has the solution aﬁ ¢1(x) where ¢, was defined above. The problem

s equivalent to
Ayv + (a+ h(y))vP = v

1
where x = Vy, v = \r—Tu.

Equation (1.2) has been extensively treated in the special case of the non-linear
Schrodinger equation (1.3). In 1986 Floer and Weinstein [5] showed the existence of
solutions of the 1-dimensional case of (1.3) that accumulate near a non-degenerate critical
point of V for small e. In 1990 Y. G. Oh [13] showed the existence of solutions that
accumulate near several critical points (multibump solutions). These papers use an ini-
tial reduction to finite dimensions by a variant of the Liapunov-Schmidt method followed
by solving the finite-dimensional equations by the contraction mapping principle. The
reduction has to be carried out at an approximate solution. In essence this is a way to
circumvent the same difficulty as Theorem 2.1 of the present paper is designed to do. In
[11] a simpler approach was proposed. In these papers the W22 topology is used.

More recently problem (1.3) has been widely treated as variational, which requires the
use of the coarser W12 topology. Against this there is no need for non-degeneracy of the
critical points of V' (see our Theorems 3.8 and 4.3), although some of the results seem to
use only minima. The methods used owe much to those introduced in [3] for a problem
involving periodic differential equations. See for example [14], [15], [16], [6], [2], [9], [10].

The treatment of (1.2) proposed in this paper has several features:



1. The W22 topology is used.

2. Scaling is used with a view to finding an asymptotic development of the solution for
small e, with, as far as possible, a non-vanishing principal part.

3. The two steps used in previous treatments, reduction to finite dimensions and the
solving of the finite-dimensional equations, are combined into a single step.

4. An unconventional form of the implicit function theorem must be used as the hy-
potheses of the conventional version of this theorem do not hold.

5. On the negative side, differentiability has to be built in to make Theorem 2.1 work.
This means more restrictions on the function V(x) than in some earlier treatments.

Scaling (more precisely rescaling) means in this context an e-dependent change of the
state variable u that becomes singular when ¢ = 0. The technique was in effect introduced
into bifurcation theory by the seminal paper on bifurcation at a simple eigenvalue [4].
The failure of the implicit function theorem due to discontinuity of the derivative of the
non-linear operator in the operator-norm topology was pointed out in [11] and a remedy
proposed. In this paper we use the version of the remedy set out in [12] and refer to it as
the modified implicit function theorem.

2 The modified implicit function theorem

The theorem set out in [12] (after a preliminary version in [11]) is the following, which we
shall sometimes refer to by the acronym “MIFT”.

Theorem 2.1 Let E and F' be real Banach spaces, and let f : Ry x E — F. Assume
that

1)  f(e,-) is C! for each € > 0;

there exists xo € E such that f(0,x9) = 0;

D, f(0,x0) is invertible;

1iHle—>(]Jr f(E, $0) =0;

for all sufficiently small € > 0 the operator D, f (€, xq) is
invertible and || Dy f (e, 0) | is uniformly bounded as e — 07F;
(6) hme—>0+,x—>x0 ||D5L‘f(€7 x) - Dxf(€7x0)|| =0.

Then there exist ¢g > 0 and a neighbourhood U of xg in E such that for each € in the
range 0 < € < € there exists a unique solution x = x. of f(e,x) = 0 in U. Moreover
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lime 9 xe = xp.

If, furthermore, f(e,x) is a continuous function of € for € > 0 and for all x in a
neighbourhood of xg, and the map € — D, f(e,z0) is continuous in the strong operator
topology, then the solution x. depends continuously on e.



The real difficulty is in verifying condition (5). A Fredholm operator of index 0 has
the property that it is surjective if and only if it is injective; so the verification of (5) is
facilitated if D, f (e, zo) is such an operator. In practice we shall verify (5) by applying
the following proposition, the proof of which is straightforward.

Lemma 2.2 Let {T¢}o<ce<e,, be a family of Fredholm operators of index 0 from E to
F. Suppose that there do not exist sequences €, — 0, x, € E such that ||z,|| = 1 and
Te,x, — 0. Then there exists €, > 0 such that for all € in the range 0 < € < €1 the operator
T. is invertible and there exists a constant K independent of € such that ||T Y| < K.

3 Single bump solutions

We set out the conditions that F', V and ¢, are supposed to satisfy, interspersed with
some useful lemmas. Each lemma assumes the conditions previously introduced. In this
section we avoid imposing growth conditions on F', or other conditions that are pointwise
w.r.t. z (except (F1) and (F6) below). Instead we list functional analytic properties of
the Nemytskii operator induced by F. Note that LP denotes the space LP(R™), H k the
space W*2(R™), £L(X,Y) the space of bounded linear operators from the Banach space
X to the Banach space Y, and L2(X; x X2,Y") the space of bounded bilinear operators
from X; x Xs to Y. The H¥-norm of u is denoted by ||ul|2 whilst its LP-norm is denoted
by ||ullp. Norm symbols without subscripts will usually be operator norms, except when
applied to vectors in R™ where they denote the Euclidean norm.

The conditions imposed may appear rather sweeping; indeed it is plausible that the
existence of second derivatives is not needed to make the method work. Our purpose is not
to make do with the weakest possible assumptions but to impose reasonable conditions
that might be met with in most examples.

Properties of F

(F1) F possesses continuous second-order partial derivatives.

OF 0%*F OF O*F 0*F

(F2) F, %, W’ %, m and W’ deﬁne mappings
F,Fa,Faa: L™ x H> — L?,
Fu,Fau: L% x H> — L(H? L?)
and

Fuu: L™ x H?> — Lo(H? x H? L?),



by means of

Fa(m,u) = %(m’u)v
Faa(m,u) = ?%(m’u),
Pufmulo = S (mu)o
Fau(m,u)v = (,ij;;(m,u)v,
Fo(m, u) (o1, 02) — %(m,u)vlvg.

A note on notation. We shall often use the expression %—f(m, u) to denote the function

%—S(m(-), u(+)) etc. We shall allow ourselves this abuse of notation where there seems to

be little scope for misunderstanding. This also saves space in long formulas.

(F3) The maps F, F,, Faa, Fy, Fua and Fyy have the following boundedness property.
Each maps bounded subsets of L™ x H? to bounded subsets of the appropriate function
or operator space.

It is known for Nemytskii operators that the mere fact of transforming LP' into LP?
guarantees continuity and boundedness (see [7]). It therefore seems plausible that (F3)
follows at least in part from (F2).

We shall often need the following integration convergence lemma. The parameter €

can be replaced by a discrete parameter. In the applications the function k(o) will usually
be a constant.

Lemma 3.1 Let S be the unit interval, unit square etc. and let f(e,0,z) be defined in
Ry x S xR" and g(o,x) in S x R™. Assume that

(1) the map o — f(€,0,-) is continuous from S to L?;

(2) limeg f(e,0,-) = g(o,-) in L? for each o;

(3) there exists k(o) such that ||f(e,0,-)|]2 < k(o) for all €, o and [¢k(0)do < oco.

Then the function he = fs f(e,0,-)do converges in L? to the function h = fS g(o,-)do as
e — 0.

Proof The integral defining h. can be viewed as that of an L?-valued function of o € S.
Then the result follows from the dominated convergence theorem for such integrals.



Lemma 3.2 F is continuously differentiable and its derivative at (m,u) is the linear map
(h,v) — Fa(m,u)h + Fy(m,u)v.
Moreover the maps Fa and Fy are uniformly continuous on bounded sets.

Proof We have that

F(m,u) — F(m,up) — Fu(m,uo)(u — up)

= /01 <g_5<m,(1 —t)u0+tu> — g—i(m,u())) (u —ug) dt

/ / 5 2 — st)ug + stu) (u — ug)*t ds dt.
u

By condition (F3) the L2-norm of this function is bounded by a constant times Hu—u0||%’2.
Hence the map u +— F(m,u) is differentiable with derivative Fy(m,u).
We also have that

F(m,u) — F(mo,u) — Fa(mo,u)(m — myg)

:/O (?35 ((1 — t)mg + tm, u) — Z—S(Tnmu)) (m —my) dt

/ / 6@2 1 — st)mg + stm, u) (m —mg)?s ds dt.

By condition (F3) the L2-norm of this function is bounded by a constant times ||m—mg||oo-
Hence the map m — F(m,u) is differentiable with derivative F,(m, u).
It now suffices to show that F, and F, have the uniform continuity property. We have
Lo2F

(Fu(mg, uz) — Fu(mq, ul))w = /0 T2 (mz, (1 —t)us + tuQ> (ug — up)wdt
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If m1, ms are restricted to a bounded set M C L* and uj,us to a bounded set U C H?,
condition (F3) gives a constant K such that

[[Fu(mz, uz2) — Fu(my,u1)]| < K(|[ma —malle + [[ug — u1ll2,2)-

A similar argument deals with F, and ends the proof of the lemma.

(F4) Let M C L* be bounded, u,v € H?, and let h, be a bounded sequence in L*
converging pointwise to 0. Then

Fa(m,u)h,, — 0, Faa(m,u)h,, — 0, Fau (m, w)vh, — 0

in L? uniformly with respect to m € M.



Lemma 3.3 The operators F, Fo and Fy have the following additional continuity prop-
erties. Let m, € L™ be a bounded sequence that tends pointwise to m € L, let u, € H?
converge to w € H? and let v € H?. Then

F(my,,uy,) — F(m,u), Fa(my,u,) — Fa(m,u), Fu(my, uy)v — Fy(m,u)v.
Proof Consider the third limit; the first two are treated similarly. We write

F F Lorr
g—u(m,,,u,,)v — g—u(m, u)v = / (89? (ml,,tul, +(1- t)u) (uy, —w)vdt
0

L o’F
+ /0 Juda (tml, +(1- t)m,u) (m, —m)vdt.

The two integrands tend to 0 in L? for each t as v — oo because of (F3) and (F4)
respectively. Again because of (F3) the L?-norm of each integrand is bounded by a
number independent of ¢ and of v if the latter is sufficiently large. So by Lemma 3.1 both
integrals represent functions that tend to 0 in L? as v — oo.

Note that we cannot in general deduce that Fy(m,,u,) — Fy(m,u) in the operator
norm under the conditions of Lemma 3.3 unless m,, — m in the L* norm. The conclusion
of the lemma is that convergence occurs in the strong operator topology.

(F5) Let w € H? and let v, be a sequence in H? that converges to 0 in the weak topology.
Then Fyuy(m, u)(vy, w) — 0 in L? uniformly for (m,u) in bounded subsets of L™ x H?.

In the following we view L? as embedded in the dual of H? by virtue of identifying
v € L? with the linear functional H? > y — [ xvdz.

Lemma 3.4 Let m, € L™ be a bounded sequence that tends pointwise to m € L* and
let u,, € H? converge weakly to w € H?. Then

Fu(my,u,)v, — Fy(m,u)v, — 0
in the weak topology on the dual of H? for any bounded sequence v, € H?.
Proof We must show that

/ (Fu(m,,, uy)vy, — Fy(m, u)vl,)xdac —0

for each x € H?. We write

/ (g—i(myuy) - g—i(mu» vyx dx
= //1 (8;71; (my, (1-tu+ tul,) (uy — w)vyx dtdz
0
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By the Cauchy-Schwarz Lemma this is bounded in absolute value by

1 82F
lov|l2 - H/O T2 (my, (1 —t)u+ tu,,) (uy —u)x dt

2

’/01 O°F ((1 —t)m + tm,,,u) (m —m,)xdt

+llvwllz- ouda

2

Now ||v,||2 is bounded and the integrals tend to 0 in L? by virtue of (F4) and (F5). (In
reading the last displayed expression note that the integrals represent functions of x of
which we compute the L?-norm.)

Lemma 3.5 Let m, be a bounded family in L™, u,,v,,w, bounded sequences in H?,

such that either
(1) u, — v, is convergent in H? and w, converges weakly to 0; or

(2)  u, — v, converges weakly to 0 in H? and w, is convergent.
Then

(Fu(mwuu) - Fu(mua UV))wu — 0

in L2. Furthermore Fy(m,u) — Fy(m,v) is a compact operator for each m € L*® and
u,v € H?.

Proof
oF oF Lo2F
<%(ml,, ul,) — %(m,,,v,,)> w, = /0 Gz (m,,,tu,, +(1- t)vl,> (uy — vy)w, dt

and the first conclusion follows from (F5). Then Fy(m,u) — Fy(m,v) is compact since it
maps weakly convergent sequences to norm convergent ones.

A family of functions u, is said to have uniform exponential decay if there exist K > 0
and k > 0 such that |u,(z)] < Ke *l1#ll for all z € R™ and v.

(F6) Let m, be a bounded sequence in L and let u, have uniform exponential decay.
Then the families ¥ (m,,,u, ), Fa(m,, u,) and Faa(m,, u,) have uniform exponential decay.

Properties of ¢,

The function ¢4(z) is a solution to —Au + F(a,u) = 0 in H? and has the following
properties. We let r = ||z||.

(1) ¢u(x) = P4(r) is spherically symmetric.

(92) / 88—5 (a, @a(r))fb'(r)r dx # 0.



(®3) ¢ and its first derivatives have exponential decay, that is, there exist constants K
and k (which may depend on a though not on x) such that |¢q ()], ||Voa(z)|| < Ke .

(®4) The operator —/A + %—Z(a, bq(x)) : H?> — L? has as kernel the space spanned by the
n partial derivatives Dj¢,(x), which are assumed to be independent, and its range is the
space orthogonal in L? to its kernel.

Note that the properties (#1-4) hold in the model case of Example 1.2 [17], [19], [8].

Properties of V

(V1) V is C? with range in the interval I, it and its first partial derivatives are bounded,
whilst its second partial derivatives have polynomial growth.

Lemma 3.6 The map s +— F(V(x+s),u) from R" to L? is differentiable and its deriva-
tive is a continuous function of (s,u) € R™ x H2.

Note. This is not just the chain rule; for one thing the map s — V(z+s) is not necessarily
differentiable from s to L.

Proof Let e; be the ith basis vector in R™. We have

F(V(z+s+he),u)—F(V(zx+s),u)— g—f(V(i + 5),u)D,~V(x +s)h

'TOF OF
= /0 [% (V(m—l— s —i—thei),u)DiV(x + s+ the;) — %(V(a: + s),u)DiV(x + s)] dt

LoF
= h/o %a (V(a; + s+ the;), u) (D,-V(a? + s+ the;) — D;V(x + 3)) dt

1
+ h/ [8—F (V(a: + 5+ the;), u) _oF (V(:c +s), u)} DV (z + ) dt.
o | 0Oa da

In the first integral the integrand, regarded as a function of z, tends to 0 in L? as h — 0 for
eacht € [0,1] by (F4) and (V1). The L?norm of the integrand is uniformly bounded w.r.t ¢
by (F3) and (V1). The integrand of the second integral tends to 0 in L? as h — 0 for each
t € [0,1] by Lemma 3.3. It too has a bound in L? independent of t. Hence both integrals
tend to 0 in L? as h — 0 by Lemma 3.1. This shows that the mapping of the lemma is
differentiable and its partial derivative is the element %—S(V(x +5),u)D;V(z + s) € L2
That the map (s,u) — %—E(V(a: +5),u)D;V(z + s), from R™ x H? to L?, is continuous,
follows from Lemma 3.3, (V1) and (F4).



Positivity property

We place last a condition satisfied by F' and V' and needed in order to verify the premises
of the modified implicit function theorem.

F
(P1) There exists § > 0 such that g—(a, 0) > § for all a in the range of V.
u

We shall need a version of Wang’s Lemma (see [18, 12]).
Lemma 3.7 Let f,(z) be a family of measurable functions such that
0<d0< fulz) <K

for all v and certain constants § and K. Let u, be a sequence of non-negative numbers
and let v, be a sequence in H? such that

—Avy + (fu(2) + p)vy — 0
in L. Then v, — 0 in H2.
The following is the main result of this section.

Theorem 3.8 Suppose conditions (F1-6), (P1-4), (V1) and (P1) are satisfied. Let b be
a non-degenerate critical point of V. Then for all sufficiently small € > 0 equation (1.2)
has a solution uc(x) of the form

uc(z) = qﬁ(z — l—e) + 56> —|—62w5(m‘ — 2 + 36)

such that s, € R", w. € H? and is L?-orthogonal to the functions Djp, forj=1,...,n,
where a = V(b), and s and we depend continuously on €. Moreover s — 0, and we — 1
in the H*-norm, as e — 01, where n is the unique solution orthogonal to the n functions
Dj¢, of the non-homogeneous linear problem

oF 10F

—Av + e (a, ¢a(x))v =354 (a, gba(:n)) (H(b)z - ) (3.1)

and H(x) is the Hessian matriz D; ;V (z).
Note. In the last equation we denote by A - B the Euclidean inner product of vectors A
and B in R™.

Proof We solve (1.2) by scaling. Define a new state variable (s,w): s € R", w € W
where

W:{weH2:/ijqﬁa:O,j:l,...,n}.
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The rescaling is defined by

u(x) :%(x—lg—l—s) —i—e%u(:v—%—l—s),

or for short
u(z) = ¢a(x + &) + Ew(z + €)
where £ = —g + s. Substituting the rescaled variables we obtain
—A¢g(z+ &) — ELw(x + &) + F(V(ex), oz + &) + €wl(z + £)) =0,
and replacing = by x — &,
— Ny — EEAw + F(V(e(x —&)),ba + eQw) =0.
Using —Ag¢q(z) + F(a, ¢o(x)) = 0 we find
—Aw — F(a, ¢a) + F(V(E(SE - f))a ¢a + 62w) =0,

and dividing by €? we form the rescaled equation
—Aw + €2 [F(V(e(x —8)), b0 + €w) — F(a, %)} —0, (3.2)

which it is convenient to consider in the expanded form

— Aw + €2 [F(V(e(:v — &), a + eQw) — F(V(e(x -£)), (ba)]
+ e 2[F(V(e(w =€), 60) = F(a,60)| =0 (33)

For each € > 0 this defines a C'! mapping of the variable (s,w) € R" x W to L?. This
follows from Lemma 3.2 and Lemma 3.6. Bearing in mind that & = —g + s and that b is
a critical point of V' it is plausible (for example by an uncritical application of 'Hopital’s
rule) that the rescaled equation has a limit equation as ¢ — 07, namely,
OF 10F
—Aw + %(a, qba)w + 55((1, gba) (H(b)(w —58)-(x— s)) =0. (3.4)
In order to make a deduction about solutions of (3.3) from solutions of (3.4) we must
make sure the limit occurs in the L?-norm. This is guaranteed by the following consider-
ations. Let us write

2[F(V(e@ — €)), g0 + ) = F(V(e(z — €)), 0u) |

— /1 2_5 (v(e(x —5) 4 b), pa + Te%)w dr.
0

11



By Lemma 3.3 the integrand converges to %—5 (a, ¢a)w in L? for each 7 and by (F3) the L2
norm of the integrand is bounded by a number independent of 7 and € provided the latter
is;ufﬁciently small. Hence the integral represents a function converging to ‘?9—5 (a, ¢a)w in
L~

As for the other term we have, using the fact that VV(b) = 0,

2 [F(V(ete - ©).60@)) ~ F(a,0(0))]
= [ [ (v et )+ 8).00) B (o7l ) 4 0)a—5)- o syrdor

By (F6) the function %—5 (V(te(z—s)+b), ¢q) has uniform exponential decay as ||z|| — oo,
uniform, that is, w.r.t. 7 and €, and H(z) has polynomial growth. Hence the integrand
tends, as a function of z, to %—Z (a;¢a) H(b)(z — s) - (# — s)7 in L? and furthermore is, for
all0 < 0 < 1,0 < 7 < 1 bounded by a fixed function in L?. Finally we apply Lemma
3.1. This suffices to show that the left-hand side of (3.3) converges to the left-hand side
of (3.4) in L.

The next step is to solve the limit equation (3.4). This proceeds by means of the
Fredholm alternative. We first find s satisfying the n equations

[ G (06000 (HOY @ ) (0= 5)) Dyn(a) da =0

for j =1,...,n. Since ¢, is spherically symmetric, a short calculation reduces this to
2 [OF
<ﬁ / D (a, <I>a(7°)><1>’(7’)r da:) ZHij(b)sj =0,
J

and because of ($2) this gives
Z Hi '(b)Sj =0.
J

Since b is a non-degenerate critical point of V' the Hessian matrix is invertible and we
obtain a non-degenerate solution s = 0. For this solution we have a unique solution
v =n € W to the non-homogeneous linear problem (3.1).

We would like to conclude that the rescaled problem has a solution (s, w,) that ap-
proaches (0,7) but the implicit function theorem requires us to consider the derivative
of the rescaled problem. This is the linear map R"® x W 3 (o,v) + I'(s,w)(o,v) € L?

12



where (in expanded form, corresponding to (3.3))

Le(s,w)(o,v) = —Av + g—i(V(e(:U —5)+0b), g + 62w>v
—! (88—1: (V(e(x —5)+0b),pq + 62’(0) - %—Z (V(e(x —s)+0), ¢a>> VV(e(x—s)+b)-o
_ e—lg—f (Vi(elw — ) +8).6) VV(elx — ) +b) - 0. (35)

The problem is apparent in the second term; although V' (e(z — s) + b) converges to a as
€ — 0 it does not do so uniformly w.r.t. z. Hence there is no guarantee that the linear
map

v Z—Z(V(e(a} —5) +b), ¢a + €w)v

converges to the linear map v +— %—5(@, an)v in the operator-norm topology, as would

be required by the usual implicit function theorem. On the other hand Lemma 3.3 im-
plies that this operator converges in the strong operator topology and that it depends
continuously on € in this topology.

In contrast to this the part of (3.5) representing a linear function of o presents no
topological problems since o is a finite-dimensional vector. This part converges to

—88—5 (a, ¢Q>H(b)x Ny

as € — 0, s — 0, w — 7. Let us deal with this first. Taking o as the ith base vector in
R” consider first the expression

el (g—i (V(e(w —§) 4+ b), da(z) + 62w) - 88—1: (V(e(:): — )+ b), qba(as))) DiV (e(z—s)+b)

1 52
= 6/0 ;ug; (V(e(x —5)+b),Pq + 762w> wD;V (e(x — s) + b) dr.

By (F3) and (V1) the integral remains bounded in L? as ¢ — 0, s — 0 and w — 7. Hence
the expression tends to 0 in L?.
Second we note that

elg—s (V(e(w —s)+b), ¢a> D;V(e(x —s) +b) — Da (a, d)a)(H(b):L’),

in L? as € — 0, s — 0. Indeed the limit holds pointwise (that is, for each z) and

e_la—F
da

oF

(V(e(x —5)+b), gba)DiV(e(m —5)+b)

1
= P (Ve = 5)+ b)) > | Duvite =)+ vyayar

13



and so this function is bounded pointwise, as € — 0 and s — 0, by a function in L?, by
(F6) and (V1). The conclusion follows by the dominated convergence theorem.

We proceed to verify condition (5) of the modified implicit function theorem. It is
in carrying out this verification that condition (P1) comes into play. The object is to
show that the linear map I'¢(0,7) is invertible for sufficiently small € and the norm of its
inverse has a uniform bound. We apply Lemma 1. First let us note that by Lemma 3.5
the operator T'c(0,7) is a compact perturbation of the linear mapping

(o,v) — —Av+ or (V(ex +b), 0)1}
ou
from R™x W to L?, which is a Fredholm operator of index 0 thanks to (P1). Hence I'c(0,7)
is a Fredholm operator of index 0. Let ¢, — 0 and (0,,v,) € R™ x W be sequences such
that
lloull +[|ovll22 =1, T, (0,7)(0on,vy) — 0

in the L?-norm. We obtain a contradiction as follows. Without loss of generality we may
assume that o, — o and v, — v weakly in H?. Note that v € W. In view of (3.5) it is
plausible that we can proceed to the distribution limit and deduce

OF oF
—Bv+ oo (a, ¢a>v - (a, an)H(b)x p— (3.6)
We now verify this limit in detail. Although the distribution limit would suffice, we can
use Lemma 3.4 to show that the limit holds in a finer topology, the weak topology on the
dual of H?. The part linear in o was dealt with above; it converges in L2. And Av, — Awv
weakly in L2. Both these topologies are finer than the one in question. It only remains

to verify that
OF 9 OF
B (V(e,,x +b), P + 51/77) v, — e (a, qba)v

in the weak topology on the dual of H2. This follows because, firstly,

i (12000 = G (won)o

weakly in L? (a norm continuous linear map is continuous w.r.t. the weak topologies on
domain and codomain); and secondly

<Z—Z(V(eym +b), dq +6377) — Z—Z(a,%)) v, — 0

in the weak topology on the dual of H? by virtue of Lemma 3.4.
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Equation (3.6) being established we draw the conclusion that o = 0 (using the Fred-
holm alternative and the non-singularity of H (b)), and hence, since v € W, that v = 0.
Since o = 0 it follows by (3.5) that

oF
—Avy, + % (V(eux + b)v ¢a> v, — 0 (37)

in the L?norm. (Note that (F3) allows us to drop “e2” within the argument of 4L as
its contribution tends to 0 in the operator norm.) But

(?9_5 (V(eww+0),00) - g—i (Vesw+), 0)) v =0 (3.8)

in the L?-norm by Lemma 3.5. So now we have that
oF
—Avy, + — (V(e,,x + b),O)v,, —0
ou
in the L2-norm. By conditions (P1) and (V1) there exist K and 6§ > 0 such that

5 < %(V(€”$+b)’o) <K

for all v. By Wang’s Lemma (Lemma 3.7) we deduce the contradiction v, — 0 in the
H?-norm.

It remains to verify condition (6) of the modified implicit function theorem. This
requires that I'c(s,w) — I'¢(0,7) — 0 as e — 0, s — 0, w — n. As the part of the
derivative “linear in ¢” converges in norm we have

FE(S, w)PRn — PE(O, n)PRn — 0
where Prn denotes the projection of R™ x W to R™ x 0. It remains to show that
Fe(sv w)PW - PE(Oan)PW — 0

where Py is the complementary projection. Now

(Te(s,w)Pw — Te(0,m) Py )v

= gj (V(E(:E —5)+0b),pq + €2w)v - ZZ (V(eaz +b),¢q + 627’])11.
The conclusion follows from the uniform continuity of F, on bounded sets stated in
Lemma 3.2.

Finally, we have already noted that I'c(0,7n) is a continuous function of € in the strong
operator topology. This implies, by Theorem 2.1, that the solution u. depends continu-
ously on e. This ends the proof.

15



4 Multibump solutions

We shall need slightly strengthened versions of some of the conditions of the previous
section. The essential difference is the appearance of linear operators with H' as a domain
instead of H?.

o3
(F1.1) In addition to (F1) the derivative 200 exists and is continuous.

u?da
OF O°F . . .
(F2.1) As regards F, 90’ a2 e make the same assumptions as in (F2). In addition
OF O*F
we assume that —, ———, define maps
Ou’ Ouda

Fu,Fau: L® x H> — L(HY, L?)

given by

Fu(m, wpy = 68—5 (m, u)v,

Fau(m,u)v = gjg;b(m,u>v

2
and that —— defines a map
ou

Fuu: L™ x H? — Lo(H?* x H', L)

given by
= 0’F
Fuu(m, u)(vi,v2) = %3 (m,u) V1V2.
(F3.1) The operators defined in (F2.1) map bounded sets to bounded sets.

(F4.1) In addition to (F4) we assume the following. Let M C L> be bounded, u € H?,
v € H', and let h, be a bounded sequence in L™ converging pointwise to 0. Then

F.u (m, u)vh, — 0

in L? uniformly with respect to m € M.

(F5.1) Let v, be a sequence in H? with weak limit 0 and let w € H*. Then Fyu(m, w)(v,, w) —
0 in L? uniformly for (m,u) in bounded subsets of L™= x H?.

Lemma 4.1 The map s — F(m,u(z + s)) is C* from R™ to L?.

16



Proof

ht (F(m, u(x 4+ s+ he;)) — F(m,u(x + s))) - 88—5 (m, u(x + s))Diu(x +s)

— /01 g—Z;(m, (1 —7)u(z +s) +Tu(1:+s+hei))

(u(x + s+ he;) —u(x + s)

: — Dyu(z + s)) dr

oF

+ /01 [% (m, (I—7u(x+s)+7u(z+s+ hei)> — 2—5 (m, u(z + s)) Dju(z + s) dr.

Since
u(z + s+ he;) —u(r + )

h

in H' the first integral represents a function that tends to 0 in L? by (F3.1). The second
integral may be written

// 6u2 —or)u(x +s)+ortu(z + s+ hez-))
(u(m + s+ hei) —u(z + s))Diu(x + s)rdodr

— Diju(z+s) — 0

and tends to 0 by (F3.1).

We shall need the following addition to Lemma 3.3. The proof, based on (F3.1) and
(F4.1) should be obvious.

Lemma 4.2 Let m, € L™ be a bounded sequence that tends pointwise to m € L™, let
u, € H? converge to uw € H? and let v € H'. Then

Fu(my,u,)v — f‘u(m, u)v,

in other words f‘u(my, uy) — Fu(m,u) in the strong operator topology.
Theorem 4.3 Make the same assumptions on F, V and ¢, as in Theorem 3.8 except
that (F1.1), (F2.1), (F3.1), (F4.1) and (F5.1) replace (F1), (F2), (F3), (F4) and (F5)

respectively. Let by and by be distinct non-degenerate critical points of V', let ap, = V (by),
o) = Gay k =1,2. Then for all sufficiently small € > 0 equation (1.2) has a solution u.

of the form
2
N0 (O B (p_ O, (k)
x)—éd) (:v €+35>+€w (ac €+s€)

17



k)

such that sg € R%, wgk) € H? and is L*-orthogonal to the functions Dj¢(k) for j =
(k) (k) (k) (k)

1,...,n, and s¢ ' and we ’ depend continuously on €. Moreover s¢’ — 0 and we = — n(k)
in the H?-norm as e — 01 where n(k) s the unique solution orthogonal to the n functions
ngé(k) (x) of the non-homogeneous linear problem

OF
_ (k) - - (k) :
Av + 9 (ak,qb (a:))v " (ak,qb )(H(bk):z: ) (4.1)
and H(x) is the Hessian matriz D; ;V (x).

Proof Let
M(a,ur,uz) = F(a,u1 +u2) — Fa,ur) — F(a, u2).

Consider the pair of equations

—Auy + F(V(ex),u1) + MM (V(ex),ui,u2) = 0

—Aug + F(V(ex),uz) + AaM (V(ex),u,u2) = 0 (4.2)

where A\ + Ao = 1. If uj, ug satisfy (4.2) then u; + ug satisfies (1.2). The idea is to use
scaling to find a solution of (4.2) with u near to ¢ (z — b?’“)
For k =1, 2 define

Wy, = {wEHQ:/ijqS(’“) :o,j:1,...,n}.
Introduce new state variables s¥) € R", w®) € W}, for k = 1,2, where

(@) = 6®) (x e S(k)) 4 2™ (w e 3(k>).

€

We shall often denote the pair (s(1),5()) by s and the pair (wM,w?) by w. Substitute
into (4.2) and proceed as in the proof of Theorem 3.8. We shall make use of some
abbreviations in order to fit the equations on to the line. We write

g0 = Dk ) ) 2 el) gl
€

We replace z by 2 — &™) in the first equation and by z — &3 in the second. This produces
the rescaled equations

= 8w + 2 (F(V(e@ - D)), 60 + ) = F(ar,6V))

n /\16_2M(V(e(l‘ — ey, 6 4 2@ (6 4 2@ (2 + 5<12>)) —0 (4.3)
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and

~ Auw® 42 <F(V(e(m —¢®)),0® + @) - F(ay, ¢<2>))
+ )\26_2M<V(e(a: — @) (6D + 2uwM)(z + 6@V, 62 4 62w(2)> =0. (4.4)

Note that Lemma 4.1 is needed to show that the left-hand sides of the rescaled equations
constitute a C* function of (s, w).

As € — 0 we claim that the terms coupling these two equations, that is, the terms
involving the function M, tend to 0 in L?, and the limit problem is the uncoupled pair

—Aw® 4 8—F(ak, ¢®)w® 1 la—F(ak, oM (H(by) (x — s¥) - (z —s8))) =0 (4.5)
ou 2 da

for k = 1,2, with the non-degenerate solution s = 0, w =17 = (n(l),n(z)). The required
conclusions follow as in Theorem 3.8 provided we can justify the use of the Modified
Implicit Function Theorem. This requires a careful examination of the coupling terms in
(4.3, 4.4).

First we consider the L2-limit of the coupling terms evaluated at the solution of the
limit problem s*) = 0, w® = n(*). By elementary calculus

1 1 82F
M(a,ui,u2) = / / 2 (a, ouy + TUQ)ul’LLQ do dr.
0o Jo OU

So we may drop the integral provided all limits occur uniformly w.r.t. ,7 in the unit
square. Corresponding to the coupling term in (4.3) we obtain for consideration

_,0?F

€
Ou?

(V(e(m — 5(1)))7 a(¢(1) + 6277(1)) + T(¢(2) + 6277(2))(33 + 5(12))>
(69 + D) (6 (x + 602) + (2 + 602))

where
502 — @ _ g b=l ey
€

whence, since b and by are distinct, ||§(1?)]] — oo as € — 0F. In view of the boundedness
property (F3) we can distinguish three terms that need to be examined after multiplying
out this expression; the rest is O(e?). The first is

O*F
6_2—

Ou2 <V(€(x - 5(1))),0(¢(1) + 5277(1)) + T(¢(2) + 6277(2))@ + 5(12))>

¢(1)¢(2) (z + 5(12)) (4.6)
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To estimate this we write ¢(!) = yo) where both functions have exponential decay and y
is smooth (for example take p as a smooth function such that p(xz) = ||z|| for ||z|| > 1
and set x(z) = e #7(®) where k is suitably small and positive). Then the L?norm of the
function represented in (4.6) is bounded according to (F3) by a constant times

-2 2 12

2 llyz - o+ 02| .
This tends to 0; in fact it tends to 0 faster than any power of € since owing to the
exponential decay of (*) and its derivatives there are constants A and B > 0 such that

ngb@)(- +5(12))H < Ae~Ble.
22
In passing we can mention that this step is easier to carry out if we assume growth
conditions on F' instead of the boundedness property of (F3).
The second term is

2
ZTZ (V(e(m — €0)), 0 (60 + 2yD) 4 7(6D + @) (a + 5<12>)> D6 (1 602,
Since ¢ (z 4+ 612)) — 0 weakly in H? this tends to 0 uniformly for 0 < 0,7 < 1 by
(F5.1).

The third term is

2
ZTZ (V(e(x D)), (6D + D) 4 7(62) + @) (@ 4 502 )> S0y (5 4 5012)).
This tends to 0 uniformly for 0 < 0,7 < 1, as may be seen by (F5.1) after replacing x by
z+ 63D,

Next we consider the derivative of the rescaled problem with special attention to the
coupling terms as the rest was effectively dealt with in the previous section. The first
objective is to show that the derivative w.r.t. s of the coupling terms tends to 0 in norm.
We consider the partial derivatives of the coupling terms of (4.3, 4.4) w.r.t. the coordinates
of s, 52 (note that we rely on Lemmas 3.6 and 4.1 here for their existence) with a view
to showing that they tend to 0 in L? as € — 0, s — 0, w — 7. Since the partial derivatives
of £€%) and 609) w.r.t. the coordinates of s(), s(2) are constants, it is convenient to view
the rescaled problem as a function of £ and §(9), and show that the partial derivatives
w.r.t. the coordinates of these vectors tend to 0 in L2.

The partial derivative of the coupling term of (4.3) w.r.t. the ith coordinate of £ is
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the function

— Ae ! Z—Z (V(e(:c — W), 60 4 2@ 4 (3@ + @) (2 + 5<12>))
= O (Ve — €0)),060) 4+ )
= O (Vietw — €0, (6 + (o +502)) | D (ela — W) (47)

where 6(12) = @ + 53 — s By the now usual argument involving (F3.1) we can drop
the inner terms involving €2. This leaves

_or

— et
1€ Oa

(Ve — €M), 6M)

= S (V(elw = §0)), 0 (@ +602)) | DV (el — €M)

OPF
g 0%uda

(V(e(az — D)), 5¢M + 7¢P (2 + 5(12)))
dWe® (z +61) do dr.

Since ¢, 2 and V are bounded functions the absolute value of this function is bounded
by a constant times

e D,V (e(z — EON 6D 1@ (& + 502,

a function that tends to 0 in L? as € — 0, s — 0 by the dominated convergence theorem.
Note that we only use the continuity of 93F/9%u da, we don’t need to know any property
of the operator it defines.

The partial derivative of the coupling term of (4.3) w.r.t. the ith coordinate of §(1?) is
the function

o (Viela — €M), 60 4+ 0 4 (62 + )z +50%))

)\16_2

O (Vieta —€0)), (60 + ) + 5<12>)>]

(Dio? (@ +609) + 2D (2 + 609)). (43)
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By the usual device we consider

L O0*F

€
Ou?

(V(e(a:_g(l))),T((b(l)+62w<1))+(¢<2>+Ezw(2))($+5(12)))

(6 + Zuw®) ( Dio® (z + 612) 4+ 2D (z + 5<12>)>.

After multiplying out the product we have a term O(e?) and three others. These are,
firstly

2
20 (Ve =€), m(0® + ) + (6 + )z +502))
dM D (z 4 612)),
secondly
O*F

(V(e(m — M), 76D + Ew®) + (6@ + W) (2 + 5(12))>
wM D;p® (2 + 6(12))

u?

and thirdly

?927}; (Vie(@ =€), 7(6 + Ew®) + (62 + w®)(2 + 602))

oM Djw® (2 + 6012,

These tend to 0 in L? as € — 0, s — 0, w — 7, uniformly for 0 < 7 < 1 by familiar
arguments involving (F5.1) and the exponential decay of ¢ and its first derivatives. (For
the third one replace = by :c+6(21).) The second equation of the rescaled problem is dealt
with similarly.

Next we consider the total derivative of the left-hand side of (4.3) at the solution of
the limit equation w = 7, s = 0. This is the linear map Fgl)((), n) from R™ x R™ x Wy x Wy
to L? given by

TO(0,n)(0,0) = =80 + (1= M) 5 (Vi(elz = €0)), 60 4 20 )
0 OE (Vielw —€0)), 60+ 1 (6 + ) +502)) (o) 40 (2 +50%)

0 (Ve — €), (62 + )+ 602) o 2+ 60)

ou
+1M(0,1)(0,0), (4.9)
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where the final term, giving the part that is a linear function of ¢, is known by the above
analysis, and the proof of Theorem 3.8, to converge in L? to

oF
— <a1, <Z>(1)>H(b1)ac o,
A similar formula will hold for the second component r? (0,m). We note that by Lemma
3.5 the operator W3 x Wy 3 v +— T(0,1)(0,v) € L? x L? is, for each ¢, a compact
perturbation of the operator

v ( — Ao 4 or (V(e(m —cMy), 0)11(1), —Ao@ 4 oF (V(e(m —eMy), 0)11(2))

ou ou
which, thanks to (P1), is Fredholm operator of index —2n. Hence I'¢(0,7) is a Fredholm
operator of index 0.
We therefore verify condition (5) of the modified implicit function theorem by assuming
that there exist sequences

€, —0, o, e R"xR" wv,eW xW,y

such that
loull + [Jvpll22 =1

whilst
Le, (O, 77)(01/7 1)1,) —0

in L2, and deduce a contradiction. We write &, d, to denote the corresponding quantities
when €, replaces e.
Without loss of generality we may assume that o, — ¢ and the limits

o@D Sy @ @ MDY L 0 @) 4 502 )

v

hold in the weak topology on H?. Note that y*) € W,. Referring now to formula (4.9)
and applying Lemma 3.4 we compute the limit of Fg) (0,7)(oy,vy) in the weak topology
on the dual of H?, (compare the corresponding part of the proof of Theorem 3.8; again

the distribution limit would suffice), and deduce that

_ a4 2F (ah ¢<1>>y<1> n Ala—i (al, ¢<1))Z<2)

ou 0
oF oF
S Wil (2 _ = 1) Q) -
Al 811, (al,O)z 8a <a1,¢ >H(bl)x g 0. (4.10)

Furthermore, if we replace = by x + 6V in formula (4.9), we can again take the weak
limit in the dual of H? and deduce
oF

oF
[y (1) _ i (1) i (2)).,(1) —
z + (1 /\1) " (CLQ, O)Z + )\1 0 (GQ, (ﬁ )Z 0. (4.11)
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In a similar way we deduce that

_ay® 4 2F (ag, ¢<2)>y<2> n Azg_i (% ¢<2>)Z<1>

ou
oF oF
B Wil 1 _ (2 o? =
A (a2,0)z o (a2,¢ )H(bg)x o®@ =0 (4.12)
and oF oF
_ A2 _ bl 2 hull 1)) ,2) —
Az + (1 - Ng) 50 <a1,0>z + Ao 5 (al,gb )z 0. (4.13)

Up to this point A; and A9 have been arbitrary save that A\; + Ao = 1. Subject to this
condition we now choose A1 and A9 so that the operators

A+ (- Al)g—i (a2,0) + Alg—i (.6®)

and

A (1 /\2)88—5 (a1,0> + )\22—5 (al, ¢<1>)

are invertible from H? to L?. In fact each is a Fredholm operator of index 0 for all \;
and A2 owing to Lemma 3.5 and (P1). The first is invertible for A; = 0, the second for
Ao = 0. Each is an analytic function of A\, A2. Each is therefore invertible for all but a
discrete set of values of A1 (the first), Ao (the second). Hence there exist A\; and A2 such
that both operators are invertible and A1 + Ay = 1.

For this choice of A\; and Ay we deduce from (4.11) and (4.13) that z() = 2 = 0.
Then (4.10) and (4.12) reduce to

OF OF
2y 4+ 9 (a1,60) 0 — S (a1, 60 Hbr)ar- o) =0

ou a
and OF oF
YN C) Bl @2),@ _ 2 Co@ =
Ay + 7 (ag,qﬁ )y %4 (a2,¢ )H(bg)x o 0.

As in the proof of Theorem 3.8 this leads to y!) = y() = 0, but, what is more, & = (0,0).
Returning to (4.9) we drop the terms with €2, as their contribution tends to 0 in the
L2-norm by (F3.1). We see that

OF
_ 1 , Z= ®y,,Q)
Avy + 70 (V(eyx +b1),¢ )v,,
oOF oOF
ettt (1) (2) (12)y) _ Y5 (1) (1)
Y [au (V(ﬁl,x +01), 60 + 6@ (2 + 4 )) o (V(e,,x Y b), ¢ )] o

+M1
u

o (Viwartb), oW+ 4502)) =20 (Vi +hr), o @*592)))] )

— 0
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in L?. The function spread over the third line tends to 0 in L? by Lemma 3.5. The one
on the second line also tends to 0 in L? since we may apply Lemma 3.5 after replacing
by x + 5,(,21). Hence we find that

OF
A 4 28 M),
Avy + 9 (V(el,:c—l-bl),d) )vl, 0

in 2. Again by Lemma 3.5

[ oF oF

ou <V(e,,x + 1), ¢! )) u (V(EufU +b1), >] o) =0

in L? so that we deduce

—AoM 4 or (V(eya: +b1), O) oM =0
ou
in L2. But now we obtain Hv,(,l)Hgg — 0 by Wang’s Lemma. Similarly va)Hg,g — 0.
Since also o, — (0,0) we obtain ||y ||+ ||vy||2,2 — 0 in contradiction with the assumption
that ||oy|| + ||vy|]2,2 = 1. This proves condition (5).
The final step is to verify condition (6). The first component of the derivative is

oF
ou

(Vielw =€), + w4+ (2 + u®) (@ +502)) 0 + v (@ + 502))

(s, w)(o,v) = =AM 4+ (1 = Ay)=—

oF
ou

(V(e(x — ey oM 62w<1>>v<1>
+ A5

_A1§F< V(e(w = €D)), (6@ + @) (@ +§02) )o@ (2 + 502)

+TW (s, w)(0,0). (4.14)

Cast out those parts that we know converge in norm as € — 0, s — 0, w — 7. These
include the part linear in o and the contribution of the €2 terms within the arguments of
‘?9—5. Break the rest into four bits

OF
or — D)) 6 ),
aU(V(e(aﬂ &), )v :

O (Ve - €9)).6) + 6 ( + 612 o),

ou
oF

B0 (V(E(ﬂc — D), M 4 6@ (g 46 12)))0(2)(95 +5012)))

and
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Recall that we wish to prove that I'c(s,w) —T'¢(0,17) — 0 and note that w doesn’t occur in
these remaining quantities. Bits 1 and 2 are handled as in Theorem 3.8 using the uniform
continuity of Fy on bounded sets. The others require more care. Using the uniform
continuity of Fy we reduce it to showing that the norms of the operators

s 2 M) 4 52 11— LI RN ) BN C) A a7
v ([/(ex+b1),¢ +¢' (x4 - )) (v(x+ . +s s\ —v(x+ - ))

and

v - 8—F<V(e:c ), ¢ (e 4 A b2)) (v(aﬁ TR B B P P b2))

ou € € €

from H? to L? converge to 0 as € — 0, s — 0. Replace = by z + bQEbl for convenience (it

makes no difference to the norm of the operator). We have here the operators (and note
the tilde and the placeholder dot for the variable x)

by — by

€

B (V(e() +b2), 00 (- +

)+ 60 iz s (T 00 — Ie)

Fu (V(G() + bz), ¢(1)>JH2,H1 (Ts(2),s(1) — ]Hz)

where T} : H?> — H? denotes the translation operator u + u(- +r), Iz : H> — H? the
identity operator and Jg2 g1 : H 2 — H! the natural embedding. Thanks to (F3.1) these
are bounded in norm by a constant times

T2 (Ty)_ gy — L)

which tends to 0 as s — 0. NB: The difference between (F3) and (F3.1) is essential;
| T52)_s) — Iy2|| does not tend to O.

Finally we note that the map € — I'¢(0,7) is continuous in the strong operator topology
for € > 0, that is, the map € — I'((0,7)(o,v) is continuous from R to L? on the domain
€ > 0 for each (o, v). This follows from Lemmas 3.3 and 4.2 in conjunction with formulas
(4.7, 4.8, 4.9). We conclude that u. depends continuously on e. This ends the proof.

5 Extension to m bumps

The extension of the arguments of the preceding section to the case of m bumps is mostly
a question of devising a readable notation in which to express the somewhat lengthy
equations. Let us suppose that we have non-degenerate critical points by, k = 1,...,m
with values a; = V(by). Let ¢F) = ¢a,- Corresponding to the equation pair (4.2) we
have the system

—Auy + F(V(ex),ug) + e M (V(ex),u1,...,um) =0, k=1...,m (5.1)
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where

M(a,uy, ... up) =F ( Z ) ZFauk

k=1

and the constants \; are chosen so that Y ;' ; Ay = 1 and satisfy another condition to be
specified later. The rescaled variables are s*) € R, w¥) € Wy, defined as in the previous
section. The rescaled equations can be expressed in the form

— Aw®) 42 (F(V(e(x — W) 60 1 20w®)) — F(qy, qs(k)))
02 (Vi(ela — €9)), (60 + ) (o + 360, (60 4 ™) (x4 56))
—0 (5.2)

where ¢ = b’“ + s 505 = ¢U) — ¢ To prove that the coupling terms tend to 0 in
I? ase — 07 We use the expansion

M(a,uy, ... upy) = F(a,zm:uz’) —iF(aan)

=1 =1
m m m
= Z(F(a,Zui) — F(a,u;) — F|a, Z ul)>
j=1 i=j i=j+1
m m
= ZJ](a,ul,.. U ) Uj Z U;
j=1 i=j+1
= Z Jj(aaula )um)uzuj
1<j<i<m

where .
82F
Jila,ut, ... um // a Jouj + T Z ul) do dr.
I=j+1
After dropping the summation and the integral sign, and after dropping all terms that
are obviously O(e?), we are left with the three terms, in which we note that i > 7,

O*F . . . .
—27 - _ ¢(k) ) (D) (ki)\ 4 (3) (k37)
€ Ou2 (V(e(:p &), ga,T,e,s,w,k,J) ¢ (x + 0 )oY (x4 61,
0’F
il _ ¢(k) Nop(@ (Ki)\ 4(4) (kj)
92 (V(ﬁ(w &), game,s,w,k,y)w (@ + %)oY (x + 6)
and P2
- _ ¢(k) ) (@) (ki) Y,y (5) (k3)
Ou2 (V(E(:U § ))7 gU,T7€7S7w7k,j) ¢ ($ +0 )w ($ +0 )7
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where
Gk = 069 + @) (@ +60) 47 37 (60 + 2w®)(z + 5*)
l=j+1

is uniformly bounded in H? for 0 < 0,7 < 1, ¢ — 07, s € R", w in a bounded set. That
these tend to 0 in L? follows from the same arguments as in the corresponding place in
the previous section, using the exponential decay of ¢, for the first term, and property
(F5) for the second and third, together with 6% — §(k7) = 5G9 = O(1/e).

Now we consider the derivative of the coupling terms of the rescaled problem w.r.t. s.
This tends to 0 in norm, as s — 0, w — 0, € — 0T, or, equivalently, the partial derivatives
w.r.t. the coordinates of £€*) and 69 of the kth equation tend to 0 in L?. Referring to
the corresponding place in the previous section we have to show that the following tend
to 0 in L?:

e DV (e — W)t (x4 5*)) ) (2 + 5*9)),

L 0*F k) i) (ki) 4 (7) (k5)

S (V@ =€), hr s ) Dig® (@ + 500)60) (@ 4 60,

0*F (k) (i) (ki)Y 4(3) (k3)

o (Ve = €9). b ) Do (a + 54060 (& 4+ 609)
and

O*’F k) (i) (ki)Y () (k)

W (V(G(x - f ))7 hT,E,S,lU,k,j)‘Dld) (.’E + o )w ({E + 0 )

where I ¢ 5.k, is bounded in H?for 0 <7<1,e— 0T, s € R" and w in a bounded
set. For the first we use (V1) (with the fact that by is a critical point of V') and ($3). For
the remaining three we use (F5.1).

Next we consider the verification of condition 5 of the modified implicit function the-
orem. Let us denote the derivative of the rescaled problem at (s,w) by I'¢(s,w). We have
that

T®) (s, w)(0,v) = —A0®) + ‘;—Z (we(a: = £09)), ¢® )u®

+)\k8—F(V(e(m—£(k))) Z‘f’“ z + 60k0) )Zv (z + 6*)

ou P
— e Y S (Ve = €09)), 69 (@ + 649) o ( + 54)
=1

+I®) (s,w)(c,0) + O(e?). (5.3)
We suppose that there exist sequences

e — 0, o, € R, v, eWr1 x...xW,
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such that
loull + [Jvpll22 =1

whilst
Le,(0,7)(0v,vy) — 0

in (L?)™, and deduce a contradiction. Without loss of generality we may assume that
0, — o and the limits

v (4 09) =y, 1< j<m

hold in the weak topology on H2. Note that 3 e W;.
(Jk)

Proceeding to the distribution limit using (5.3), firstly after replacing = by = + 6/,
and secondly without such replacement, we find

for k # j whereas

RYNCom g—i(am(k))y(kk) A <aa_5<ak,¢(k)) _ z—f(am)) i)

=
_ g_F (0.6 H bz - o® = 0. (5.5)

Let zj = > 1L sy y*7) | Summing (5.4) over k we deduce

—Azj+ g—]:(aj,O)zj + pyj (g—i(aj,qb(j)) - %(@ﬁ)) 2j =0

where 1 = 374" ;; M. Owing to condition (P1) and Lemma 3.5 there is a discrete set
D; C R such that the operator

A+ g—i@j,o) + 1 <Z—5<%¢m) - %(‘”’O))

is invertible from H? to L? for pj & Dj. The hyperplanes ZZL:L,#J. M €Dy, j=1,...,m,
meet the hyperplane ) ;" ; Ay = 1 in a nowhere dense set. We conclude that there is
a dense subset C' of the hyperplane y ;' Ay = 1 such that for (A1,...,\,) € C the
equations (5.4) and (5.5) imply that z; = 0 for all 5, and hence () = 0, for all i and j,
and ¢ = 0.
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For such a choice of A\, the assumption that ', (0,7)(0,,v,) — 0 in L?, together with
the formula (5.3), repeated application of Lemma 3.5 combined with judicious shifting,
leads to the conclusion

oF
~f# 4 2 (Ve = 9),0) o) — 0
ou
in L2. Now Wang’s Lemma implies the contradiction ||v,||22 — 0.
The verification of condition 6 of the MIFT is carried out as in section 4.

6 Standard growth conditions

The conditions imposed on the function F' in sections 3 and 4 follow from growth condi-
tions (we are not claiming that these conditions are necessary, though this is plausible).
These take the form

oF ( )

—(a,u

da \'’

7 ()

|F(a,u)l, < C(Jul + Jul*),

i

0*F (a, u)

da?
2
gz ()

O*F
e ()
where the constant C' can be chosen uniformly for a in a bounded interval and the expo-
nents are non-negative and satisfy oy > 2 — k.
These are called standard growth conditions if, in addition, 1 < n < 7, with no upper
limit placed on a1, s, ag if n < 4, whereas for n = 5, 6,7 we assume

n < 4 <8—n
Q _— - .
=y a4

< C(1+ [ul*?),

i

< O+ [ul*),

ap < ——

1> n— 47
The inequality for aj is strict in order to obtain at the appropriate point a compact
embedding.

Theorem 6.1 Assume that F' has continuous second-order partial derivatives and satis-
fies the standard growth conditions. Then F' satisfies conditions (F1-6) of section 3.

Proof (F2), (F3) and (F5) were dealt with in [12]. (F6) is obvious. Consider finally (F4).
Let m, be a bounded sequence in L, let v € H? and let h, be a bounded sequence in
L*> converging pointwise to 0. Then we have the pointwise bound

'QE<nanhy

o~ < Cful-y| + [l ) < const.(fu] + [u]")
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Hence %—5 (m,,, u) h, tends to 0 pointwise and is uniformly bounded by a function in LZ.
Hence it converges to 0 in L2. The other parts of (F4) are treated similarly.

Theorem 6.2 Suppose that F' satisfies the standard conditions with the following addi-
tional restrigtz’ons:

(1) ——= ezists and is continuous;
0%uda
(2) n<5, and ifn=>5 then as <2 and ag < 1.

Then F satisfies (F1.1), (F2.1), (F3.1) and (F5.1).
Theorems 6.1 and 6.2 are applications of the following two lemmas (see [12]). Let V;
denote a family of function spaces drawn from the collection W*P(R™). Let us suppose

that V; is embedded into L for 2 < r < ¢;.

Lemma 6.3 Letu; € Vi, i=1,...,m. Then uj' b e rr if

P P L Pt B
t1 tm T 2

and
luf e[ < Cllun] 9} - 5

where C' is independent of uy.

Lemma 6.4 Suppose that Vi = W*P for some k > 1. Let w € Va. Then the linear map
v — vw from Vi to L" is compact for

1+1<1<1
t to r =

Using Lemma 6.3 one can easily show that under the conditions of Theorem 6.2 prop-
erties (F2.1) and (F3.1) hold. Lemma 6.4 yields (F5.1).
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