
Sum Multi
oloring of Graphs�Amotz Bar-Noyy Magn�us M. Halld�orssonz Guy KortsarzxRavit Salman{ Hadas Sha
hnaik

�The extended abstra
t of this paper appeared in ESA '99 [BHK+99℄.yDept. of EE, Tel-Aviv University, Tel-Aviv 69978, Israel. E-mail: amotz�eng.tau.a
.il.zS
ien
e Institute, University of I
eland, IS-107 Reykjavik, I
eland. E-mail: mmh�hi.is.xDept. of Computer S
ien
e, Open University, Ramat Aviv, Israel. E-mail: guyk�tavor.openu.a
.il.{Dept. of Mathemati
s, Te
hnion, Haifa 32000, Israel. E-mail: maravit�tx.te
hnion.a
.il.kDept. of Computer S
ien
e, Te
hnion, Haifa 32000, Israel. E-mail: hadas�
s.te
hnion.a
.il.1



Proposed Running Head:bar-noy et al., sum multi
oloring of graphs.Address for Proofs:Dr. Hadas Sha
hnaiDepartment of Computer S
ien
eThe Te
hnion IIT, Haifa 32000Israel.

2



Abstra
tS
heduling dependent jobs on multiple ma
hines is modeled by the graph multi
oloringproblem. In this paper we 
onsider the problem of minimizing the average 
ompletion timeof all jobs. This is formalized as the sum multi
oloring problem: Given a graph and thenumber of 
olors required by ea
h vertex, �nd a multi
oloring whi
h minimizes the sum ofthe largest 
olors assigned to the verti
es. It redu
es to the known sum 
oloring problemwhen ea
h vertex requires exa
tly one 
olor.This paper reports a 
omprehensive study of the sum multi
oloring problem, treatingthree models: with and without preemptions, as well as 
o-s
heduling where jobs 
annotstart while others are running. We establish a linear relation between the approximabilityof the maximum independent set problem and the approximability of the sum multi
oloringproblem in all three models, via a link to the sum 
oloring problem. Thus, for 
lasses of graphsfor whi
h the independent set problem is �-approximable, we obtain O(�)-approximationsfor preemptive and 
o-s
heduling sum multi
oloring, and O(� logn)-approximation for non-preemptive sum multi
oloring. In addition, we give 
onstant ratio approximations for anumber of fundamental 
lasses of graphs, in
luding bipartite, line, bounded degree, andplanar graphs.Index Terms: Graph Coloring, Sum Coloring, Chromati
 Sums, Multi
oloring, S
heduling,Dependant Jobs, Dining Philosophers.
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1 Introdu
tionAny multipro
essor system has 
ertain resour
es, that 
an be made available to one job at atime. A fundamental problem in distributed 
omputing is to eÆ
iently s
hedule jobs that are
ompeting for su
h resour
es. The s
heduler has to satisfy the following two 
onditions: (i)mutual ex
lusion: no two 
on
i
ting jobs are exe
uted simultaneously. (ii) no starvation: therequest of any job to run is eventually granted. The problem is well-known in its abstra
tedform as the dining/drinking philosophers problem (e.g., [D68, L81, NS95, SP88℄).S
heduling dependent jobs on multiple ma
hines is modeled as a graph 
oloring problem,when all jobs have the same (unit) exe
ution times, and as graph multi
oloring for arbitraryexe
ution times. The verti
es of the graph represent the jobs and an edge in the graph betweentwo verti
es represents a dependen
y between the two 
orresponding jobs, that forbids s
hedulingthese jobs at the same time. More formally, for a weighted undire
ted graph G = (V;E) withn verti
es, let the length of a vertex v be a positive integer denoted by x(v). We denote by pthe maximum length in G, that is p = maxv2V fx(v)g. A multi
oloring of the verti
es of G is amapping into the power set of the positive integers, 	 : V 7! 2N . Ea
h vertex v is assigned aset of x(v) distin
t numbers (
olors), and adja
ent verti
es are assigned disjoint sets of 
olors.The traditional optimization goal is to minimize the total number of 
olors assigned to G. Inthe setting of a job system, this is equivalent to �nding a s
hedule that minimizes the time for
ompleting all the jobs. Another important goal is to minimize the average 
ompletion time ofthe jobs, or equivalently, to minimize the sum of the 
ompletion times. In the sum multi
oloring(SMC) problem, we look for a multi
oloring 	 that minimizesPv2V f	(v), where the 
ompletiontime f	(v) is the maximum 
olor assigned to v by 	. We study the sum multi
oloring problemin three models:� In the Preemption model (pSMC), ea
h vertex may get any set of 
olors.� In the No-Preemption (npSMC) model, the set of 
olors assigned to ea
h vertex has tobe 
ontiguous.� In the Co-S
heduling model (
oSMC), the verti
es are 
olored in rounds: in ea
h roundthe s
heduler fully 
olors the verti
es of an independent set in the graph. The set of 
olorsassigned to ea
h vertex has to be 
ontiguous and whenever two verti
es use the same 
olor,their smallest 
olor must also be the same.The Preemption model 
orresponds to the s
heduling approa
h 
ommonly used in modernoperating systems [SG98℄: jobs may be interrupted during their exe
ution and resumed at later4



time. The No-Preemption model 
aptures the exe
ution model adopted in real-time systems,where s
heduled jobs must run to 
ompletion. The Co-S
heduling approa
h is used in somedistributed operating systems [T95℄. In su
h systems, the s
heduler identi�es subsets of non-
on
i
ting or 
ooperating pro
esses, that 
an bene�t from running at the same time interval (e.g.,sin
e these pro
esses do not use the same resour
es or 
ommuni
ate frequently with ea
h other).Then, ea
h subset is exe
uted simultaneously on several pro
essors, until all the pro
esses inthe subset 
omplete.The SMC problem has many other appli
ations, in
luding traÆ
 interse
tion 
ontrol [B92,BH94℄, session s
heduling in lo
al-area networks [CCO93℄, 
ompiler design and VLSI rout-ing [NSS99℄.1.1 The sum 
oloring problemWhen all the lengths are equal to 1, the problem, in all three models, redu
es to the previouslystudied sum 
oloring (SC) problem. The �rst dire
t study of the problem is in [K89, KS89℄,where it is shown to be NP-hard, while a polynomial algorithm is given for the 
ase where Gis a tree. Lower and upper bounds for the 
olor sum of a graph are given in [TEA+89℄. Ad=2 + 1-approximation is given in [KKK89℄ for graphs of average degree d.We note that 
oloring the graph with minimum number of 
olors does not always help insolving the SC problem. For instan
e, while bipartite graphs 
an be 
olored with two 
olors,there exist bipartite graphs (in fa
t, trees) for whi
h any optimal solution for the sum 
oloringproblem uses 
(logn) 
olors [KS89℄.An exa
t algorithm is given in [J97℄ for partial k-trees (i.e. graphs of treewidth at most k). Itholds for a more general problem 
alled the Optimum Chromati
 Cost Problem (OCCP). Herea 
ost fun
tion 
 : Z+ 7! Z+ is asso
iated with the 
olor 
lasses, and we are to assign a (single)
olor f(v) to ea
h vertex v with the obje
tive of minimizing Pv2V 
(f(v)). In the SC problemwe have 
(f(v)) = f(v). A polynomial algorithm was given for the OCCP on partial k-trees.Re
ent papers have fo
used on �nding approximation algorithms. The SC problem is 
on-sidered in detail in [BBH+98℄, in
luding bounds on general graphs, (� + 2)=3-approximationof graphs of maximum degree �, and 2-approximation of line graphs. An improved 10=9-approximation was given in [BK98℄ for bipartite graphs, and a 2-approximation is given in [NSS99℄for interval graphs.Intuitively, a good sum 
oloring would tend to use the smaller 
olors for as many verti
es aspossible. The following natural heuristi
 was proposed in [BBH+98℄.5



MAXIS: Choose a maximum independent set in the graph, 
olor all of its verti
es with the nextavailable 
olor; iterate until all verti
es are 
olored.This pro
edure was shown to yield a 4-approximation. Instead of �nding a maximum indepen-dent set in ea
h iteration, we may be 
ontent with �nding a �-approximation. Then MAXISgives a 4�-approximation.1 This fa
tor of 4 was shown to be tight in [BHK99℄, where a familyof graphs was 
onstru
ted for whi
h the approximation ratio of MAXIS was asymptoti
ally 4.Known hardness results for the sum 
oloring problem 
arry over to the sum multi
oloringproblem. SC 
annot be approximated in general within an n1�� fa
tor, for any � > 0, unlessNP = ZPP [FK96, BBH+98℄. Also, it is NP-hard to approximate within some fa
tor 
 > 1 onbipartite graphs [BK98℄. Furthermore, the SC problem is NP-hard on interval graphs [S99℄, andon planar graphs [HK99℄.1.2 Our Results for the Sum Multi
oloring problemThis paper reports a 
omprehensive study of the sum multi
oloring problem. We detail belowour results.General graphs: We �rst inspe
t the MAXIS algorithm whi
h is a natural 
andidate heuristi
also for the SMC problems. We show that MAXIS is only an 
(pp) approximation algorithm forpSMC (re
all that p is the largest length in the graph). For the npSMC problem, its performan
e
annot even be bounded in terms of p.In view of that, we resort to di�erent algorithms. In our 
entral results we establish a linearrelation between the approximability of the weighted maximum independent set problem (WIS)and SMC in all three models, via a link to the SC problem and the MAXIS algorithm. Theredu
tions are universal in that they apply to any hereditary family of graphs. For 
lassesof graphs where WIS is polynomially solvable, we obtain a 16-approximation to both pSMCand 
oSMC, and a O(logmin(n; p))-approximation to npSMC. The linearity of the redu
tionimplies that for 
lasses of graphs where WIS is �-approximable, the ratios are O(�) for pSMCand 
oSMC and O(� logmin(n; p)) for npSMC.Applying known results on the solvability and the approximability of WIS, we get approx-imations for pSMC of 16 on perfe
t graphs [GLS88℄, O(� log log�= log�) on bounded-degreegraphs [H99℄, and O(n= log2 n) on arbitrary graphs [BH92, H99℄.1MMH:Changed 6



Important spe
ial 
lasses of graphs: We further study spe
ial 
lasses of graphs. ForpSMC, we des
ribe an algorithm with a ratio of 1:5 for bipartite graphs. We generalize this toan algorithm with a ratio of (k + 1)=2 on k-
olorable graphs, when the 
oloring is given. This,for instan
e, gives a relatively simple and pra
ti
al algorithm with a ratio of 2:5 for pSMC onplanar graphs. We also present an algorithm with ratios of (� + 2)=3 for graphs of maximumdegree �, 2 for line graphs, and k for interse
tion graphs of k-uniform hypergraphs.For npSMC, we give an algorithm with ratios of 2:796 on bipartite graphs and 1:55k + 1on k-
olorable graphs (with the k-
oloring given). These 
olorings have the advantage of alsoapproximating 
omparably the number of 
olors they use.Relationships among the multi
oloring models: We explore the relationship among thethree models and give a 
onstru
tion that indi
ates why the npSMC model is \harder". Namely,while �nding independent sets iteratively suÆ
es to approximate both the pSMC and the 
oSMCproblems by a 
onstant fa
tor, any su
h solution must be 
(log p) o� for the npSMC problem.1.3 Organization of the PaperIn Se
tion 2 we give some de�nitions and notations. In Se
tion 3 we present the approximationresults for general graphs, in all three models. In Se
tion 4 we deal with bipartite graphs bothfor the Preemption and No-Preemption models. These results are generalized to k-
olorablegraphs, when the 
oloring is given. Finally, in Se
tion 5 we address bounded-degree graphs andline graphs, primarily for the Preemption model.2 De�nitions and notationsWhen we refer to a graph G = (V;E), we mean a simple, �nite, undire
ted graph, and impli
itlyassume an asso
iated length mapping x : V 7! N . Denote by S(G) = Pv x(v) the sum of thelengths of the verti
es in G. An independent set in G is a subset I of V su
h that any twoverti
es in I are nonadja
ent. A multi
oloring of G is an assignment 	 : V 7! 2N , su
h thatea
h vertex v 2 V is assigned x(v) distin
t 
olors and the set of verti
es 
olored by any 
olor iis independent.Given a multi
oloring 	 of G, denote by 
	1 (v) < � � � < 
	x(v)(v) the ordered 
olle
tion of x(v)
olors assigned to v, and by f	(v) = 
	x(v)(v) the largest 
olor assigned to v. The multi
olor sum
7



of G with respe
t to 	 is SMC	(G) = Xv2V f	(v) :Let SMCA(G) denote the multi
olor sum of the 
oloring produ
ed by algorithm A on G.A multi
oloring 	 is 
ontiguous (nonpreemptive), if for any v 2 V , the 
olors assignedto v satisfy 
	i+1(v) = 
	i (v) + 1 for 1 � i < x(v). In the 
ontext of s
heduling, this meansthat all the jobs are pro
essed without interruption. A 
ontiguous multi
oloring 	 solves theCo-S
heduling problem, if the set of verti
es 
an be partitioned into k disjoint independentsets V = I1 [ � � � [ Ik with the following two properties: (i) 
	1 (v) = 
	1 (v0) for any v; v0 2 Ij,1 � j � k, and (ii) 
	x(v)(v) < 
	1 (v0) for all v 2 Ij and v0 2 Ij+1, 1 � j < k. In the 
ontext ofs
heduling, this means s
heduling to 
ompletion all the jobs 
orresponding to Ij, and only thenstarting to pro
ess the jobs in Ij+1, for 1 � j < k.Theminimum multi
olor sum of a graphG, denoted by pSMC(G), is the minimum SMC	(G)over all multi
olorings 	. We denote the minimum 
ontiguous multi
olor sum ofG by npSMC(G).The minimum multi
olor sum of G for the Co-S
heduling problem is denoted by 
oSMC(G).When the model under investigation is 
lear from the 
ontext, we denote these numbers bySMC(G). We further omit G when the graph under investigation is 
lear from the 
ontext.Sin
e in any multi
oloring of G, x(v) � f (v) for all verti
es, it follows that S(G) �pSMC(G). Sin
e any 
o-s
hedule of G is a nonpreemptive 
oloring of G and any nonpreemptive
oloring of G is also preemptive, it follows that pSMC(G) � npSMC(G) � 
oSMC(G). Hen
e,we get the following proposition.Proposition 2.1 For any graph G,S(G) � pSMC(G) � npSMC(G) � 
oSMC(G) :Let P be the SMC problem in any of the three models. We say that an algorithm Aapproximates P within a ratio of �, if for all graphs G (or for all graphs belonging to a spe
i�edfamily of graphs) we have that SMCA(G)SMC(G) � � ;where SMC(G) is the optimal multi
olor sum for P on G. We also say then that A gives a �-approximation. This is the traditional performan
e ratio; we 
onsider also two stri
ter measures.An algorithm is said to approximate within an absolute ratio of �, ifSMCA(G)S(G) � � :An algorithm is said to approximate within a servi
e-time ratio of �, ifFor all v 2 V; fA(v)x(v) � � ;8



that is, the highest 
olor assigned to v is at most � x(v). It follows that if an algorithm has aservi
e-time ratio �, then it also has an absolute ratio �, and if an algorithm has an absoluteratio �, it also has an approximation ratio �.3 General graphsIn this se
tion we des
ribe a redu
tion from approximating sum multi
oloring in all three modelsto the problem of approximating weighted maximum independent sets (WIS). This generalizes(using di�erent te
hniques) a relationship derived for the sum 
oloring problem [BBH+98℄. Inthis and the following se
tions, � denotes the approximability of WIS on the input graph.In Se
tion 3.1 we analyze the MAXIS algorithm. We show that MAXIS performs poorly onall three SMC problems. We next des
ribe our main approximation te
hnique in Se
tion 3.2that involves a di�erent obje
tive fun
tion, the sum of averages of a multi
oloring. We showthat the minimum sum of averages of a given graph 
an be well approximated using the MAXISalgorithm on a derived graph. In Se
tion 3.3, we give an O(�)-approximation for pSMC. InSe
tions 3.4 and 3.5 we present and analyze an algorithm that approximates both npSMC and
oSMC | the former within a ratio of O(� logmin(p; n)) and the latter within O(�). We dis
ussin Se
tion 3.6 the time 
omplexity of our algorithms. 2In attempting to explain the logarithmi
 fa
tor in the approximation of npSMC, we note thatthe algorithm des
ribed in Se
tion 3.5 
onstru
ts a 
o-s
hedule whi
h in the analysis is 
omparedwith an optimal preemptive s
hedule. In Se
tion 3.7, we show that this dis
repan
y in theperforman
e is inherent by 
onstru
ting a graphH for whi
h 
oSMC(H) = 
(log p)�npSMC(H).3.1 The MAXIS heuristi
We 
onsider here the MAXIS heuristi
 applied to the sum multi
oloring in the three models, andshow that its performan
e is not up to par with the sum 
oloring 
ase. This leads us to modifythe heuristi
 in the following se
tion to better take into a

ount the lengths of the jobs.In the preemptive 
ase there are several possible de�nitions forMAXIS. One natural de�nitionforMAXIS is to repeat, as long as needed, the following pro
edure: 
olor a maximum independentset with one 
olor, then redu
e the lengths of all the verti
es in the 
hosen set by one. Thefollowing example shows that su
h an algorithm has an approximation ratio of 
(pp).Let G be the following graph with pp + 2 verti
es: two nonadja
ent verti
es with length2MMH: Changed 9



p, and a 
lique of pp verti
es of length 1. The two spe
ial verti
es are 
onne
ted to all theverti
es of the 
lique. MAXIS 
olors �rst the two spe
ial verti
es with p 
olors and then 
olorsin a sequen
e ea
h vertex in the 
lique with one 
olor. This yields a multi
olor sum of2p+ (p+ 1) + (p+ 2) + � � �+ (p+pp) = 
(ppp) :On the other hand, the optimal solution s
hedules the 
lique verti
es �rst. This yields a multi-
olor sum of 1 + 2 + � � �+pp+ 2(p+pp) = O(p) :Thus, the approximation ratio is 
(pp).In the Co-S
heduling model, MAXIS runs its sele
ted jobs to 
ompletion before �ndingthe next set of independent jobs. Consider the tree with verti
es vi, 1 � i � 2t+1 = n, and theedges fvivt+i; vnvt+i : i = 1; : : : ; tg. All verti
es have unit length ex
ept vn that requires p 
olors.MAXIS �rst 
olors v1; v2; : : : ; vt and vn. As a result, the �rst 
olor for verti
es vt+1; vt+2; : : : ; v2tis p+1. The 
ost of this 
oloring is t�1+p+t�(p+1) � np=2. The optimal solution assigns verti
esv1; v2; : : : ; vt 
olor 1, verti
es vt+1; vt+2; : : : ; v2t 
olor 2, and vertex vn 
olors 3; 4; : : : ; p+ 2. The
ost of that 
oloring is t � 1 + t � 2 + (p + 2) � 2(n + p). Hen
e, the approximation ratio is
(min(n; p)).In the No-Preemption model, the algorithm may do still worse. Whenever the set of
urrently 
olored verti
es be
omes a non-maximal independent set, a natural MAXIS in thismodel would �nd the largest set of verti
es that the solution 
an be extended with. Considerthe graph G 
omposed of independent sets A, B, and C, ea
h with t = n=3 verti
es. The edgesbetween A and B are given by faibj : ji� jj > 1g. Verti
es of C are 
onne
ted to all verti
esof A n fa1g and B n fb1g. Verti
es of A and B have length 2, while verti
es of C have length1. Observe that for t > 2, C [ fa1; b1g forms the only maximum independent set in the graph,hen
e it gets 
olored in the �rst iteration of MAXIS. In iteration 2, only a1 and b1 are beings
heduled and the only verti
es nonadja
ent to both of them are a2 and b2, whi
h are therefores
heduled at that point. In iteration 3, similarly, a1 and b1 have been 
ompleted and a2 and b2are still being s
heduled. Therefore, only a3 and b3 
an be added. In general, verti
es ai andbi start to get 
olored in iteration i. The 
ost of the s
hedule is then t + 2Pt+1i=2 i = 
(t2). Abetter s
hedule 
olors �rst the verti
es of C, then the verti
es of A, and �nally the verti
es ofB. The total 
ost is then t + 3t + 5t = O(t). Hen
e, the approximation ratio is 
(t) = 
(n),independent of p.
10



3.2 The main approximation te
hniqueEn route to approximating multi
oloring sums, we 
onsider another measure of a multi
oloring,the sum of the average 
olor values assigned to the verti
es. We denote by AV	(v) the average
olor assigned to v by a multi
oloring 	, namely,AV	(v) = Px(v)i=1 
	i (v)x(v) :Let SA	(G) = Pv AV	(v) denote the sum of averages of 	, and let SA(G) be the minimumpossible sum of averages. Note that SA(G) � pSMC(G), and equality holds only in the unit-length 
ase.We approximate the sum of averages by a redu
tion to the sum 
oloring problem on a derivedweighted graph. Re
all, that � denotes the approximability of WIS on the input graph G.Lemma 3.1 For any graph G, there exists a polynomially 
onstru
tible multi
oloring 	 satis-fying SA	(G) � 4� � SA(G) : (1)Proof. Given a graph G, we 
onstru
t a derived weighted graph H as follows. The graph has a
lique of x(v) 
opies of ea
h vertex v, with ea
h 
opy of v adja
ent to all 
opies of neighbors ofv in G. The weight w(vi) of ea
h 
opy vi of v is 1=x(v).There is a one-to-one 
orresponden
e between multi
olorings 	 of G and 
olorings of H, asthe x(v) 
opies of a vertex v inG all re
eive di�erent 
olors. Let 	 also refer to the 
orresponding
oloring of H. Observe thatSC	(H) = Xv2V (G) x(v)Xi=1 w(vi) 
	i (v) = Xv2V (G) Px(v)i=1 
	i (v)x(v) = SA	(G) :Using the result of [BBH+98℄ on the performan
e ofMAXIS, whi
h holds also for the weighted
ase, we obtain the same bound on the approximation of the average 
ompletion time.Observe that ea
h iteration of MAXIS 
an be applied to a subgraph of H that 
ontains onlyone 
opy of ea
h vertex v of G (that has not yet been fully 
olored), sin
e two 
opies of the samevertex 
annot parti
ipate in the same independent set. This is espe
ially signi�
ant when �, theapproximability of WIS, is a fun
tion of the number of verti
es; hen
e, a �(n)-approximation ofWIS implies a 4�(n)-approximation of SA. 11



3.3 The Preemption modelOur approa
h for approximating pSMC is to transform multi
olorings with small sum of averagesinto ones with nearly equally small sum of �nish times. Note that this is not always the 
ase,as a 
oloring 	 with a small sum of averages may assign a few high 
olors to the verti
es, thusresulting in poor �nishing times. We resolve this problem by using the vertex sets of the 
olorsof 	 twi
e, whi
h ensures that the �nish time of a vertex in the new 
oloring is at most fourtimes its average 
olor in 	.Theorem 3.2 pSMC 
an be approximated within a ratio of 16�.Proof. First, obtain a multi
oloring 	 by applying Lemma 3.1 on the input graph G. Next,form the multi
oloring 	0 that \doubles" 
ertain 
olor sets of 	:	0(v) = n2i; 2i + 1 : i = 
	t (v); t � dx(v)=2eo :Note that 	0(v) may 
ontain x(v) + 2 
olors, in whi
h 
ase we assign to v the subset of x(v)smallest 
olors.Let mv = 
	dx(v)=2e be the median 
olor assigned to v by 	. The largest 
olor used by 	0 isf	0(v) = 
	dx(v)=2e + 
	bx(v)=2
 � 2mv. Also mv � 2 � AV	(v), sin
e fewer than half the elementsof a set of natural numbers 
an be larger than twi
e its average. Thus f	0(v) � 4 �AV	(v) andSMC	0(G) � 4 � SA	(G). By Lemma 3.1, SA	(G) � 4 � SA(G) � 4 � pSMC(G), thus 	0 is a16�-approximation for pSMC(G).3.4 The No-Preemption modelThe following algorithm LengthGrouping (LG) approximates solutions to both the npSMC and
oSMC problems. The idea is to separate verti
es of roughly the same lengths into groups, andto ensure that at any given time verti
es from only one su
h group are being 
olored. Sin
e
oloring verti
es with large lengths yields relatively limited progress per time unit, we weightthe verti
es inversely proportional to their lengths. Then, we run the MAXIS algorithm on theresulting weighted, length-grouped graph, and for ea
h independent set found, 
olor the jobs to
ompletion.LG(G)Let G0 = (V;E0; x0; w), wherex0(v) = 2dlog x(v)e, for ea
h v 2 V ,w(v) = 1=x0(v), the weight of ea
h v 2 V , and12



E0 = E [ f(u; v) : x0(u) 6= x0(v)g.Apply weighted MAXIS to G0, fully 
oloring the verti
es nonpreemptively in ea
h iter-ation.Let 	 denote the multi
oloring produ
ed by LG. Note that 	 is a 
o-s
hedule, sin
e jobs are
olored to 
ompletion. Sin
e G0 is a supergraph of G and the lengths in G0 are upper boundson the lengths in G, 	 is also a valid multi
oloring of G. By a weight-
lass (or length-
lass), wemean a set of verti
es in G0 of the same weight (and length).Lemma 3.3 SMC	(G) � 4� � pSMC(G0).Proof. First, note that for any 
oloring  , the largest 
olor of a vertex di�ers from the average
olor by at least half the length of the vertex, i.e. f (v) � AV (v) + (x(v)� 1)=2, with equalityholding when  is 
ontiguous. Thus,SMC	(G0) = SA	(G0) + S(G0)� n2 : (2)Also, for a 
oloring 	� that minimizes pSMC(G0) it holds thatSA(G0) � SA	�(G0) � pSMC(G0)� S(G0)� n2 : (3)Note that the 
oloring 	 satis�es Lemma 3.1. Thus, 
ombining (2) and (3) with (1) we havethat SMC	(G0) = SA	(G0) + S(G0)� n2 � 4� � SA(G0) + S(G0)� n2 � 4� � pSMC(G0) :Finally, the 
ost of 	 on G is at most its 
ost on G0, sin
e it assigns 2dx(v)e � x(v) 
olors to ea
hvertex.Theorem 3.4 LG approximates npSMC within a ratio of 8� log p.Proof. We 
laim that pSMC(G0) � 2 log p � pSMC(G) :The theorem then follows from Lemma 3.3.Consider a multi
oloring 	 of G. Apply it to the verti
es of G0, by �rst repeating ea
h
olor twi
e to a

ount for the rounding up of the lengths. Observe that the verti
es of individuallength 
lasses of G0 are properly 
olored and are pairwise 
onsistent, while verti
es from di�erentlength 
lasses may 
on
i
t. We 
an 
ombine the 
olorings of the individual length 
lasses intoa 
oloring of G0 by exe
uting one step from ea
h 
lass in turn, in a round-robin fashion. The
oloring of ea
h vertex is slowed down by a fa
tor of log p, the number of length 
lasses. Then,we have 
onstru
ted a multi
oloring of G0 whose sum is at most 2 log p � pSMC(G).13



Let r be the number of di�erent lengths in the graph. By separating the graph into those rlength groups, we similarly get an O(r)-approximation. Also, by s
aling, log p 
an be repla
edby log q, where q is the ratio between the largest to the smallest length. Finally, re
all that byassumption p is polynomial in n. Hen
e the following 
orollary.Corollary 3.5 LG approximates npSMC within a ratio of minfO(log q); O(log n); rg�.3.5 The Co-S
heduling modelWe �nd that LG yields a better approximation of the 
o-s
heduling problem. Re
all that G0 isthe derived weighted graph produ
ed by LG.Theorem 3.6 LG approximates 
oSMC within a ratio of 16�.The theorem follows by 
ombining Lemma 3.3, the fa
t that pSMC(G0) � 
oSMC(G0), andthe following lemma, whi
h shows that the optimal 
o-s
hedule of G0 is within a 
onstant fa
torof that of the original graph G.Lemma 3.7 
oSMC(G0) � 4 � 
oSMC(G).Proof. Call an algorithm proper if the algorithm never gives the same 
olor to verti
es fromdi�erent weight-
lasses. For example, LG is proper. Let OPT denote an optimal 
o-s
hedulefor G. Let X be the length of the longest job in a given round of OPT. Rounding the lengthto a power of two results in a length X 0 = 2dlogXe. Note that in 
ontrast to LG, OPT is notne
essarily proper. However, we 
an simulate one round of OPT by at most log p rounds of aproper algorithm, one for ea
h weight-
lass.Consider the s
hedule that breaks a round of OPT into a sequen
e of rounds, of length1; 2; 4; : : : ;X 0. That is, the algorithm takes the independent set of verti
es 
hosen by OPT ands
hedules them properly, one weight-
lass after the other. This is a valid proper s
hedule ofG0, where ea
h vertex is delayed by at most a fa
tor of 4, in 
omparison to OPT. This followssin
e 1 + 2 + 4 + : : : + X 0 < 4X. Sin
e any proper algorithm is also a 
o-s
hedule algorithm,
oSMC(G0) � 4 � 
oSMC(G), and the lemma follows.3.6 Time 
omplexityWhen the maximum job length is super-polynomial in the length of the input, the derivedweighted graph G0 to whi
h MAXIS is applied also be
omes super-polynomial. It is however notne
essary to 
onstru
t the whole graph. 14



At most one 
opy of any node is sele
ted in an iteration of MAXIS. Thus, before ea
hiteration we build the weighted graph based on remaining nodes. Without loss of generality,MAXIS repeats the same independent set as long as none of its nodes are fully 
olored. We 
antherefore handle ri 
olor 
lasses in ea
h iteration i, where ri is the smallest length remainingin that iteration. After ea
h iteration, a new vertex be
omes fully 
olored. Hen
e, the numberof iterations is at most n. The time 
omplexity is therefore O(nf(n)), where f(n) is the time
omplexity of the independent set algorithm.It also follows that any 
oloring output by our algorithms 
an be represented in O(n2) spa
e.3.7 A 
onstru
tion separating 
oSMC and npSMCWe have given O(1)-approximations for both the pSMC and the 
oSMC problems, while onlya minfO(log p); O(log n)g-approximation for the npSMC problem. Noti
e that the analysis inTheorem 3.4 rates LG, that in fa
t produ
es a 
o-s
hedule, in terms of a stronger adversary that�nds the best possible preemptive s
hedule. This implies the following inequalities:pSMC(G) � npSMC(G) � 
oSMC(G) � minfO(log p); O(log n)g � pSMC(G) : (4)It would be interesting to know the pre
ise relationships among these three models. We givea partial answer by 
onstru
ting a graph H for whi
h 
oSMC(H) = 
(log p) � npSMC(H),mat
hing inequality (4).Assume for simpli
ity that p is a power of 2. The graph H = (V;E) is as follows. The vertexset is V = fvi;j;kg, for i = 0; 1; : : : ; log p, j = 1; 2; 3; : : : ; 2(log p)�i, and k = 1; 2; : : : ; 2i, where thelength of vi;j;k is 2i. The edge set is E = �(vi;j;k; vi0;j0;k0) : i = i0 and k = k0	. In other words, thegraph has p verti
es of ea
h length ` = 2i, arranged in p=` 
ompletely 
onne
ted independentsets of size ` ea
h; verti
es of di�erent lengths are nonadja
ent.Intuitively, sets 
ontaining \short" verti
es (i.e. with \small" lengths) are de
omposed into alarge 
olle
tion of independent subsets of verti
es. Ea
h su
h independent subset 
ontains \few"verti
es. On the other hand, ea
h set of verti
es with a given \large" length is de
omposedinto a \small" 
olle
tion of independent subsets of verti
es, where ea
h independent set 
ontains\many" verti
es.Now, 
onsider a 
o-s
heduling algorithm. Suppose that the maximum length 
hosen in someround is a \large" `. This round delays \many" short verti
es whi
h must wait for the ` timeunits to pass. For example, there are p=2 size-2 independent sets of length 2. All but one of these(still remaining) sets is delayed ` time-units. Instead, in the Preemption or No-Preemptionmodel, we 
ould s
hedule those p=2 size-2 independent sets one after the other.15



Indeed, 
onsider the straightforward nonpreemptive 
oloring where the di�erent lengths arepro
essed independently and 
on
urrently. Then, the number of 
olors used is p, and sin
e thegraph has p log p verti
es, the multi
oloring sum is O(p2 log p).On the other hand, any independent set 
ontains at most 2i verti
es from length-
lass ` = 2i.Hen
e, in any independent set whose longest task length is `, there are at most 2` verti
es. Thisfollows sin
e verti
es with length larger than ` were not 
hosen into this set, plus, the number ofverti
es of length less than ` in the 
hosen independent set sum to at most `=2+`=4+ � � �+1 < `.Thus, at most 2t verti
es are 
ompleted by step t, for ea
h t = 1; 2; : : : ; p log p=2. In parti
ular,at most half of the verti
es are 
ompleted by step p log p=4. Thus, the 
olor sum of the remainingverti
es is 
(p2 log2 p). Hen
e, an 
(log p) separation between these models. As n = p log p, thisresult also implies an 
(log n)-separation.4 Bipartite graphs and k-
olorable graphsIn this se
tion, we turn our attention to graphs of small 
hromati
 numbers. Sin
e it is in generalhard to 
olor even 3-
olorable graphs eÆ
iently, we assume that we are either given a parti
ulark-
oloring or that a k-
oloring is easy to 
ompute for the given graph. For a given k, let the setof verti
es V be partitioned into k disjoint independent sets V = V1[ � � � [Vk. In Se
tion 4.1 westudy an algorithm for the Preemption model and in Se
tion 4.2 we study another algorithmfor the No-Preemption model and the Co-S
heduling model using di�erent te
hniques.4.1 The Preemption modelFirst 
onsider the following Round-Robin (RR) algorithm. At round t = kh + i, for 1 � i � kand h � 0, give 
olor t to all the verti
es of Vi that still need a 
olor. Sin
e ea
h vertex v is
olored in every k-th time-slot, fRR(v) � k x(v). Thus, RR has a servi
e-time ratio of k. Inparti
ular, it has servi
e-time ratios of 4 on planar graphs and � + 1 on graphs of maximumdegree �. For bipartite graphs, its ratio is 2.In this subse
tion we give a nontrivial algorithm with a ratio of (k + 1)=2, for k-
olorablegraphs with the 
oloring given. This gives a ratio of 2.5 for planar graphs, and k=2+1 for partialk-trees. In parti
ular, for bipartite graphs the ratio is 1:5� 1=(2n). For simpli
ity, the result isdes
ribed for bipartite graphs only, with the result for general k derived similarly.We need the following de�nitions and notations. Denote by �(G) the size of a maximumindependent set in G. Pro
essing an independent set W � V means assigning the next available
olor to ea
h v inW , de
reasing x(v) by one, and removing fully 
olored verti
es from the graph.16



The resulting graph is 
alled the redu
ed graph of G. Finally, let 
(n) = 2n2=(3n� 1).Informally, algorithm BipartiteColor (BC) distinguishes between two 
ases. When the sizeof the maximum independent set in the 
urrent redu
ed graph is \large", then BC pro
esses amaximum independent set. Otherwise, BC works in a fashion similar to RR. On
e a vertex (ora 
olle
tion of verti
es) is assigned its required number of 
olors, the algorithm re-evaluates thesituation.BCLet G = (V1; V2; E) be a bipartite graph.Let n = jV j = jV1j+ jV2j.while G 6= ; doif �(G) � 
(n)thenLet m = minv2V x(v).Assume without loss of generality that V1 
ontains at least as manyverti
es v with x(v) = m as V2.Assign the next m 
olors to the verti
es in V1,and the following m 
olors to the verti
es in V2.elseFind a maximum independent set I � V .Let m = minv2I x(v).Assign the next m 
olors to the verti
es in I.endifRedu
e the graph G, omitting verti
es that were fully 
olored.Update the value of n.end whileAlgorithm BC runs in polynomial time, sin
e a maximum independent set 
an be found in abipartite graph in polynomial time, using 
ow te
hniques (
f., [H69℄), and sin
e in ea
h iterationat least one vertex is deleted.Before we prove the approximation ratio of BC, we need the following observations.Observation 4.1 Let H, H 0 be identi
al graphs with respe
tive length fun
tions x, x0, su
h thatx0(v) � x(v), for ea
h v 2 V . Then, pSMC(H 0) � pSMC(H) + (S(H 0)� S(H)).Proof. First, suppose that H and H 0 di�er only in one vertex v and in one unit. Namely,x0(v) = x(v)+1, and for any u 6= v, x0(u) = x(u). Constru
t a multi
oloring 	 for H as follows.17



Use an optimal multi
oloring of H 0, ex
ept remove v from the last independent set in whi
h vappeared. The 
oloring 	 is feasible for H. In this way f(v) is de
reased by at least one unit,and we get that pSMC(H 0) � pSMC(H) + 1. Now, the observation is dedu
ed by repeatedlyapplying the above.For the next observation, let 	 be some multi
oloring and V 0 � V . Suppose that 	 assignsthe �rst i 
olors only to verti
es in V 0 and that x(v) � i, for all v 2 V 0. Let G0 be the resultingredu
ed graph. Finally, let SMC	(G0) be the multi
olor sum of 	 restri
ted to G0. Namely,using independent sets i+ 1; i + 2; : : : of 	, relabeled as 1; 2; : : :.Observation 4.2 SMC	(G) = n � i+ SMC	(G0).Proof. The added 
ost of ea
h vertex in G over that in G0 is exa
tly i. This holds for verti
esin V 0, sin
e their lengths have redu
ed by exa
tly i. It also holds for verti
es in V � V 0, sin
ethese were not 
olored in the �rst i steps of 	, while the 
olor values have de
reased by i.We are now ready to prove the main theorem of this subse
tion.Theorem 4.3 BC approximates pSMC on bipartite graphs within a ratio of 1:5� 1=2n.Proof. We prove the theorem by indu
tion on S(G). The basis of the indu
tion is S(G) = 1.Sin
e we assume that the lengths are nonnegative integers, S(G) = 1 implies that the graph
ontains only a single vertex, whose length is 1. BC is optimal in this 
ase. For S(G) � 2, we
onsider separately the two 
ases in the algorithm.Case 1: �(G) � 
(n).Re
all that, without loss of generality, BC �rst 
olors verti
es of V1. Let V1(m) be the subsetof verti
es in V1 whose length is m. Let G0 be the redu
ed graph after the �rst 2m 
olors areassigned. By de�nition, all lengths de
reased by m, and verti
es in V1(m) were omitted. Thatis, for all v, the residual length is x0(v) = x(v) �m. We 
an apply Observation 4.2 twi
e, asall verti
es are delayed by the �rst m steps, while the verti
es of V n V1(m) are delayed in these
ond m steps. Thus, using that jV1(m)j � 1,SMCBC(G) = (n+ (n� jV1(m)j)m + SMCBC(G0) � (2n� 1)m+ SMCBC(G0) : (5)Now, let G� be the redu
ed graph after an optimal multi
oloring has assigned m 
olors, withredu
ed lengths x�(v). Sin
e x(v) � m for all v, we have by Observation 4.2 thatpSMC(G) = mn+ pSMC(G�) : (6)18



Note that for any v 2 V , x(v) was de
reased by at most m, that is, x�(v) � x(v) �m. Sin
ein G0 every x(v) was de
reased by m, x�(v) � x0(v). Therefore, by Observation 4.1, S(G�) �S(G) �m�(G), sin
e S(G) is redu
ed by at most �(G) in ea
h of the �rst m 
olors. On theother hand, S(G0) = S(G)�mn, sin
e in G0 we have redu
ed the length of ea
h vertex in G bym. Thus, S(G�)� S(G0) � (n� �(G))m : (7)Combining Equations (6) and (7) and Observation 4.1, we get thatpSMC(G) � (2n� �)m+ pSMC(G0) : (8)We now apply the indu
tion hypothesis and get thatSMCBC(G0)pSMC(G0) � 1:5� 1=(2n) : (9)By the assumption that �(G) � 
(n), it follows that(2n� 1)m(2n� �(G))m � 1:5 � 1=(2n) : (10)Combining Equations (5), (8), (9) and (10), we get that SMCBC(G)=pSMC(G) � 1:5 � 1=(2n);as required.Case 2: �(G) > 
(n).Let G0 be the redu
ed graph after BC assigns the �rst m 
olors to the verti
es of a maximumindependent set I. Using Observation 4.2 with V 0 = I we have thatSMCBC(G) = nm+ SMCBC(G0) : (11)By de�nition, for every v 2 V , x(v) � x0(v). Also, sin
e S(G) � S(G0) = �(G)m, we have byObservation 4.1 that pSMC(G) � �(G)m+ pSMC(G0) : (12)Now, by the indu
tion hypothesis, inequality (9) holds for G0. Furthermore, sin
e �(G) > 
(n),nm�(G)m � 1:5 � 1=(2n) : (13)Thus, the required ratio follows from Equations (11), (12) and (13). This 
ompletes the proof.
19



4.2 The No-Preemption and Co-S
heduling modelsLet Vi[x℄ denote the set of verti
es in Vi of lengths up to bx
.We illustrate our approa
h for k-
olorable graphs on bipartite graphs. The following algo-rithm produ
es a 
o-s
heduling.� Color all the verti
es in V1[1℄ with the �rst 
olor, then 
olor all the verti
es in V2[2℄ withthe next 2 
olors.� Color the remaining verti
es of V1[4℄ with the next 4 
olors, then 
olor the remainingverti
es of V2[8℄ with the next 8 
olors.� In general, for i = 0; 1; : : :, 
olor the remaining verti
es of V1[22i℄ with the next 22i 
olors,then 
olor the remaining verti
es of V2[22i+1℄ with the next 22i+1 
olors.For a given vertex v 2 V1, the worst 
ase o

urs when x(v) = 22i + 1, for some i. Then, v is�nished in step x(v) +Pij=0(22j + 22j+1) = x(v) + 22i+2 � 1 = 5x(v) � 5. The same 
an beargued for any u 2 V2. Thus, the worst 
ase 
ompletion time of any vertex is bounded by afa
tor of 5, giving a servi
e-time ratio of 5.We 
an improve this by examining two s
hedules: in the �rst we start with V1[1℄ and thenalternate between V2 and V1, and in the se
ond we start with V2[1℄ and then alternate betweenV1 and V2. It follows that ea
h vertex v is 
ompleted within 3x(v) steps in one s
hedule andwithin 5x(v) in the other, or at most 4x(v) steps on the average. Hen
e, the sum of the betterof the two s
hedules is at most 4S(G). Note that this improves the absolute ratio to 4 but notthe servi
e-time ratio.We now generalize this algorithm, both to general k, as well as to a more re�ned s
hedulebased on randomly sele
ted starting point. Let � be a 
onstant to be optimized, and let d = �k.Our algorithm is as follows.Steps(G;�)Let X be a random number uniformly 
hosen from [0; 1).Let d = �k.Let Y = dX .for i = 0 to logd p dofor j = 1 to k doLet Aij = di�1�j Y .Color the remaining verti
es of Vj[Aij ℄,using the next bAij
 
olors. 20



Clearly, the output is a 
o-s
hedule. The bipartite graphs 
ase 
orresponds to Steps(G,2).Remark: The algorithm 
an be derandomized, by examining a set of evenly spa
ed 
andidatesfor the random number X. The additive error term will be inversely proportional to the numberof s
hedules evaluated.Lemma 4.4 Let X be a uniform random variable on [0; 1). Let d > 1 and let Y = dX be arandom variable. Then, E[Y ℄ = d� 1lnd :Proof. The distribution fun
tion of Y is given byFY (y) = P [Y � y℄ = P [dX � y℄ = P [X � logd y℄ = logd y :Thus, the expe
ted value of Y isE[Y ℄ = Z d1 yF 0Y (y) dy = Z d1 y 1y lnd dy = d� 1lnd :Theorem 4.5 The expe
ted multi
olor sum of Steps is at most (1:544k+1)S(G) on a k-
olorablegraph G, and at most 2:796S(G) on a bipartite graph G.Proof. Let v be a vertex. We bound the expe
ted delay until v gets 
olored. Let � be the 
olor
lass of v, i.e. su
h that v 2 V� . Let Av = minfAi;� : Ai;� � x(v)g, representing the length ofthe interval in whi
h v was 
olored.Let Xv = logdAv � logd x(v). Thus, Av = dXv x(v). Note that Xv is a uniform randomvariable on [0; 1). This is easy to see when x(v) = di�1�� for some integer i, sin
e then Xv isidenti
al to the X in the pseudo
ode. On the other hand, the fa
t that logdA1;� ; logdA2;� ; : : :is an arithmeti
 sequen
e with unit separation implies that the value of x(v) does not a�e
t thedistribution of Xv. Thus by Lemma 4.4,E[Av ℄ = E[dXv ℄x(v) = d� 1lnd x(v) :Note that the lengths Aij are in
reased by a fa
tor of � in ea
h iteration of the inner loopof Steps. Therefore, the delay time dv of v, or the time until v starts to get 
olored, is at mostdv � 1Xi=1 Av�i = Av 1�� 1 : (14)21



Thus, E[dv ℄ � d� 1lnd � 1d1=k � 1 x(v) : (15)For bipartite graphs, this implies thatE[dv ℄ � �2 � 12 ln� � 1�� 1 x(v) = �+ 12 ln� x(v) :The fun
tion f(x) = x+1ln(x) is minimized when x = 3:5911, whi
h results in the bound E[dv℄ �1:796x(v). The expe
ted 
ost of the 
oloring is thusE[SMC	(G)℄ =Xv E[dv ℄ + S(G) � 2:796S(G) :where 	 is the (probabilisti
) 
oloring output of Steps(G; 3:5911).For k-
olorable graphs, we use the inequality 1 + x � ex to bound d1=k � 1 � (lnd)=k,obtaining from (15) that E[dv ℄ � d� 1lnd � klnd x(v) :The fun
tion g(x) = x�1ln2 x takes a minimum at x = 4:9215, resulting in E[dv ℄ � 1:544k x(v).Hen
e, E[SMC	(G)℄ � (1:544k + 1)S(G) :where 	 is the 
oloring output of Steps(G; 4:92151=k).We 
an also bound the servi
e-time ratio of k-
olorable graphs. For ea
h vertex v, it holdsthat Av � d x(v), sin
e Ai+1;j=Aij = d. Using that ex � 1 + x+ x2=2, it follows from (14) thatdv � dd1=k � 1 x(v) � dk(lnd)(1 + lnd=2k) x(v) :Let d = e, the base of the natural logarithm, we obtain a worst-
ase bound on the �nish timeof v of f	(v) � � ek1 + 1=2k + 1� x(v) � ek + e=21 + 1=2k x(v) = ek x(v) :We summarize the results of this se
tion in the following theorem.Theorem 4.6 Steps approximates 
oSMC (and thus also npSMC) for bipartite graphs with anabsolute ratio of 2:796 and a servi
e-time ratio of 5. For k-
olorable graphs, it gives an absoluteratio of 1:544k + 1 and a servi
e-time ratio of ek.
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5 Bounded degree graphs and line graphsIn this se
tion we 
onsider two families of graphs for whi
h a variation of the greedy 
oloringa
hieves \good" approximation fa
tors. In Subse
tion 5.1 we 
onsider bounded degree graphswith maximum degree �. In Subse
tion 5.2 we 
onsider line graphs.The �rst-�t greedy algorithm gets the verti
es of the graph in some order and 
olors ea
hvertex with the �rst available 
olors. It is a reasonable 
andidate algorithm for the Preemptionand theNo-Preemptionmodels but not for theCo-S
heduling problem. For bounded-degreegraphs, �rst-�t greedy a
hieves absolute ratios of � + 1 for pSMC and 2� + 1 for npSMC. Forline graphs, it 
an be shown to a
hieve an approximation fa
tor of 
(pp).In this se
tion we 
onsider a modi�ed �rst-�t greedy algorithm, Sorted Greedy (SG), whi
horders the verti
es in a nonde
reasing order of lengths, before 
oloring the verti
es in a �rst-�tmanner. We show that SG improves the approximation ratios for bounded degree graphs to(� + 2)=3 and � + 1 for pSMC and npSMC respe
tively. For line graphs the improvement ismore impressive { SG obtains a ratio of 2. In addition, we also bound the servi
e-time ratio ofSG, whereas the servi
e-time ratio of �rst-�t is unbounded.In the rest of this se
tion, let 	 denote the multi
oloring produ
ed by SG. Let Q(G) denotethe quantity Puv2E min(x(u); x(v)). Observe thatQ(G) � Xuv2E x(u) + x(v)2 = 12 Xv2V d(v)x(v) � �2 S(G) : (16)5.1 Bounded degree graphsIn the �rst two theorems we state the approximation ratio of SG for pSMC and npSMC. Wethen present a third theorem that states the servi
e-time ratio in both models.Theorem 5.1 SG approximates pSMC within a ratio of (� + 2)=3, and this is tight.Proof. First observe that ea
h edge 
an delay only the in
ident vertex that is 
olored later. ForSG, this delay amounts to the minimum of the lengths of the endpoints. Thus, the multi
olorsum of SG is bounded by SMC	(G) � S(G) +Q(G) : (17)For uv 2 E, denote by Du(v) the number of 
olors given to u, that are smaller than f	(v).Clearly, pSMC(G) � S(G) + Xv2V maxu2N(v) fDu(v)g � S(G) + Xv2V Pu2N(v)Du(v)� :23



In the above, ea
h edge uv 
ontributes (Du(v) +Dv(u))=� to the sum. Sin
e Du(v) +Dv(u) �minfx(u); x(v)g, it follows that pSMC(G) � S(G) + Q(G)� : (18)Let d = 2Q(G)=S(G). Then, from (17) and (18),SMC	(G)pSMC(G) � g(d) � 1 + d=21 + d=(2�) :Sin
e d � � by (16), and g(d) is monotoni
ally in
reasing, we have thatg(d) � g(�) = 1 +�=23=2 = 2 +�3 :A mat
hing lower bound was shown in [BBH+98℄ for the sum 
oloring problem, thus it alsoapplies to pSMC.Theorem 5.2 SG approximates npSMC within a ratio of �+ 1.Proof. In the No-Preemption model, a vertex v 
an be delayed not only by the lengths ofits neighbors but also by gaps in the set of available 
olors that are too small for 
oloring v
ontiguously. There 
an be as many gaps as neighbors, and ea
h gap 
an be of length x(v)� 1.Hen
e, SMC	(G) � S(G) + Xuv2E (x(u) + x(v)) � (� + 1)S(G) +Q(G) : (19)By inequalities (19) and (18), the approximation ratio is then at most � + 1.With similar arguments we 
an prove weaker bounds for absolute and servi
e-time ratios ofSG.Theorem 5.3 SG has absolute ratios of �=2 + 1 for pSMC and 3�=2 + 1 for npSMC. It hasservi
e-time ratios of �+ 1 for pSMC and 2� + 1 for npSMC.Proof. The absolute ratios follow dire
tly from Inequalities (16), (17), and (19).Consider now the servi
e-time. In the preemptive model, ea
h vertex v is delayed only by thelengths of those of its neighbors that appear earlier in the sequen
e. There are at most � su
hneighbors, ea
h with no greater length, hen
e v is delayed at most �x(v). In the nonpreemptivemodel, ea
h neighbor 
an additionally 
ause a gap of up to x(v) � 1 
olors that v 
annot use,adding at most another � fa
tor.
24



5.2 Line graphs and interse
tion graphs of hypergraphsThe line graph LG of a graph G = (V;E) is the interse
tion graph of E | the verti
es in LGare the edges of G and two verti
es in LG are adja
ent whenever the 
orresponding edges in Gare. Note that a multi
oloring of LG 
orresponds to an edge multi
oloring of G.A property of a line graph LG is that its edges 
an be partitioned into 
liques, su
h that ea
hvertex belongs to at most two 
liques [H69℄. The following theorem 
apitalizes on this propertyto a
hieve a 
onstant approximation fa
tor for this family of graphs.Theorem 5.4 SG approximates pSMC of line graphs within a ratio of 2� 4=(� + 4), and thisis tight.Proof. Given a line graph LG of a graph G, form another line graph H as follows. For ea
hvertex v in G, H 
ontains a vertex for ea
h of the d(v) edges in
ident on v in G. That is, H is adisjoint 
olle
tion of the maximal 
liques in LG. Ea
h vertex in LG 
orresponds to exa
tly twoverti
es in H. Further, all the edges in LG have 
orresponding edges in H.The minimummulti
olor sum of a 
lique C is found by ordering the verti
es by nonde
reasinglength, giving a 
ontiguous 
oloring. Ea
h vertex is delayed by the sum of the lengths of earlierverti
es, or in other words, ea
h edge uv 
auses a delay of min(x(u); x(v)). Thus,pSMC(C) = Xv2C x(v) + Xuv2E(C)min(x(u); x(v)) = S(C) +Q(C) :Sin
e the 
liques of H are disjoint, the multi
olor sum of H is the sum of the multi
olor sumsof the 
liques, or pSMC(H) = S(H) +Q(H) :Observe that sin
e ea
h vertex in LG appears twi
e inH, S(H) = 2S(LG), and any multi
oloringof LG 
orresponds to a multi
oloring of H of double the weight, pSMC(H) � 2 � pSMC(LG).Further, there is a one to one 
orresponden
e between the edges of LG and H, thus Q(H) =Q(LG). Hen
e, we have pSMC(LG) � S(LG) + 12Q(LG) : (20)As before, let d = 2Q(LG)=S(LG). Then, from (17) and (20), we bound the approximation ratioby SMCSG(LG)pSMC(LG) � g(d) � 1 + d=21 + d=4 :Sin
e g(d) is monotone in
reasing and d � �, we haveg(d) � g(�) = 2� 4=(� + 4) :This mat
hes the bound proved for the sum 
oloring of regular edge graphs [BBH+98℄.25



Interse
tion graphs of set systems: We 
an generalize the argument for line graphs tointerse
tion graphs of set systems where ea
h set is of size at most k, e.g. k-uniform hypergraphs.These graphs are k + 1-
law free, 
ontaining no vertex-indu
ed star with k + 2 nodes. In the
ontext of resour
e allo
ation problem, they 
orrespond to the 
ase when ea
h job requires theuse of up to k resour
es to exe
ute.Theorem 5.5 Let G be an interse
tion graph of hypergraphs where ea
h edge is of 
ardinalityat most k. Then, SG approximates pSMC(G) by a fa
tor of k.Proof. By the 
law-freeness property, ea
h vertex in G is 
ontained in at most k maximal
liques. Thus, an argument similar to the line graphs shows thatpSMC(G) � S(G) + 1kQ(G) : (21)Thus, using (17), we have SMC	(G) � k�1� 2(k � 1)� + 2k �pSMC(G) :
6 Dis
ussionExtensions to vertex-weighted graphs: In the weighted SMC problem, ea
h vertex v isasso
iated with a weight w(v) and the goal is to minimize Pv2V w(v) f	(v). All of the resultsin this paper apply also to this optimization goal without any overhead. We have 
hosen to givethe results for the unweighted 
ase in order to simplify the presentation.We indi
ate brie
y the modi�
ations needed for some of the results. In Lemma 3.1, ifG is the weighted input graphs, we de�ne the weights of the derived graph H by wH(vi) =wG(v)=x(v). Other arguments of that se
tion follow dire
tly, if we repla
e n by W = Pv w(v),and rede�ne S(G) as Pv x(v)w(v). In Se
tion 4.1, we rede�ne 
(n) as 2W 2=(3W � 1) and�(G) as the maximum weight of an independent set in G. Results of Se
tion 4.2 need nomodi�
ations. Finally, in Se
tion 5, rede�ne SG to order the verti
es in a nonde
reasing orderof the w(v)=x(v) values. Let the value of Q(G) be Puv2E min(w(v)x(u); w(u)x(v)) and repla
eDu(v) by w(v)Du(v).Waiting time: Another measure of a multi
oloring of interest is the total waiting time, orthe sum of the �nishing times less the sum of the lengths. Also, the average waiting time isthe total waiting time divided by the number of jobs. In the unit-weight 
ase, this 
orresponds26



to numbering the 
olors starting from 0 instead of 1. In general, the total waiting time of amulti
oloring 	 is equal to its multi
olor sum, SMC	(G), less the sum of the lengths, S(G).This measure is harder to approximate than SMC. We 
an observe from the proof of The-orem 5.4 that SG approximates the average waiting time of a preemptive multi
oloring of linegraphs within a ratio of 2. Also, by subtra
ting S(G) from the right hand sides of (17) and (21),it approximates interse
tion graphs of hypergraphs within a ratio of k. Obtaining nontrivialapproximations of other graph 
lasses is an open problem.New developments: In [HKP+99℄, eÆ
ient polynomial time algorithms were given for thenpSMC problem on trees and paths, while an eÆ
ient polynomial time approximation s
heme(PTAS) was given for pSMC on trees. Shortly after, PTASs were given in [HK99℄ for bothnpSMC and pSMC on both partial k-trees and planar graphs.Open problems: One important issue is to redu
e the logarithmi
 approximation fa
tor inthe nonpreemptive 
ase. This appears to be hard in general, but we may at least expe
t progresson spe
ial 
lasses of graphs.Interval graphs are an important 
lass of graphs, for whi
h our problems have numerousappli
ations. Sin
e WIS is polynomially solvable on this 
lass, we have from our general argu-ments ratios of 16 for pSMC and O(logn) for npSMC, as well as 4 for SC from the results of[BBH+98℄. All of these ratios 
an 
ertainly be improved by a MAXIS-like algorithm.In the preemptive 
ase, we know few 
ases of polynomially solvable 
lasses of graphs. Re-solving the 
ase of trees, or even the 
ase of paths, would be interesting.Referen
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