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Abstract

Scheduling jobs with pairwise conflicts is modeled by the graph multi-coloring problem. It
occurs in two versions: preemptive and non-preemptive. We study these problems on trees
under the sum-of-completion-times objective. In particular, we give a quadratic algorithm for
the non-preemptive case, and a faster algorithm in the case that all job lengths are short, while
we present a polynomial-time approximation scheme for the preemptive case.

1 Introduction

In many real-life situations, non-sharable resources need to be shared among users with conflicting
requirements. This includes traffic intersection control [B92], frequency assignment to mobile phone
users [DO85, Y73|, and session management in local area networks [CCO93]. Each user can be
identified with a job, the execution of which involves an exclusive use of some resource, in a given
period of time. Indeed, scheduling such jobs, with pairwise conflicts, is a fundamental problem —
in the above areas, as well as in distributed computing [L.81, SP88].

The problem of scheduling dependent jobs is modeled as a graph coloring problem, when all
jobs have the same (unit) execution times, and as graph multi-coloring for arbitrary execution
times. The vertices of the graph represent the jobs and an edge in the graph between two vertices
represents a dependency between the two corresponding jobs, which forbids scheduling these jobs at
the same time. More formally, for a weighted undirected simple graph G = (V, E) with n vertices,
let the length of a vertex v be a positive integer denoted by z(v) and called the color requirement
of v. A multi-coloring of the vertices of G is a mapping into the power set of the positive integers,
UV 2V such that |¥(v)| = (v) and adjacent vertices receive non-intersecting sets of colors.

The traditional optimization goal is to minimize the total number of colors assigned to G. In the
setting of a job system, this is equivalent to finding a schedule, in which the time when all the jobs
have been completed is minimized. Such an optimization goal favors the system. However, from the
point of view of the jobs themselves, an important goal is to minimize the average completion time
of the jobs (or equivalently, the sum of the completion times). This optimization goal is the concern
of this paper. Formally, in the sum multi-coloring (SMC) problem, we look for a multi-coloring ¥
that minimizes )_,cy fo(v), where fg(v) is the largest color assigned to v by W. This reduces to
the sum coloring problem in the case of unit color requirements.

There are two variants of the sum multi-coloring problem. In the preemptive (p-SMC) problem,
each vertex may get any set of colors, while in the non-preemptive (np-SMC) problem, the set
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of colors assigned to each vertex has to be contiguous. The preemptive version corresponds to
the scheduling approach commonly used in modern operating systems [SG98], where jobs may
be interrupted during their execution and resumed at a later time. The non-preemptive version
captures the execution model adopted in real-time systems, where scheduled jobs must run to
completion.

In the current paper we study the sum multi-coloring problems on trees. Given the hardness
of these problems on general graphs (see below), it is natural to seek out classes of graphs where
effective solutions can be obtained efficiently. Trees constitute the boundary of what we know to be
efficiently solvable, and represent perhaps the most frequently naturally occurring class of graphs.

A natural application, in which the resulting conflict graph is a tree, is packet routing on a tree
network topology: each node can conflict over its neighboring links, either with its parent or children
in the tree. Thus, the conflict graph is induced by the network topology. Conflicts among processes
running on a single-user machine (e.g. PCs) are typically for shared data. In many operating
systems, the creation of a new process is done by ‘splitting’ an existing process, via a ‘fork’ system
call [SG98]. Thus, the set of processes form a tree where each process is a node. Conflicts over
shared data typically occur between a process and its immediate descendents/ancestor in that tree,
as these processes will share parts of their codes. Thus, the conflict graph is also a tree.

1.1 Related work

The sum multi-coloring problem was introduced by Bar-Noy et al. [BKH"98]. They presented a
comprehensive study of the approximability of both the p-SMC and the np-SMC problems, on
general and special classes of graphs. We are not aware of other published work on this problem.

The sum coloring problem was introduced by Kubicka [K89], who gave a polynomial algorithm
for trees. Jansen [J97] extended the dynamic programming strategy to graphs of bounded treewidth.
Also, the sum-coloring problem on general graphs was shown to be hard to approximate within
n'=¢ for any ¢ > 0 unless NP = ZPP [FK96, BBH'98], as well as hard to approximate within
some factor ¢ > 1 on bipartite graphs [BK98]. These hardness results also carry over to the
multi-coloring generalizations.

1.2 Our results

For the np-SMC problem, we give in Section 3 two exact algorithms, with incomparable complexity:
the first one is quadratic, i.e., O(n?) where |V| = n, while the second is more effective if the maxi-
mum color requirement p is small, running in time O(np). In both cases, non-trivial optimizations
have been made to reduce the time complexity. The first algorithm is still more efficient for the
special case of paths, running in time O(n - log p/ log log p).

Previous dynamic programming algorithms [K89] can be seen to generalize to multi-coloring,
leading to algorithms that are polynomial in n and p, e.g. O(p?>nlogn). They are, however, not
polynomial for large p.

For the case of p-SMC, the solvability for trees appears to be a hard question. We present in
Section 4 a polynomial time approximation scheme, along with an exact algorithm for a limited
special case. Finally, we discuss in Section 5 several generalizations of the problem, to which our
algorithms continue to apply, and mention open problems for further study.

2 Definitions and Notation

An instance of a multi-coloring problem is a pair (G, z) where G = (V, E) isa graphandz : V — N
is a vector of color requirements (or lengths) of the vertices. We denote by p = max,cy z(v) the



maximum color requirement.

A multi-coloring of G is an assignment ¥ : V' — 2V such that each vertex v is assigned z(v)
distinct colors and adjacent vertices receive non-intersecting sets of colors. The start time (finish
time) of a vertex v under W is the smallest (largest) color assigned to v, denoted by sg(v) = min{i €
U(v)} (fe(v) = max{i € U(v)}). A multi-coloring V¥ is contiguous, or non-preemptive, if for any
v, fo(v) = sg(v) + (z(v) — 1). The sum of a multi-coloring ¥ of an instance (G, z) is the sum of
the finish times of the vertices >, cy fw(v). The minimum sum of a preemptive (non-preemptive)
multi-coloring of G is denoted by pSMC(G) (npSMC).

We denote by n the number of vertices of the input instance. For a vertex v, deg(v) is the degree
and N (v) the set of neighbors of v. In the context of rooted tree T', let T, denote the subtree rooted
at v, kids(v) denote the set of children of v, and par(v) its parent. Finally, let [z,y] denote the
interval of natural numbers {z,z + 1,...,y}.

We shall be needing the following bound on the number of colors in an optimal sum multi-
coloring, whose proof is omitted.

Claim 1 Optimal p-SMC and np-SMC colorings of a tree use at most O(plogn) colors.

3 Non-preemptive multicoloring

We say that vertex v is grounded in a multi-coloring W, if the smallest of v’s colors is 1, sg(v) = 1.
We say that v is flanked in ¥ by a neighbor u, if the smallest color of v is one larger than the largest
color of u, that is, sgy(v) = 1 + fg(u). We call a sequence of vertices vy, v1,...,v, a grounding
sequence of vy, if vy is grounded and, for all 0 < i < m, v;41 is flanked by v;.

The following observation is called for.
Observation 3.1 (Flanking property): In an optimum npSMC coloring of a graph, each vertex
v 1s either grounded or has a flanking neighbor.

It is not difficult to see that this holds for any minimal coloring, where the coloring of any one
vertex cannot be reduced without creating an improper coloring.

Proof. Let u be the last neighbor u of v finished before the execution of v starts. If no such
exists, then v can be safely grounded.

We claim that there is no other vertex w whose coloring starts within units fg(u)+1,...,s¢(v)—
1. This follows since otherwise the coloring of w is completed before the coloring of v starts (this
remark follows by the fact that the coloring of the vertices is non-preemptive.) Now, if w ends
before v stars, this disagrees with the definition of u being the last neighbor whose schedule is
finished before v starts. Hence, we can safely start the coloring of v in color sy (u) 4 1. ]

Several interesting comments follow from the Flanking property. A grounding sequence vy, v1, ..., Um
of a vertex v, completely determines the coloring of v,,. In fact, sg(vy,) equals the sum of color
requirements of vg,...,v,_1 plus 1.

Also, we can make the following observation, that indicates that for any graph, the optimum
non-preemptive sum multi-coloring can be computed in (exponential) time independent of p. This
may be important within an applied context, for small values of n.

Claim 2 An optimum npSMC coloring of a graph can be computed in time n"+tO0),

Proof. One can guess for each v a flanking neighbor w. The number of legal choices is clearly
bounded by O(n™). Now, any such choice completely defines the schedule, and we only need to
pick the optimum legal one. ]

Note, that the number of legal choices for flanking vertices could approach n"™. In fact, consider
some legal multi-coloring. Put a directed edge u — v, if v is flanked by u (if there are more than
one flanking vertices for v, choose one arbitrarily.) This induces a collection of directed trees, that



(b) '

Figure 1: Computation of Afu,v]: (a) u grounded outside T}, w grounded inside T,,, and (b) u
grounded inside T,, w flanked by u

contain all the vertices. Hence the number of choices for legal multi-colorings is bounded from
below by the number of spanning trees of G, which can be as large as n" 2.

In our search for an optimum npSMC coloring on trees, we examine possible grounding se-
quences. We note that there are at most n? paths (and grounding sequences) in a tree, which
easily leads to a polynomial algorithm for trees. We shall introduce additional ideas to reduce the
complexity to O(n min(n,p)). Our general approach is based on dynamic programming, where we
find a partial solution (projection of an optimal npSMC scheme on a subset of vertices) assuming a
given grounding sequence and using previously computed partial solutions to related subproblems.

3.1 An O(n?) algorithm for np-SMC of trees

Assume that the tree T' is arbitrarily rooted in vertex r. We give a dynamic programming algorithm
that computes bottom-up a matrix A, where Afu,v] contains the minimum cost of a coloring of
a subtree T, under the constraint that u is grounded in v. The desired solution is then given by
min, Alr, u].

Let f,(u) denote the finishing time of u when grounded in v. Namely, f,(u) is the total length
of the grounding sequence of u on v, or the sum of the lengths of the vertices on the unique path
from u to v.

A is computed as follows. Afu,v] = f,(u) for a trivial T,, (when u is a leaf of T'), while
in general, we compute Afu,v] based on all values of A[w,«] for every child w of w in 7. This
value could be A[w,v], grounding w in the same vertex as it’s parent, or the minimum value of
Alw, z] over all those descendants z of w that result in a grounding of w that is compatible with
the grounding of its parent u in v. This compatibility must satisfy two properties. First, if u is
grounded in a vertex v that belongs to the subtree T,, of a child w of u, then w must also be
grounded in v. Second, we must ensure that color ranges assigned to u and w do not overlap,

[fv(u) - m(u) + ]-a fv(u)} N [fz(w) - m(w) + 1afz(w)} = 0. Formally,

Alu,v] = fo(u) + ) min(A[w,v],mnel%“n{A[w,m] : fu(w), fo(w) compat.}) (1)
wekids(u) v

Figure 3.1 illustrates two cases in computing Afu, v].

The major inefficiency in computing the values of Afu,v] according to (1) is the need for
searching for compatible grounding in the subtrees T),, resulting in a cubic algorithm. Instead, we
ensure that optimal compatible solutions can be found quickly. We first compute, for each vertex
in the tree, a sorted list of the n finishing times of the n different ways of grounding the vertex.
The following lemma shows how to do this efficiently.

Lemma 3.2 Given a tree T and a length function = : V(T) — R™, one can compute, for each
vertex u of T, the sorted list of lengths of all paths in T originating in u, in O(n?) time.



Proof. We root T in a vertex r. The algorithm has a bottom-up phase followed by a top-down
phase. In the bottom-up phase we compute for each vertex u the sorted list of all lengths of paths
from u to vertices in the subtree T, rooted at u. For a leaf u this list contains only z(u). The
list for a non-leaf vertex u is obtained by merging the children’s lists, then adding z(u) to each
element and prepending the element z(u) to the resulting list. The bottom-up phase takes time
proportional to 35, 3 yen() |Twl < n o, deg(u) = O(n?).

In the top-down phase, each non-root vertex w of T" will process the complete sorted list of
its parent par(u). Out of that list, the entries involving descendants of w will appear in the same
order as in the 'bottom-up’ list of w and can thus be identified while scanning the two lists. The
remaining entries on the list of par(u), each augmented by z(u), are merged with the bottom-up’
list of u to produce the complete list of u in O(n) time. U

This computation of sorted lists of finishing times forms the first stage of our algorithm. We next
process T in a bottom-up manner. Let the parent of a vertex u (u # r) have the sorted list of
finishing times f,, (par(u)) < ... < f,, (par(u)).

The processing of vertex u involves computing the list of optimum costs ¢! (u),...,c" (u)
where ¢"i(u) is the optimum npSMC of the subtree T,, when the grounding of u is compatible with
grounding its parent par(u) in v;. Assume the children of u have computed similar lists of optimum
costs for their subtrees and let the sorted list of finishing times for u be f,, (u) < ... < f,, (u). We
can now simplify Formula 1 computing the minimum cost npSMC of T,, when grounding u in z;:

Afu,zi] = fo(u) + Y c*(w) (2)

wekids(u)

Note that this is correct even if u is a leaf. For each value of ¢ between 1 and n we also need to
compute the “prefix minima” Plu,i] = mini<j<;{A[u, 2;] : z; € T,,} and “suffix minima” S[u,i] =
min;<j<n{A[u, z;] : z; € Ty, } over the entries in this array that reflect grounding in a descendant.

Consider the sorted list f,, (par(u)) < ... < f,, (par(u)) of finishing times for the parent of w.
For each f,,(par(u)), the compatible finishing times in the list f,, (u) < ... < f, (u) of u can be
found by a single scan through the two lists, producing for each ¢ a left and right pointer [;, r;
indicating that f,, (par(u)) is compatible with all finishing times from f, (u) up to f,, (u) and
all those from f,, (u) up to f,,(u). To find the minimum cost associated with these compatible
finishing times, we use the [;-th prefix and r;-th suffix computed earlier:

Vi (u) _ A[ua 'Ui} if v; € Tu,
| min(P[u,l;], S[u,r;], Alu,v;]) otherwise.

This gives us the desired list of optimum costs ¢"*(u),...,c""(u) with ¢"(u) the optimum
npSMC of the subtree T,, where the grounding of u is compatible with grounding its parent in v;.
The value of the optimum cost npSMC for T' overall is computed by the root vertex r and given
by P[r,n]. The processing time for each vertex is linear.

Theorem 3.3 The np-SMC problem can be solved for a tree in O(n?) time. U]

In the case of paths, we can improve the complexity by observing that grounding sequences
must be short.

Lemma 3.4 The mazimum number d of vertices in a grounding sequence v1,...,vq in a path is
O(log p/ loglog p).
Proof. Suppose the vertices vy, v1, . . .,vq (d > 2) form a grounding sequence in an optimum npSMC

coloring ¥* of a path. Then, we claim that, for each i, 2 <i <d, z(v;) > (d — ) Xo<jc; z(vj). It
then follows that

z(vg—1) > (d — 2)! Z z(vj) > (d —2).

1<j<2

5



Since p > #(vg_1) = d*? | we have the desired bound.

To prove the claim, consider the coloring obtained from ¥* by grounding the sequence v;, ... ,v4_1.
This may necessitate flanking v;_1 by v;. The former decreases the cost (with respect to SMC(G, ¥))
by (d—1i) > p<;<; ©(v;), while the latter increases the cost by at most z(v;). The claim then follows
from the assumed optimality of ¥*. ]

Corollary 3.5 The np-SMC problem can be solved for a path in
O(nlogp/loglogp) time.

We note that Claim 1, combined with previous ideas, immediately gives a relatively simple
optimum O(n - p - logn) algorithm for np-SMC on trees with the amount of information carried
reduced to a minimum, saving on the space needed. In the next subsection, we improve this running
time to O(n - p) via a slightly more complex algorithm.

3.2 An O(n-p) algorithm for np-SMC on trees

We now give an algorithm whose running time is linear in n, whenever p > 1 is a small constant.
Let

B(v) =z(v)+ Y (z(u)+z(v)—1).

uEN (v)

Note, that the finish time of v under any “reasonable” coloring is at most B(v), since each neighbor
u of v can delay the completion of v by at most z(u) steps, from its own length, plus z(v) — 1, from
leaving a “gap” in the set of available colors for v.

We call a finishing time for vertex v an optimal, if there exists an optimal coloring of T, where
v has this finishing time. We say that a finishing time f(v) interferes with a child u of v, if the
respective coloring of v intersects with the coloring which corresponds to w’s optimal finish time in
T,.

The algorithm Tree-color proceeds by arbitrarily rooting the tree from some vertex r and then
coloring it bottom-up. The coloring of v involves two tasks: (a) evaluating the cost of the possible
finish times of v and selecting the optimal one, from which to derive the corresponding minimum
multi-coloring sum of T),, and (b) preparing a set of at most z(v) + z(par(v)) — 1 < 2p alternative
finish times for v, in the event that par(v) chooses a finish time that interferes with v. The data
required for these computations will be kept in the following integer arrays:

— incy[B(v)], in which the ith entry gives the increase in the cost of the optimal coloring of Ty,
when the finish time of v is i. The increase is computed relative to initial coloring of T, in which
the algorithm assumes that z(v) = 0.

— alty[2p], of alternative finish times for v: alty[j] is the optimal finish time for v under the
constraint that par(v) has finish time j.

Each vertex v fills the arrays in four phases.

Phase 1: In the initial phase, v fills the array inc, with values appropriate for the case that no
collisions occur with the optimal colors of its children. That is, inc,[i] < i, for z(v) <i < B(v).
Phase 2: In this phase, v updates the array inc,. For each child u € kids(v), v adds in at most
z(u) + z(v) — 1 entries the increase in the cost of the optimal coloring of Ty. Specifically, for any
finish time ¢ of v, which interferes with u, v updates the ¢th entry of inc,, using the ith entry of
the array alt,, i.e. incy[i] < inc,[i] + incy[alt,[i]] — incy[f(u)]. The optimal finish time, f(v), is
the value ¢ that minimizes inc,[i].

Phase 3: We next compute two help vectors, containing prefix and suffix minimas of inc,. That
is, for i = z(v),..., B(v), p[i] is the index j that minimizes inc,[j] under the constraint j <. It is
computed inductively in linear time by: pli] is ¢, if inc,[i] < inc,[p[i — 1]], and p[i — 1] otherwise.
Similarly, s[i] is the index j that minimizes inc,[j] under the constraint j > ¢, computed by: s[i] is



i if incy[i] < incy[s[i + 1]] and s[i + 1] otherwise. Here, p[z(v) — 1] = s[B(v) + 1] = 0.

Phase 4: Finally, alternative finish times are computed. For each possible value j of a finish
time of par(j), alty[j] should be the index minimizing inv,. The constraint implies that either v
is scheduled before par(v), finishing no later than j — z(par(v)), or it is scheduled after par(v),
finishing no earlier than j + x(v). The index minimizing inc, in the former case is then given by
plj — z(par(v))], while in the latter case it is given by s[j + z(v)]. Thus, we assign alt,[j] the better
of the two possibilities.

Theorem 3.6 Tree-color solves np-SMC on trees in O(np) steps.

Proof. The optimality of the algorithm follows from the fact that for any subtree T,, we find a
finishing time for v that minimizes the cost of coloring T;,. Formally, for any finish time z(v) <1 <
B(v), the SMC of T, is given by

SMC(Ty,i) =i+ Y, SMC(Ty,nu(i))
u€kids(v)

where n,(7) is the finish time of child 4 in a minimum-cost coloring of T}, when the finish time of
v is ¢. Thus, the SMC of T}, is

SMC(T,) = m(v)g;ignB(v) SMC(T,,1)
Since we color the vertices in the tree from the leaves upwards, the SMC of T' is SMC(T;). The
algorithm Tree-color follows the above dynamic programming scheme.

For the complexity of the algorithm, consider separately the phases performed by a vertex v.
The first phase takes O(B(v)) steps. In the second phase, for each child u of v, z(u) + z(v) — 1
entries are updated in inc,, for a combined complexity at most O(B(v)). The vectors p and s are
computed in time O(B(v)), and the O(p) entries of alt, computed in constant time each. Observe,

that Y, B(v) = O(np), thus, summing up the complexity over all the vertices yields the theorem.
]

Corollary 3.7 If each vertex requires exactly p colors, then Tree-color can be implemented in O(n)
steps.

Proof. This case is equivalent to the sum coloring problem, when one color will represent a ‘block’
of colors of length p; clearly, it is sufficient to consider in each pass on the vector inc only entries
of finish times that are integral multiples of p (This can be shown inductively on the size of T').
Thus, the complexity of the algorithm Tree_color reduces to O(n). U

4 Preemptive case

We turn our attention in this section to the preemptive version of the multi-coloring problem. Here,
we do not have a polynomial algorithm for trees, nor a proof of NP-hardness. Instead, we give the
next best possible: a polynomial-time approximation schema. We also mention an exact algorithm
for the case of small color requirements.

4.1 PTAS for p-SMC of trees

The algorithm is a standard dynamic programming algorithm, but one that attempts to find a
restricted type of a solution. These solutions have the property that there are at most (1/¢)°(°&?)
possible colorings of each vertex. Given such a property, a straightforward dynamic programming
algorithm will examine the vertices bottom-up, trying each possible coloring of a vertex, and storing



the cost of the subtree for each such choice. The main part of the argument is to show the existence
of a restricted solution whose sum is within 1 + € of optimal.

We first study the makespan problem (minimizing the maximum color used) on bipartite graphs,
which has a rather trivial optimum solution. For simplicity, we allow multicolorings where at least
z(v) colors are assigned to each vertex v; clearly, this does not make the problem any easier.

Lemma 4.1 Let (G, z) be a bipartite instance, and let € > 0. Let ¢ = maxyycp(z(u) + x(v)) and
let s; = |eiq], fori=0,...[1/€]. Then, there is a contiguous coloring V' of (G,z) using | (1+ ¢€)q]
colors, such that for each vertex v there are integers j,j' such that U’ assigns to v the interval
[85,...,85 — 1].

Proof. Let R, B be a bipartition of G, and let » = [(1 + €)gq|. Consider the contiguous coloring
WU, where

_ ) [Lz(v)], whenv € R
Uo(v) = { [r —x(v) + 1,7], whenv € B.

Observe, that there are at least r — g = |eq| values that separate the colors assigned to any pair of
adjacent vertices. Hence, this coloring can be extended to a coloring ¥’ given by

'(v) = U{[Sja sj+1 — 1] 1 [s5,8501 — 1] N ¥o(v) #0}. U
J

Let x¢ = max, fg(v) be the makespan (maximum color used) of a multi-coloring ¥. We now
show how a given multi-coloring can be massaged into one satisfying several properties. The idea
is to partition the range of possible colors into “layers” of geometrically increasing sizes. We apply
Lemma 4.1 to schedule the colors of all vertices inside each layer, and to provide us with the desired
restrictions on the possible colorings. The completion times of the vertices may increase for two
reasons: the expansion factors of each level, and because of changes in the highest level that a
vertex is colored in, but we can bound both factors by 1 + e.

Theorem 4.2 Let (G,z) be a bipartite instance, and € > 0. Then, for any multi-coloring ¥ of G,
there is multi-coloring ', such that for each vertex v,

1. fe(v) < (1+€)fe(v),
2. W'(v) is the union of at most O(logy, . xw) contiguous segments, and

3. There are O(1/¢) choices for the beginning and the end of each segment.

Proof. Let g = +/1+¢e—1. For 1 <i < |logy,.xw], let ¢ = [(1 +€)"] and I; = [gi—1,q; — 1].
Define the instances (G, z;), where z;(v) = |¥(v) N I;].
Apply Lemma 4.1 to obtain colorings ¥’ on (G, z;). Form ¥’ by concatenation:

i1
V') =z + D 11 +e)gj] : = € Ti(v)}.
i §=0

If the highest color of ¥(v) was in interval I;, then f(v) > g;, while

for() < (1 +e)ai] < (1+e)qi1 < (1+¢€)fa(v),

establishing part 1 of the theorem. Parts 2 and 3 also follow from properties of the ¥/ colorings of
Lemma 4.1. Specifically, start and end points within each interval I; are of the form ¢;_1 + j - € -
(¢i — gi—1) where 0 < j < [1/€]. L



Theorem 4.3 For each € > 0, the p-SMC problem on trees can be approzimated within 1+ € factor
in time (p - logn)O(/elog(1/e))

Proof. Let ¥ be an optimal pSMC solution, and recall the properties of the solution ¥’ that
Theorem 4.2 has shown to exist. We now argue that we can find a solution with such properties.
For each vertex v and for each layer i, we try the |1/¢| possibilities for the number of €(g; —g;1)-sized
“nibbles” that ¥'(v) contains in layer i. Thus, we need to maintain a table of size (1/¢)?(1081+e xw),
Since xg = O(p - logn) by Claim 1, and In(1 + €) < ¢, the theorem follows. ]

When p is not polynomial in n, it is possible to show using a (rather non-trivial) scaling
argument, that we can transform the instance to a new one with p = O(n - logn), incurring only
negligible loss in the approximation ratio (details omitted). This gives the result.

4.2 Exact algorithm for small lengths

Solving the p-SMC problem on trees by an exact algorithm seems to be a challenging task (even
on paths). We only exhibit a very modest claim.

Claim 3 The p-SMC problem on trees admits a polynomial solution when p = O(logn/loglogn).

Proof. Recall by Claim 1 that the number of colors used by an optimum solution for p-SMC is
O(p - logn). Thus, each vertex is to be assigned at most p colors in the range 1,...,0(p - logn).
From the upper bound on p,

(O(p -logn)

» ) = O(poly(n)). (3)

That is, the number of different possible preemptive assignments of colors to a vertex is polynomially
bounded. Hence, the straightforward dynamic programming algorithm can compute an optimal
solution in polynomial time, by exhaustively evaluating all possible assignments of colors to v. []

One can also obtain an exact algorithm for trees in the case that color requirements are either
all equal or all a small multiple of the same number. The proof is omitted.

Claim 4 Let (G,x) be a p-SMC instance, where G is a tree and, for some natural number q, the
color requirements are of the form z(v) = y(v) - q. Then, taking an optimal sum multi-coloring of
(G,y) and repeating each color q times yields an optimal sum multi-coloring of (G, x).

5 Discussion

The exact algorithms that we have given apply to several generalizations of the np-SMC problem
on trees. We mention here two such generalizations.

The Optimum Chromatic Cost Problem (see [J97]) generalizes the Sum Coloring problem, in
that the color classes come equipped with a cost function ¢ : ZT — ZT, and the objective is to
minimize the value of 3, .y c(f(v)). We can generalize this to multi-colorings, in which case it is
reasonable to assume that the color costs are non-decreasing. Our O(n?) and O(np) algorithms
hold then here as well.

The Channel Assignment problem comes with edge lengths d : E — Z* and asks for an
ordinary coloring, where the colors of adjacent vertices are further constrained to satisfy |f(v) —
f(w)| > d(vw). A non-preemptive multi-coloring instance corresponds roughly to the case where
d(vw) = (z(v) + z(w))/2. Our algorithms handle this extension equally well, and can both handle
the sum objective as well as minimizing the number of colors.

The argument for paths can be revised to hold for the generalized problems, in which case we
can argue an O(logp) bound on the length of a grounding sequence.



Finally, our study leaves a few open problems. Is the p-SMC problem hard on trees? On paths?
More generally, for which non-trivial, interesting classes of graphs, is the p-SMC problem solvable
in polynomial time? Can we generalize the polynomial algorithms for np-SMC on trees to a larger
class of graphs, e.g. outer-planar graphs? Our current arguments rely on a polynomial bound on
the number of paths, which only holds for highly restricted extensions of trees.
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