
Multi-Coloring TreesMagn�us M. Halld�orsson� Guy Kortsarzy Andrzej Proskurowski zRavit Salmanx Hadas Shachnai{ Jan Arne Telle kAbstractScheduling jobs with pairwise con
icts is modeled by the graph multi-coloring problem. Itoccurs in two versions: preemptive and non-preemptive. We study these problems on treesunder the sum-of-completion-times objective. In particular, we give a quadratic algorithm forthe non-preemptive case, and a faster algorithm in the case that all job lengths are short, whilewe present a polynomial-time approximation scheme for the preemptive case.1 IntroductionIn many real-life situations, non-sharable resources need to be shared among users with con
ictingrequirements. This includes tra�c intersection control [B92], frequency assignment to mobile phoneusers [DO85, Y73], and session management in local area networks [CCO93]. Each user can beidenti�ed with a job, the execution of which involves an exclusive use of some resource, in a givenperiod of time. Indeed, scheduling such jobs, with pairwise con
icts, is a fundamental problem {in the above areas, as well as in distributed computing [L81, SP88].The problem of scheduling dependent jobs is modeled as a graph coloring problem, when alljobs have the same (unit) execution times, and as graph multi-coloring for arbitrary executiontimes. The vertices of the graph represent the jobs and an edge in the graph between two verticesrepresents a dependency between the two corresponding jobs, which forbids scheduling these jobs atthe same time. More formally, for a weighted undirected simple graph G = (V;E) with n vertices,let the length of a vertex v be a positive integer denoted by x(v) and called the color requirementof v. A multi-coloring of the vertices of G is a mapping into the power set of the positive integers,	 : V 7! 2N , such that j	(v)j = x(v) and adjacent vertices receive non-intersecting sets of colors.The traditional optimization goal is to minimize the total number of colors assigned to G. In thesetting of a job system, this is equivalent to �nding a schedule, in which the time when all the jobshave been completed is minimized. Such an optimization goal favors the system. However, from thepoint of view of the jobs themselves, an important goal is to minimize the average completion timeof the jobs (or equivalently, the sum of the completion times). This optimization goal is the concernof this paper. Formally, in the sum multi-coloring (SMC) problem, we look for a multi-coloring 	that minimizes Pv2V f	(v), where f	(v) is the largest color assigned to v by 	. This reduces tothe sum coloring problem in the case of unit color requirements.There are two variants of the sum multi-coloring problem. In the preemptive (p-SMC) problem,each vertex may get any set of colors, while in the non-preemptive (np-SMC) problem, the set�Science Institute, University of Iceland, IS-107 Reykjavik, Iceland. E-mail: mmh@hi.is.yDept. of Computer Science, Open University, Ramat Aviv, Israel. E-mail: guyk@tavor.openu.ac.il.zDept. of Computer Science, University of Oregon, Eugene, Oregon. E-mail: andrzej@cs.uoregon.edu.xDept. of Mathematics, Technion, Haifa 32000, Israel. E-mail: maravit@tx.technion.ac.il.{Dept. of Computer Science, Technion, Haifa 32000, Israel. E-mail: hadas@cs.technion.ac.il.kDept. of Informatics, University of Bergen, Bergen, Norway. E-mail: telle@ii.uib.no.1



of colors assigned to each vertex has to be contiguous. The preemptive version corresponds tothe scheduling approach commonly used in modern operating systems [SG98], where jobs maybe interrupted during their execution and resumed at a later time. The non-preemptive versioncaptures the execution model adopted in real-time systems, where scheduled jobs must run tocompletion.In the current paper we study the sum multi-coloring problems on trees. Given the hardnessof these problems on general graphs (see below), it is natural to seek out classes of graphs wheree�ective solutions can be obtained e�ciently. Trees constitute the boundary of what we know to bee�ciently solvable, and represent perhaps the most frequently naturally occurring class of graphs.A natural application, in which the resulting con
ict graph is a tree, is packet routing on a treenetwork topology: each node can con
ict over its neighboring links, either with its parent or childrenin the tree. Thus, the con
ict graph is induced by the network topology. Con
icts among processesrunning on a single-user machine (e.g. PCs) are typically for shared data. In many operatingsystems, the creation of a new process is done by `splitting' an existing process, via a `fork' systemcall [SG98]. Thus, the set of processes form a tree where each process is a node. Con
icts overshared data typically occur between a process and its immediate descendents/ancestor in that tree,as these processes will share parts of their codes. Thus, the con
ict graph is also a tree.1.1 Related workThe sum multi-coloring problem was introduced by Bar-Noy et al. [BKH+98]. They presented acomprehensive study of the approximability of both the p-SMC and the np-SMC problems, ongeneral and special classes of graphs. We are not aware of other published work on this problem.The sum coloring problem was introduced by Kubicka [K89], who gave a polynomial algorithmfor trees. Jansen [J97] extended the dynamic programming strategy to graphs of bounded treewidth.Also, the sum-coloring problem on general graphs was shown to be hard to approximate withinn1��, for any � > 0 unless NP = ZPP [FK96, BBH+98], as well as hard to approximate withinsome factor c > 1 on bipartite graphs [BK98]. These hardness results also carry over to themulti-coloring generalizations.1.2 Our resultsFor the np-SMC problem, we give in Section 3 two exact algorithms, with incomparable complexity:the �rst one is quadratic, i.e., O(n2) where jV j = n, while the second is more e�ective if the maxi-mum color requirement p is small, running in time O(np). In both cases, non-trivial optimizationshave been made to reduce the time complexity. The �rst algorithm is still more e�cient for thespecial case of paths, running in time O(n � log p= log log p).Previous dynamic programming algorithms [K89] can be seen to generalize to multi-coloring,leading to algorithms that are polynomial in n and p, e.g. O(p2n log n). They are, however, notpolynomial for large p.For the case of p-SMC, the solvability for trees appears to be a hard question. We present inSection 4 a polynomial time approximation scheme, along with an exact algorithm for a limitedspecial case. Finally, we discuss in Section 5 several generalizations of the problem, to which ouralgorithms continue to apply, and mention open problems for further study.2 De�nitions and NotationAn instance of a multi-coloring problem is a pair (G;x) where G = (V;E) is a graph and x : V ! Nis a vector of color requirements (or lengths) of the vertices. We denote by p = maxv2V x(v) the2



maximum color requirement.A multi-coloring of G is an assignment 	 : V ! 2N , such that each vertex v is assigned x(v)distinct colors and adjacent vertices receive non-intersecting sets of colors. The start time (�nishtime) of a vertex v under 	 is the smallest (largest) color assigned to v, denoted by s	(v) = minfi 2	(v)g (f	(v) = maxfi 2 	(v)g). A multi-coloring 	 is contiguous, or non-preemptive, if for anyv, f	(v) = s	(v) + (x(v) � 1). The sum of a multi-coloring 	 of an instance (G;x) is the sum ofthe �nish times of the vertices Pv2V f	(v). The minimum sum of a preemptive (non-preemptive)multi-coloring of G is denoted by pSMC(G) (npSMC).We denote by n the number of vertices of the input instance. For a vertex v, deg(v) is the degreeand N(v) the set of neighbors of v. In the context of rooted tree T , let Tv denote the subtree rootedat v, kids(v) denote the set of children of v, and par(v) its parent. Finally, let [x; y] denote theinterval of natural numbers fx; x+ 1; : : : ; yg.We shall be needing the following bound on the number of colors in an optimal sum multi-coloring, whose proof is omitted.Claim 1 Optimal p-SMC and np-SMC colorings of a tree use at most O(p logn) colors.3 Non-preemptive multicoloringWe say that vertex v is grounded in a multi-coloring 	, if the smallest of v's colors is 1, s	(v) = 1.We say that v is 
anked in 	 by a neighbor u, if the smallest color of v is one larger than the largestcolor of u, that is, s	(v) = 1 + f	(u). We call a sequence of vertices v0; v1; : : : ; vm a groundingsequence of vm, if v0 is grounded and, for all 0 � i < m, vi+1 is 
anked by vi.The following observation is called for.Observation 3.1 (Flanking property): In an optimum npSMC coloring of a graph, each vertexv is either grounded or has a 
anking neighbor.It is not di�cult to see that this holds for any minimal coloring, where the coloring of any onevertex cannot be reduced without creating an improper coloring.Proof. Let u be the last neighbor u of v �nished before the execution of v starts. If no such uexists, then v can be safely grounded.We claim that there is no other vertex w whose coloring starts within units f	(u)+1; : : : ; s	(v)�1. This follows since otherwise the coloring of w is completed before the coloring of v starts (thisremark follows by the fact that the coloring of the vertices is non-preemptive.) Now, if w endsbefore v stars, this disagrees with the de�nition of u being the last neighbor whose schedule is�nished before v starts. Hence, we can safely start the coloring of v in color s	(u) + 1.Several interesting comments follow from the Flanking property. A grounding sequence v0; v1; : : : ; vmof a vertex vm completely determines the coloring of vm. In fact, s	(vm) equals the sum of colorrequirements of v0; : : : ; vm�1 plus 1.Also, we can make the following observation, that indicates that for any graph, the optimumnon-preemptive sum multi-coloring can be computed in (exponential) time independent of p. Thismay be important within an applied context, for small values of n.Claim 2 An optimum npSMC coloring of a graph can be computed in time nn+O(1).Proof. One can guess for each v a 
anking neighbor u. The number of legal choices is clearlybounded by O(nn). Now, any such choice completely de�nes the schedule, and we only need topick the optimum legal one.Note, that the number of legal choices for 
anking vertices could approach nn. In fact, considersome legal multi-coloring. Put a directed edge u ! v, if v is 
anked by u (if there are more thanone 
anking vertices for v, choose one arbitrarily.) This induces a collection of directed trees, that3
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Figure 1: Computation of A[u; v]: (a) u grounded outside Tu; w grounded inside Tw, and (b) ugrounded inside Tu; w 
anked by ucontain all the vertices. Hence the number of choices for legal multi-colorings is bounded frombelow by the number of spanning trees of G, which can be as large as nn�2.In our search for an optimum npSMC coloring on trees, we examine possible grounding se-quences. We note that there are at most n2 paths (and grounding sequences) in a tree, whicheasily leads to a polynomial algorithm for trees. We shall introduce additional ideas to reduce thecomplexity to O(nmin(n; p)). Our general approach is based on dynamic programming, where we�nd a partial solution (projection of an optimal npSMC scheme on a subset of vertices) assuming agiven grounding sequence and using previously computed partial solutions to related subproblems.3.1 An O(n2) algorithm for np-SMC of treesAssume that the tree T is arbitrarily rooted in vertex r. We give a dynamic programming algorithmthat computes bottom-up a matrix A, where A[u; v] contains the minimum cost of a coloring ofa subtree Tu under the constraint that u is grounded in v. The desired solution is then given byminuA[r; u].Let fv(u) denote the �nishing time of u when grounded in v. Namely, fv(u) is the total lengthof the grounding sequence of u on v, or the sum of the lengths of the vertices on the unique pathfrom u to v.A is computed as follows. A[u; v] = fv(u) for a trivial Tu (when u is a leaf of T ), whilein general, we compute A[u; v] based on all values of A[w; �] for every child w of u in T . Thisvalue could be A[w; v], grounding w in the same vertex as it's parent, or the minimum value ofA[w; z] over all those descendants z of w that result in a grounding of w that is compatible withthe grounding of its parent u in v. This compatibility must satisfy two properties. First, if u isgrounded in a vertex v that belongs to the subtree Tw of a child w of u, then w must also begrounded in v. Second, we must ensure that color ranges assigned to u and w do not overlap,[fv(u)� x(u) + 1; fv(u)] \ [fz(w) � x(w) + 1; fz(w)] = ;. Formally,A[u; v] = fv(u) + Xw2kids(u)min(A[w; v]; minx2TwfA[w; x] : fv(u); fx(w) compat.g) (1)Figure 3.1 illustrates two cases in computing A[u; v].The major ine�ciency in computing the values of A[u; v] according to (1) is the need forsearching for compatible grounding in the subtrees Tw, resulting in a cubic algorithm. Instead, weensure that optimal compatible solutions can be found quickly. We �rst compute, for each vertexin the tree, a sorted list of the n �nishing times of the n di�erent ways of grounding the vertex.The following lemma shows how to do this e�ciently.Lemma 3.2 Given a tree T and a length function x : V (T ) ! R+, one can compute, for eachvertex u of T , the sorted list of lengths of all paths in T originating in u, in O(n2) time.4



Proof. We root T in a vertex r. The algorithm has a bottom-up phase followed by a top-downphase. In the bottom-up phase we compute for each vertex u the sorted list of all lengths of pathsfrom u to vertices in the subtree Tu rooted at u. For a leaf u this list contains only x(u). Thelist for a non-leaf vertex u is obtained by merging the children's lists, then adding x(u) to eachelement and prepending the element x(u) to the resulting list. The bottom-up phase takes timeproportional to PuPw2N(u) jTwj � nPu deg(u) = O(n2).In the top-down phase, each non-root vertex u of T will process the complete sorted list ofits parent par(u). Out of that list, the entries involving descendants of u will appear in the sameorder as in the 'bottom-up' list of u and can thus be identi�ed while scanning the two lists. Theremaining entries on the list of par(u), each augmented by x(u), are merged with the 'bottom-up'list of u to produce the complete list of u in O(n) time.This computation of sorted lists of �nishing times forms the �rst stage of our algorithm. We nextprocess T in a bottom-up manner. Let the parent of a vertex u (u 6= r) have the sorted list of�nishing times fv1(par(u)) � : : : � fvn(par(u)).The processing of vertex u involves computing the list of optimum costs cv1(u); : : : ; cvn(u)where cvi(u) is the optimum npSMC of the subtree Tu when the grounding of u is compatible withgrounding its parent par(u) in vi. Assume the children of u have computed similar lists of optimumcosts for their subtrees and let the sorted list of �nishing times for u be fz1(u) � : : : � fzn(u). Wecan now simplify Formula 1 computing the minimum cost npSMC of Tu when grounding u in zi:A[u; zi] = fzi(u) + Xw2kids(u) czi(w) (2)Note that this is correct even if u is a leaf. For each value of i between 1 and n we also need tocompute the \pre�x minima" P [u; i] = min1�j�ifA[u; zj ] : zj 2 Tug and \su�x minima" S[u; i] =mini�j�nfA[u; zj ] : zj 2 Tug over the entries in this array that re
ect grounding in a descendant.Consider the sorted list fv1(par(u)) � : : : � fvn(par(u)) of �nishing times for the parent of u.For each fvi(par(u)), the compatible �nishing times in the list fz1(u) � : : : � fzn(u) of u can befound by a single scan through the two lists, producing for each i a left and right pointer li; riindicating that fvi(par(u)) is compatible with all �nishing times from fz1(u) up to fzli (u) andall those from fzri (u) up to fzn(u). To �nd the minimum cost associated with these compatible�nishing times, we use the li-th pre�x and ri-th su�x computed earlier:cvi(u) = ( A[u; vi] if vi 2 Tu;min(P [u; li]; S[u; ri]; A[u; vi]) otherwise:This gives us the desired list of optimum costs cv1(u); : : : ; cvn(u) with cvi(u) the optimumnpSMC of the subtree Tu where the grounding of u is compatible with grounding its parent in vi.The value of the optimum cost npSMC for T overall is computed by the root vertex r and givenby P [r; n]. The processing time for each vertex is linear.Theorem 3.3 The np-SMC problem can be solved for a tree in O(n2) time.In the case of paths, we can improve the complexity by observing that grounding sequencesmust be short.Lemma 3.4 The maximum number d of vertices in a grounding sequence v1; : : : ; vd in a path isO(log p= log log p).Proof. Suppose the vertices v0; v1; : : : ; vd (d > 2) form a grounding sequence in an optimum npSMCcoloring 	� of a path. Then, we claim that, for each i; 2 � i < d; x(vi) � (d� i)P0�j<i x(vj). Itthen follows that x(vd�1) � (d� 2)! X1�j<2x(vj) � (d� 2)!:5



Since p � x(vd�1) = d
(d), we have the desired bound.To prove the claim, consider the coloring obtained from 	� by grounding the sequence vi; : : : ; vd�1.This may necessitate 
anking vi�1 by vi. The former decreases the cost (with respect to SMC(G;	))by (d� i)P0�j<i x(vj), while the latter increases the cost by at most x(vi). The claim then followsfrom the assumed optimality of 	�.Corollary 3.5 The np-SMC problem can be solved for a path inO(n log p= log log p) time.We note that Claim 1, combined with previous ideas, immediately gives a relatively simpleoptimum O(n � p � log n) algorithm for np-SMC on trees with the amount of information carriedreduced to a minimum, saving on the space needed. In the next subsection, we improve this runningtime to O(n � p) via a slightly more complex algorithm.3.2 An O(n � p) algorithm for np-SMC on treesWe now give an algorithm whose running time is linear in n, whenever p � 1 is a small constant.Let B(v) = x(v) + Xu2N(v)(x(u) + x(v)� 1) :Note, that the �nish time of v under any \reasonable" coloring is at most B(v), since each neighboru of v can delay the completion of v by at most x(u) steps, from its own length, plus x(v)�1, fromleaving a \gap" in the set of available colors for v.We call a �nishing time for vertex v an optimal, if there exists an optimal coloring of Tv wherev has this �nishing time. We say that a �nishing time f(v) interferes with a child u of v, if therespective coloring of v intersects with the coloring which corresponds to u's optimal �nish time inTu. The algorithm Tree-color proceeds by arbitrarily rooting the tree from some vertex r and thencoloring it bottom-up. The coloring of v involves two tasks: (a) evaluating the cost of the possible�nish times of v and selecting the optimal one, from which to derive the corresponding minimummulti-coloring sum of Tv, and (b) preparing a set of at most x(v) + x(par(v))� 1 < 2p alternative�nish times for v, in the event that par(v) chooses a �nish time that interferes with v. The datarequired for these computations will be kept in the following integer arrays:� incv[B(v)], in which the ith entry gives the increase in the cost of the optimal coloring of Tv,when the �nish time of v is i. The increase is computed relative to initial coloring of Tv, in whichthe algorithm assumes that x(v) = 0.� altv[2p], of alternative �nish times for v: altv[j] is the optimal �nish time for v under theconstraint that par(v) has �nish time j.Each vertex v �lls the arrays in four phases.Phase 1: In the initial phase, v �lls the array incv with values appropriate for the case that nocollisions occur with the optimal colors of its children. That is, incv[i] i, for x(v) � i � B(v).Phase 2: In this phase, v updates the array incv. For each child u 2 kids(v), v adds in at mostx(u) + x(v) � 1 entries the increase in the cost of the optimal coloring of Tu. Speci�cally, for any�nish time i of v, which interferes with u, v updates the ith entry of incv, using the ith entry ofthe array altu, i.e. incv[i]  incv[i] + incu[altu[i]] � incu[f(u)]. The optimal �nish time, f(v), isthe value i that minimizes incv[i].Phase 3: We next compute two help vectors, containing pre�x and su�x minimas of incv. Thatis, for i = x(v); : : : ; B(v), p[i] is the index j that minimizes incv [j] under the constraint j � i. It iscomputed inductively in linear time by: p[i] is i, if incv[i] � incv[p[i � 1]], and p[i � 1] otherwise.Similarly, s[i] is the index j that minimizes incv[j] under the constraint j � i, computed by: s[i] is6



i if incv[i] � incv[s[i+ 1]] and s[i+ 1] otherwise. Here, p[x(v) � 1] = s[B(v) + 1] =1.Phase 4: Finally, alternative �nish times are computed. For each possible value j of a �nishtime of par(j), altv[j] should be the index minimizing invv. The constraint implies that either vis scheduled before par(v), �nishing no later than j � x(par(v)), or it is scheduled after par(v),�nishing no earlier than j + x(v). The index minimizing incv in the former case is then given byp[j�x(par(v))], while in the latter case it is given by s[j+x(v)]. Thus, we assign altv[j] the betterof the two possibilities.Theorem 3.6 Tree-color solves np-SMC on trees in O(np) steps.Proof. The optimality of the algorithm follows from the fact that for any subtree Tv, we �nd a�nishing time for v that minimizes the cost of coloring Tv. Formally, for any �nish time x(v) � i �B(v), the SMC of Tv is given bySMC(Tv; i) = i+ Xu2kids(v) SMC(Tu; nu(i))where nu(i) is the �nish time of child u in a minimum-cost coloring of Tu, when the �nish time ofv is i. Thus, the SMC of Tv isSMC(Tv) = minx(v)�i�B(v) SMC(Tv; i) :Since we color the vertices in the tree from the leaves upwards, the SMC of T is SMC(Tr). Thealgorithm Tree-color follows the above dynamic programming scheme.For the complexity of the algorithm, consider separately the phases performed by a vertex v.The �rst phase takes O(B(v)) steps. In the second phase, for each child u of v, x(u) + x(v) � 1entries are updated in incv, for a combined complexity at most O(B(v)). The vectors p and s arecomputed in time O(B(v)), and the O(p) entries of altv computed in constant time each. Observe,that Pv B(v) = O(np), thus, summing up the complexity over all the vertices yields the theorem.Corollary 3.7 If each vertex requires exactly p colors, then Tree-color can be implemented in O(n)steps.Proof. This case is equivalent to the sum coloring problem, when one color will represent a `block'of colors of length p; clearly, it is su�cient to consider in each pass on the vector inc only entriesof �nish times that are integral multiples of p (This can be shown inductively on the size of T ).Thus, the complexity of the algorithm Tree color reduces to O(n).4 Preemptive caseWe turn our attention in this section to the preemptive version of the multi-coloring problem. Here,we do not have a polynomial algorithm for trees, nor a proof of NP-hardness. Instead, we give thenext best possible: a polynomial-time approximation schema. We also mention an exact algorithmfor the case of small color requirements.4.1 PTAS for p-SMC of treesThe algorithm is a standard dynamic programming algorithm, but one that attempts to �nd arestricted type of a solution. These solutions have the property that there are at most (1=�)O(log p)possible colorings of each vertex. Given such a property, a straightforward dynamic programmingalgorithm will examine the vertices bottom-up, trying each possible coloring of a vertex, and storing7



the cost of the subtree for each such choice. The main part of the argument is to show the existenceof a restricted solution whose sum is within 1 + � of optimal.We �rst study the makespan problem (minimizing the maximum color used) on bipartite graphs,which has a rather trivial optimum solution. For simplicity, we allow multicolorings where at leastx(v) colors are assigned to each vertex v; clearly, this does not make the problem any easier.Lemma 4.1 Let (G;x) be a bipartite instance, and let � > 0. Let q = maxuv2E(x(u) + x(v)) andlet si = b�iqc, for i = 0; : : : d1=�e. Then, there is a contiguous coloring 	0 of (G;x) using b(1+ �)qccolors, such that for each vertex v there are integers j; j0 such that 	0 assigns to v the interval[sj; : : : ; sj0 � 1].Proof. Let R;B be a bipartition of G, and let r = b(1 + �)qc. Consider the contiguous coloring	0 where 	0(v) = ( [1; x(v)]; when v 2 R[r � x(v) + 1; r]; when v 2 B.Observe, that there are at least r� q = b�qc values that separate the colors assigned to any pair ofadjacent vertices. Hence, this coloring can be extended to a coloring 	0, given by	0(v) =[j f[sj ; sj+1 � 1] : [sj ; sj+1 � 1] \	0(v) 6= ;g:Let �	 = maxv f	(v) be the makespan (maximum color used) of a multi-coloring 	. We nowshow how a given multi-coloring can be massaged into one satisfying several properties. The ideais to partition the range of possible colors into \layers" of geometrically increasing sizes. We applyLemma 4.1 to schedule the colors of all vertices inside each layer, and to provide us with the desiredrestrictions on the possible colorings. The completion times of the vertices may increase for tworeasons: the expansion factors of each level, and because of changes in the highest level that avertex is colored in, but we can bound both factors by 1 + �.Theorem 4.2 Let (G;x) be a bipartite instance, and � > 0. Then, for any multi-coloring 	 of G,there is multi-coloring 	0, such that for each vertex v,1. f	0(v) � (1 + �)f	(v),2. 	0(v) is the union of at most O(log1+� �	) contiguous segments, and3. There are O(1=�) choices for the beginning and the end of each segment.Proof. Let �0 = p1 + � � 1. For 1 � i � blog1+� �	c, let qi = d(1 + �0)ie and Ii = [qi�1; qi � 1].De�ne the instances (G;xi), where xi(v) = j	(v) \ Iij.Apply Lemma 4.1 to obtain colorings 	0i on (G;xi). Form 	0 by concatenation:	0(v) =[i fx+ i�1Xj=0b(1 + �0)qjc : x 2 	0i(v)g:If the highest color of 	(v) was in interval Ii, then f(v) > qi, whilef	0(v) � b(1 + �0)qic � (1 + �0)2qi�1 � (1 + �)f	(v);establishing part 1 of the theorem. Parts 2 and 3 also follow from properties of the 	0i colorings ofLemma 4.1. Speci�cally, start and end points within each interval Ii are of the form qi�1 + j � � �(qi � qi�1) where 0 � j � b1=�c. 8



Theorem 4.3 For each � > 0, the p-SMC problem on trees can be approximated within 1+� factorin time (p � log n)O(1=��log(1=�)).Proof. Let 	 be an optimal pSMC solution, and recall the properties of the solution 	0 thatTheorem 4.2 has shown to exist. We now argue that we can �nd a solution with such properties.For each vertex v and for each layer i, we try the b1=�c possibilities for the number of �(qi�qi�1)-sized\nibbles" that 	0(v) contains in layer i. Thus, we need to maintain a table of size (1=�)O(log1+� �	).Since �	 = O(p � log n) by Claim 1, and ln(1 + �) � �, the theorem follows.When p is not polynomial in n, it is possible to show using a (rather non-trivial) scalingargument, that we can transform the instance to a new one with p = O(n � logn), incurring onlynegligible loss in the approximation ratio (details omitted). This gives the result.4.2 Exact algorithm for small lengthsSolving the p-SMC problem on trees by an exact algorithm seems to be a challenging task (evenon paths). We only exhibit a very modest claim.Claim 3 The p-SMC problem on trees admits a polynomial solution when p = O(log n= log logn).Proof. Recall by Claim 1 that the number of colors used by an optimum solution for p-SMC isO(p � logn). Thus, each vertex is to be assigned at most p colors in the range 1; : : : ; O(p � logn).From the upper bound on p,  O(p � log n)p ! = O(poly(n)): (3)That is, the number of di�erent possible preemptive assignments of colors to a vertex is polynomiallybounded. Hence, the straightforward dynamic programming algorithm can compute an optimalsolution in polynomial time, by exhaustively evaluating all possible assignments of colors to v.One can also obtain an exact algorithm for trees in the case that color requirements are eitherall equal or all a small multiple of the same number. The proof is omitted.Claim 4 Let (G;x) be a p-SMC instance, where G is a tree and, for some natural number q, thecolor requirements are of the form x(v) = y(v) � q. Then, taking an optimal sum multi-coloring of(G; y) and repeating each color q times yields an optimal sum multi-coloring of (G;x).5 DiscussionThe exact algorithms that we have given apply to several generalizations of the np-SMC problemon trees. We mention here two such generalizations.The Optimum Chromatic Cost Problem (see [J97]) generalizes the Sum Coloring problem, inthat the color classes come equipped with a cost function c : Z+ ! Z+, and the objective is tominimize the value of Pv2V c(f(v)). We can generalize this to multi-colorings, in which case it isreasonable to assume that the color costs are non-decreasing. Our O(n2) and O(np) algorithmshold then here as well.The Channel Assignment problem comes with edge lengths d : E ! Z+ and asks for anordinary coloring, where the colors of adjacent vertices are further constrained to satisfy jf(v) �f(w)j � d(vw). A non-preemptive multi-coloring instance corresponds roughly to the case whered(vw) = (x(v) + x(w))=2. Our algorithms handle this extension equally well, and can both handlethe sum objective as well as minimizing the number of colors.The argument for paths can be revised to hold for the generalized problems, in which case wecan argue an O(log p) bound on the length of a grounding sequence.9



Finally, our study leaves a few open problems. Is the p-SMC problem hard on trees? On paths?More generally, for which non-trivial, interesting classes of graphs, is the p-SMC problem solvablein polynomial time? Can we generalize the polynomial algorithms for np-SMC on trees to a largerclass of graphs, e.g. outer-planar graphs? Our current arguments rely on a polynomial bound onthe number of paths, which only holds for highly restricted extensions of trees.References[B92] M. Bell. Future directions in tra�c signal control. Transportation Research Part A,26:303{313, 1992.[BBH+98] A. Bar-Noy, M. Bellare, M. M. Halld�orsson, H. Shachnai, and T. Tamir. On chromaticsums and distributed resource allocation. Information and Computation, 140:183{202,1998.[BKH+98] A. Bar-Noy, M. M. Halld�orsson, G. Kortsarz, H. Shachnai, and R. Salman. SumMulti-Coloring of Graphs. Proceedings of the Fifth Annual European Symposium onAlgorithms, Prague, July 1999.[BK98] A. Bar-Noy and G. Kortsarz. The minimum color-sum of bipartite graphs. Journal ofAlgorithms, 28:339{365, 1998.[CCO93] J. Chen, I. Cidon and Y. Ofek. A local fairness algorithm for gigabit LANs/MANswith spatial reuse. IEEE Journal on Selected Areas in Communications, 11:1183{1192,1993.[DO85] K. Daikoku and H. Ohdate. Optimal Design for Cellular Mobile Systems. IEEE Trans.on Veh. Technology, VT-34:3{12, 1985.[FK96] U. Feige and J. Kilian. Zero Knowledge and the Chromatic number. Journal ofComputer and System Sciences, 57(2):187-199, October 1998.[J97] K. Jansen. The Optimum Cost Chromatic Partition Problem. Proc. of the ThirdItalian Conference on Algorithms and Complexity (CIAC '97). LNCS 1203, 1997.[K89] E. Kubicka. The Chromatic Sum of a Graph. PhD thesis, Western Michigan University,1989.[L81] N. Lynch. Upper Bounds for Static Resource Allocation in a Distributed System. J.of Computer and System Sciences, 23:254{278, 1981.[SP88] E. Steyer and G. Peterson. Improved Algorithms for Distributed Resource Allocation.Proceedings of the Seventh Annual Symposium on Principles of Distributed Computing,pp. 105{116, 1988.[SG98] A. Silberschatz and P. Galvin. Operating System Concepts. Addison-Wesley, 5thEdition, 1998.[Y73] W. R. Young. Advanced Mobile Phone Service, Introduction, Background and Objec-tives. Bell Systems Technical Report, 58:1{14, 1973.
10


