
Mod-2 Independence and Domination in GraphsMagn�us M. Halld�orsson1;3, Jan Kratochv��l2; ?, and Jan Arne Telle31 University of Iceland, Reykjavik, Iceland. mmh@hi.is2 Charles University, Prague, Czech Republic. honza@kam.ms.mff.cuni.cz3 University of Bergen, Bergen, Norway. telle@ii.uib.noAbstract. We develop an O(n3) algorithm for deciding if an n-vertex digraph has asubset of vertices with the property that each vertex of the graph has an even number ofarcs into the subset. This algorithm allows us to give a combinatorial interpretation ofGauss-Jordan and Gauss elimination on square boolean matrices. In addition to solvingthis independence-mod-2 (even) set existence problem we also give e�cient algorithmsfor related domination-mod-2 (odd) set existence problems on digraphs. However, foreach of the four combinations of these two properties we show that even though theexistence problem on digraphs is tractable, the problems of deciding the existence of aset of size exactly k, larger than k, or smaller than k, for a given k, are all NP-completefor undirected graphs.1 IntroductionA large class of well-studied independence and domination properties in graphs canbe characterized by two sets of nonnegative integers � and �. A (�, �)-set S in a graphhas the property that the number of neighbors every vertex u 2 S (or u 62 S) has inS, is an element of � (of �, respectively) [7]. In a recent paper [3] it is shown thatdeciding if a given graph has a (f0g; �)-set, i.e. vertices in S forming an independentset with further �-imposed domination constraints, is NP-complete whenever thereis a non-negative integer x 62 � with x + 1 2 �, unless � are exactly the positivenumbers, and polynomial in all other cases. For the cases 0 62 � the vertices in Sform a dominating set. In the present paper we consider cases of independence anddomination modulo 2, where � and � are either the set of all even numbers or the setof all odd numbers. We denote these sets EVEN and ODD, respectively, and considerboth decision and optimization versions of the four cases of (�; �) equal to (EVEN,EVEN), (EVEN, ODD), (ODD, ODD), (ODD, EVEN).In the next section, we develop an O(n3) algorithm to decide if a given graph Ghas an (EVEN, EVEN)-set, i.e. a set S such that each vertex of G has an even num-ber of neighbors in S. This disproves a 1994 conjecture stating that no non-trivial(�; �)-set existence problems were solvable in polynomial time [2]. In section 3 weshow that quite trivially this problem is equivalent to determining if the adjacency? Research support in part by Czech research grants GAUK 194 and GA�CR 0194/1996.



matrix of the given graph is singular, and that our algorithm is a combinatorial in-terpretation of Gauss-Jordan elimination on square boolean matrices. A recent papergiving combinatorial interpretations of various matrix algorithms left such a view ofGaussian elimination, for general matrices, as an open problem [5]. We provide a par-tial answer to this question by using the connection with (EVEN, EVEN)-sets to givea combinatorial interpretation of Gaussian elimination for square boolean matrices.In section 4 we give polynomial algorithms also for the three remaining existenceproblems. In section 5 we consider the complexity of deciding if a given graph has adesired set of size at least k, at most k, or exactly k, for a given integer k. By reductionsfrom NP-complete coding problems asking for codewords of given length, we showthat these maximization, minimization and exact versions of all four problems areNP-complete.2 Existence of independence mod-2 setsWe will be viewing an undirected graph as a directed graph with arcs uv and vufor each edge fu; vg. We �rst generalize the (�; �) problems to directed graphs withloops, and denote the set of out-neighbors of vertex v by vout = fu : vu 2 Eg and itsin-neighbors by vin = fu : uv 2 Eg. If the graph G is not clear from context we writevout(G); vin(G).De�nition 1. A nonempty subset of vertices S of a directed graph G = (V;E) is a(�; �)-set if jvout \ Sj 2 � for any v 2 S and jvout \ Sj 2 � for any v 2 V n S.Note that we could also have chosen to count in-neighbors, since in the graph withall arcs reversed this would de�ne the exact same vertex subsets as (�; �)-sets. Thissimple transformation implies that decision problems over (�; �)-sets will have thesame time complexity regardless of whether we count in-neighbors or out-neighbors.Our algorithm for deciding if a graph G has an (EVEN, EVEN)-set will consistof repeatedly applying a graph operation that will maintain the property of interest.This will give a series of graphs G(0); G(1); :::; G(i), starting with the input graph andending with a graph for which it will be trivial to decide if it has an (EVEN, EVEN)-set. Let � be the symmetric di�erence operator, i.e. A�B = fx 2 A[B : x 62 A\Bg.The main observation is that for any two vertices u and r, (EVEN, EVEN)-sets areinvariant under the operation: uout := uout � routLemma 1. Let G0 be the graph G altered by uout(G0) := uout(G) � rout(G) for twovertices u; r. Then S is an (EVEN, EVEN)-set of G if and only if S is an (EVEN,EVEN)-set of G0.



Proof. Outgoing neighbors for any vertex x 6= u are identical in G and G0. For theforward direction of the proof it therefore su�ces to show that juout(G0) \ Sj =juout(G) \ Sj + jrout(G) \ Sj � 2juout(G) \ rout(G) \ Sj is even. But since S is an(EVEN, EVEN)-set of G, all 3 terms in the right-hand side of the above equality areeven and thus so is their sum. Conversely, we have juout(G) \ Sj = juout(G0) \ Sj �jrout(G) \ Sj+ 2juout(G) \ rout(G) \ Sj also even for similar reasons.Our algorithm will for each of the n vertices in G maintain an in-
ag and anout-
ag, initially all lowered. In the ith stage of the algorithm we choose a vertex cwith lowered in-
ag that has at least one incoming neighbor r with lowered out-
ag.In addition to raising the in-
ag of c and the out-
ag of r the code for this stageconsists of the loop: for each u 2 cin n frg do uout := uout � routIn the resulting graph G(i) the vertex c will have only the single incoming neighborr. Once 
ags are raised they are never lowered, thus after n successful stages eachvertex would have exactly one incoming and one outgoing neighbor. Clearly, sucha graph can have no (EVEN, EVEN)-set. However, if there is a vertex in G(i) withlowered in-
ag which has no incoming neighbor with lowered out-
ag, then an (EVEN,EVEN)-set exists and we halt. Before proving this fact we give the algorithm formallybelow. Sets C and R represent the subsets of vertices having raised in-
ags and out-
ags, respectively.9 (EVEN, EVEN)-SET ALGORITHMinput: digraph G = (V;E)C := R := ;i := 0while (i < n) and (6 9x 2 V n C : xin � R) dof i := i+ 1pick c 2 V n C and set C := C [ fcgpick r 2 cin n R and set R := R [ frgfor each u 2 cin n frg do uout := uout � rout gif (i = n) then 6 9 (EVEN, EVEN)-setelse f let x 2 V n C : xin � RS := fxg [ fv 2 C : v 2 yout ^ y 2 xing is an (EVEN, EVEN)-setgLemma 2. If i < n upon completion of the algorithm then S is an (EVEN, EVEN)-set of the current graph G(i).Proof. A vertex v 62 R has no outgoing edges to C so jvout \ Sj = 0. Note thatjxinj = jfv 2 C : v 2 yout ^ y 2 xingj since xin � R and each vertex of R has exactly



one, distinct, outgoing neighbor in C. Each vertex v 2 xin has therefore 2 outgoingneighbors in S, namely x and vout \ C, while any vertex w 2 R with w 62 xin has nooutgoing neighbors in S.By applying Lemma 1 inductively it follows that the algorithm for existence of(EVEN, EVEN)-sets is correct. Its time complexity is O(n3) since in each of the atmost n stages the chosen vertex c has at most n incoming neighbors that each havetheir at most n outgoing neighbors updated.Theorem 1. The algorithm decides, in time O(n3), if the input graph has an(EVEN,EVEN)-set or not.3 Gaussian elimination on boolean matricesConsider what the existence of an (EVEN, EVEN)-set S in a graph G implies for theboolean adjacency matrix AG of G. Clearly, the columns corresponding to vertices inS sum to the all-zero vector (over GF(2)). Conversely, any non-empty set of columnssumming to the all-zero vector is linearly dependent and the corresponding verticesform an (EVEN, EVEN)-set. Thus the matrix AG has less than full rank, i.e. issingular, i.e. has determinant zero, if and only if G has an (EVEN, EVEN)-set.Theorem 2. A square boolean matrix is singular if and only if its associated directedgraph has an (EVEN, EVEN)-set.Note that the algorithm given for the existence of (EVEN, EVEN)-sets works forany digraph, even one with self-loops. In fact, viewing it as a matrix algorithm overGF(2) it is equivalent to Gauss-Jordan elimination, as follows: In the main loop of thealgorithm a new column (c 62 C) is processed, a non-zero pivot (entry rc) is chosenfrom the remaining pivot rows (r 62 R), and row operations are performed to make allother entries in column c equal to zero. If the algorithm completes all n stages thenwe are left with a permutation matrix, and otherwise we �nd a set of columns thatare linearly dependent.Even if it has the same asymptotic time complexity, Gaussian elimination is usu-ally preferred over Gauss-Jordan in practice, as the constant term is smaller. Let usconsider Gaussian elimination as an algorithm for determining existence of (EVEN,EVEN)-sets. The changes from the previous algorithm are in: (i) labelling of chosenvertices for ease, (ii) all in-neighbors of ci in R (previously only ri) are left untouchedin the main loop, and (iii) de�nition of (EVEN, EVEN)-set S.



GAUSS 9 (EVEN, EVEN)-SET ALGORITHMinput: digraph G = (V;E)C := R := ;i := 0while (i < n) and (6 9x 2 V n C : xin � R) dof i := i+ 1pick ci 2 V n C and set C := C [ fcigpick ri 2 ciin nR and set R := R [ frigfor each u 2 ciin nR do uout := uout � riout gif (i = n) then 6 9 (EVEN, EVEN)-setelse f S := fxgfor k := i downto 1 if jrkout \ Sj is odd then S := S [ fckgS is an (EVEN, EVEN)-setgLemma 3. The GAUSS 9 (EVEN, EVEN)-set algorithm is correct.Proof. Assume the algorithm completes with i < n. Then each v 2 V nR has zero out-neighbors to x by the halting condition of the main loop, and zero outgoing neighborsto fc1; c2; :::; cig as the only arcs to ck left after iteration k of the main loop are fromfr1; :::; rk�1g � R. Since rk has an arc to ck, but none to fc1; :::; ck�1g the reverseordering of the �nal loop in the de�nition of S implies that each rk 2 R will have aneven number of out-neighbors to S. Hence, S is an (EVEN, EVEN)-set.On the other hand, if i = n, we show by reverse induction on k that ck cannotbelong to an (EVEN, EVEN)-set S. Assume cn; :::; ck+1 62 S, for k � n. We cannothave ck 2 S as the only out-neighbor of rk among fc1; :::; ckg is ck, so that rk wouldthen have had exactly one out-neighbor in S.We thus have a combinatorial interpretation of Gaussian elimination for squareboolean matrices.4 Existence of domination mod-2 setsIn this section we prove the following result.Theorem 3. The existence of (�; �)-sets of type (ODD, ODD), (ODD, EVEN) and(EVEN, ODD) in directed graphs can be decided in polynomial time.Proof. Let G have n vertices and let AG be its adjacency matrix. We denote by 1 and0 the all-one and all-zero vectors of dimension n and by I the n� n identity matrix.We have observed that G has an (EVEN, EVEN)-set if and only if there is a non-zerovector x such that AGx = 0. Similarly, a vector x is the characteristic vector of an



(ODD, ODD)-set if and only if AGx = 1. Similarly, for an (ODD, EVEN)-set we have(AG + I)x = 0 and for an (ODD, ODD)-set we have (AG + I)x = 1. Thus, decidingthe existence of these kinds of sets can be done in polynomial time by solving linearequations.5 Existence of sets of a given sizeIn this section we show that deciding the existence of independence and dominationmod-2 sets of a given size k, whether exactly k, at least k or at most k, is NP-completeeven for undirected graphs. Note that the properties studied are not hereditary, sothat a graph may for example have an (EVEN, EVEN)-set of size k, but none ofsize larger or smaller than k. Our reductions will be from NP-complete problems incoding theory, that for our purposes can be described as follows:Codeword of given weight: Given a binary r � c matrix H and an integer w,is there a vector x with w ones s.t. Hx = 0?This problem on binary linear codes was shown NP-complete in [1]. The problemCodeword of maximal weight, asking for a vector of weight at least w is also NP-complete for binary codes [6]. Finally, the problem Codeword of minimal weightfor binary linear codes, asking for a non-zero vector of weight at most w was con-jectured NP-complete in [1], and �nally proven to be so in a recent paper [9]. Theseproblems are equivalent to asking if the linear space generated by the columns of Hcontain a non-zero vector of weight w, at least w, or at most w. They are thus veryclose to (EVEN, EVEN)-set problems. However, inputs to the (EVEN, EVEN)-setproblem are square matrices, and for undirected graphs also symmetric matrices withzeros on the diagonal. We �rst show NP-completeness for the maximum, minimumand exact versions of the (EVEN, EVEN)-set undirected graph problem, and thenuse these results to give reductions for the other three properties.Theorem 4. Given a simple undirected graph G and an integer k, deciding if G hasan (EVEN, EVEN)-set of size � k is NP-complete.Proof. The problem is clearly in NP and in the following we give a polynomial-time reduction from the NP-complete problem Codeword of maximal weight. Givena boolean r � c matrix H and an integer w we construct a graph G such that G hasan (EVEN, EVEN)-set of size at least k = 2r + w i� H has a codeword of weight atleast w. The adjacency matrix of G will be:0B@ 0 0 H0 0 HHt Ht 0 1CA



where Ht is the transpose of H, the lower-right 0 is the c� c all-zero matrix, and theother 0s are r � r all-zero matrices. This is a square (2r + c) � (2r + c) symmetricmatrix with zeros on the diagonal. Since the leftmost 2r columns sum to the all-zerovector, we conclude that this matrix has a set of at least 2r + w columns summingto the all-zero vector i� H has a set of at least w columns summing to the all-zerovector.Corollary 1. Given a simple undirected graph G and an integer k, deciding if G hasan (EVEN, EVEN)-set of size exactly k is NP-complete.The corollary follows by a Cook reduction. We turn to the minimization version.Theorem 5. Given an undirected graph G and an integer k, deciding if G has an(EVEN, EVEN)-set of size � k is NP-complete.Proof. We reduce from Codeword of minimal weight. Given a boolean r � c matrixH and an integer w, we construct a graph G such that G has an (EVEN, EVEN)-setof size at most k = w i� H has a codeword of weight at most w.For simplicity we will assume that r is even, otherwise just add a single all-zerorow to H. The adjacency matrix of G will have (w + 1) � (w + 1) blocks Wij; i; j =1; 2; : : : ; w + 1 where W1;w+1 = H and Ww+1;1 = Ht. The blocks W1;w =Wi;w+1�i =Wi;w+2�i for i = 2; : : : ; w will contain the symmetric permutation matrix P of size rby r with the unique 1-entry in each row and column in position (r+1� i; i); i = 1::r(since r is even P has zeroes on the diagonal.) All other blocks are all-zero matricesof appropriate size. The adjacency matrix of G for the case w = 3 thus becomes:0BBB@ 0 0 P H0 P P 0P P 0 0Ht 0 0 0 1CCCAThis is a 3r + c by 3r + c (wr + c by wr + c) symmetric matrix with zeros onthe diagonal consisting of 4 by 4 (w + 1 by w + 1) blocks. The placement of thepermutation matrices ensures that choosing a column from any but the rightmostcolumn of blocks will force a choice of a column from all the columns of blocks, i.e.forcing a choice of at least w+1 = 4 columns. Hence the matrix has a set of at mostw = 3 columns summing to the all-zero vector i� all columns come from the rightmostblock, i.e. from H. A similar argument applies to the general case.We turn to the other problems.
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Fig. 1. The constructed graphs G1; :::; G5 for �ve separate reductions. For each graph is shown twovertices of the given graph G, and the corresponding subgraph that is attached to every vertex ofG to form Gi. The two unique possibilities for membership in a (�; �)-set S0 of Gi are shown, withblack vertices belonging to S0 and white not.Theorem 6. The maximum, minimum and exact versions of the (ODD, ODD),(ODD, EVEN) and (EVEN, ODD) problems are all NP-complete, even for undirectedgraphs.Proof. We merely sketch the proofs, see the appendix for the details. Given graph Gas input to a known NP-complete problem (as speci�ed below), Figure 5 gives a sketchof the constructed graphs G1; :::; G5 for �ve separate NP-completeness reductions formaximization and minimization versions. NP-completeness of the exact versions willfollow from this. For each graph is shown two vertices of the graph G, and the corre-sponding subgraph that is attached to every vertex of G to form Gi. The two uniquepossibilities for membership in a (�; �)-set S0 of Gi are shown, with black verticesbelonging to S0 and white not. a) G1 has an (ODD,EVEN)-set of size 2k i� G has an(EVEN,EVEN)-set of size k. G1 is used to reduce from min and max (EVEN,EVEN)to min and max (ODD,EVEN), respectively. Remaining reductions are all from max(EVEN,EVEN). We list only the name of the problem reduced to, and the cardinalityof the (�; �)-set in the constructed graph, under the assumption that G has n verticesand an (EVEN,EVEN)-set of size k. b) G2 for max (EVEN,ODD) size 2k + n. c) G3for min (EVEN,ODD) size 5n� 2k. d) G4 for max (ODD,ODD) size 2k + 2n. e) G5for min (ODD,ODD) size 6n� 2k.6 ConclusionWe have resolved the complexity of (�; �)-set existence, maximization, minimizationand exact size problems for the cases where �; � 2 fEV EN;ODDg. The only othercases of polynomial-time solvable (�; �)-set existence problems we know are either the



trivial cases, for example � = f0g; � = f1; 2; :::g where the answer is always positivesince every graph has an independent dominating set, those solvable by a simplegreedy algorithm, see [8], or by exhaustive search, see [3]. We believe these are theonly easy cases.Conjecture 1. The only (�; �)-set existence problems solvable in polynomial time,apart from the trivial cases and those resolved by exhaustive search or a simplegreedy algorithm, are when �; � 2 fEV EN;ODDg.To decide if a graph had an (EVEN,EVEN)-set we essentially did Gaussian elim-ination on its boolean adjacency matrix. The more general graph property resolvedby Gaussian elimination on square matrices over the �nite �eld Zp for a prime p is:Given an edge-weighted digraph, can we assign vertex weights (not all zero) in sucha way that after multiplying each edge weight by the weight of its sink vertex, theweights of edges leaving each vertex sum to zero mod p?References1. E. Berlekamp, R.J. McEliece and H.C.A. van Tilborg, On the inherent intractability of certaincoding problems, IEEE Trans. Inform. Theory. Vol.29, No.3, 1978, 384-386.2. M. Halld�orsson, unpublished.3. M. Halld�orsson, J. Kratochv�il and J.A. Telle, Independent sets with domination constraints, Pro-ceedings ICALP'98 - 25th International Colloquium on Automata, Languages and Programming,Aalborg, Denmark, July 1998, LNCS vol. 1443, 176-1874. M. Mahajan and V. Vinay, Determinant: combinatorics, algorithms, complexity, Chicago Journalof Theoretical Computer Science, 1997:5, 1997. Preliminary version SODA'97.5. M. Mahajan and V. Vinay, Determinant: Old Algorithms, New Insights, in Proceedings SWAT'98- 6th Scandinavian Workshop on Algorithm Theory, Stockholm, Sweden, July 1998, LNCS Vol.1432, 276-287.6. S.C. Ntafos and S.L. Hakimi, On the complexity of some coding problems, IEEE Trans. Inform.Theory, Vol. 27, 1981, 794-796.7. J.A. Telle, Characterization of domination-type parameters in graphs, Proceedings of 24th South-eastern International Conference on Combinatorics, Graph Theory and Computing -CongressusNumerantium Vol.94 1993, 9-16.8. J.A. Telle, Complexity of domination-type problems in graphs, Nordic Journal of Computing1(1994), 157-171.9. A. Vardy, The intractability of computing the minimum distance of a code, IEEE Trans. Inform.Theory. Vol.43 No. 6, 1997, 1757-1766. Preliminary version STOC'97.



AppendixWe give a full proof of Theorem 6.Proof. We show maximization and minimization versions NP-complete. NP-completeness of the exact versions follows from this. In all reductions, G is a graphwith vertices fv1; :::; vng. Figure 5 gives the constructed graphs in each case, as de-scribed below.The �rst reduction is from min and max versions of (EVEN,EVEN) to minand max versions of (ODD,EVEN). Given a graph G and an integer k subject tomin or max variant of (EVEN,EVEN) problem, we construct G1 and ask for an(ODD,EVEN)-set in G1 of size at most or at least 2k, respectively. Let G1 be thegraph consisting of a copy of G plus added leaf vertices fx1; :::; xng with xi adjacentto vi.Claim. G has an (EVEN, EVEN)-set of size k if and only ifG1 has an (ODD, EVEN)-set of size 2k.Let S be an (EVEN, EVEN)-set of G of size k. We show that S0 = S[fxi : vi 2 Sgis an (ODD, EVEN)-set of G1. The new leaf vertices have either 1 or 0 S0-neighborsdepending on whether they belong to S0 or not, as desired. A vertex v 2 V (G) withv 2 S has jvout(G1) \ S0j = jvout(G) \ Sj + 1, an odd number, while v 2 V (G) withv 62 S has the same S0-neighbors as S-neighbors, an even number. Thus, S0 forms an(ODD, EVEN)-set of size 2k. Conversely, an (ODD, EVEN)-set S0 of G1 contains anew leaf vertex xi if and only if it contain its neighbor vi, so that S0 \V (G) forms an(EVEN, EVEN)-set of G of appropriate size.We now give a reduction from the max (EVEN,EVEN) problem to the max(EVEN,ODD) problem. Given a graph G and an integer k subject to the max(EVEN,EVEN) problem, we construct G2 and ask for an (EVEN, ODD)-set in G2 ofsize at least 2k+n. Let G2 be the graph consisting of a copy of G plus added verticesfx1; y1; z1; :::; xn; yn; zng with xi adjacent to vi; yi; zi. G2 is thus G with a two-levelcomplete binary tree attached to each vertex of G.Claim. G has an (EVEN, EVEN)-set of size k if and only if G2 has an (EVEN,ODD)-set of size 2k + n.Let S be an (EVEN, EVEN)-set of G of size k. We show that S0 = S [ fxi :vi 62 Sg [ fyi; zi : vi 2 Sg is an (EVEN, ODD)-set of G2. The new vertices have 0S0-neighbors if they belong to S0 and either 3 or 1 if they do not, as desired. A vertexv 2 V (G) with v 2 S has no new S0-neighbors, while v 2 V (G) with v 62 S has gained



the S0-neighbor xi. Thus S0 forms an (EVEN, ODD)-set of size 2k+n. Conversely, inany (EVEN, ODD)-set S0 of G2 either both yi and zi are in S0 or none of them are.If they both are then xi 62 S0 but vi 2 S0 while if none of them are then xi 2 S0 butvi 62 S0. We conclude that S0\V (G) forms an (EVEN, EVEN)-set of G of appropriatesize.Since G2 always has an (EVEN,ODD)-set of size n, consisting of xi for each i, itcannot be used in a reduction for the min (EVEN, ODD) problem. Instead, given agraph G and an integer k subject to the max (EVEN,EVEN) problem, we constructa new graph G3 and ask for an (EVEN, ODD)-set in G3 of size at most 5n� 2k. G3is constructed by attaching a three-level complete binary tree to each vertex of G.Such a tree thus contains one vertex at level 1, two at level 2, and four at level 3.Claim. G has an (EVEN,EVEN)-set of size k if and only if G3 has an (EVEN,ODD)-set of size 5n� 2k.For any (EVEN,EVEN)-set S of G we have an (EVEN,ODD)-set S0 of G3 con-sisting of vertices in S and vertices at alternate levels of each attached tree, so thata tree attached to a vertex in S (respectively, not in S) has both vertices at level 2in S0 (respectively, all �ve vertices at levels 1 and 3 in S0). If S has size k, S0 has size3k + 5(n � k) = 5n � 2k. For the other direction, note that any (EVEN,ODD)-setof G3 must, for each attached tree, contain all the vertices at alternate levels, and itcontains the vertex at level 1 if and only if its neighbor from G is not in the (EVEN,ODD)-set.We now give a reduction from the max (EVEN,EVEN) problem to the max(ODD,ODD) problem. Given a graph G and an integer k subject to the max(EVEN,EVEN) problem, we construct G4 and ask for an (ODD, ODD)-set in G4of size at least 2k + 2n. Let G4 be the graph consisting of a copy of G plus addedvertices fx1; y1; z1; w1; :::; xn; yn; zng with a triangle on yi; zi; wi and with xi adjacentto vi and to yi.Claim. G has an (EVEN, EVEN)-set of size k if and only if G4 has an (ODD, ODD)-set of size 2k + 2n.It will su�ce to show that any (ODD,ODD)-set S0 of G4 must for each 1 � i � ncontain exactly the vertices fvi; xi; zi; wig or fxi; yig. This holds since out of thetriangle-forming vertices yi; zi; wi either yi is the only member of S0, or zi; wi aremembers of S0 but yi is not. In the former case, xi is also a member of S0 but vi isnot, while in the latter case both xi and vi are in S0. We conclude that S0 \ V (G)forms an (EVEN, EVEN)-set of G of appropriate size.



Since G4 always has an (ODD,ODD)-set of size 2n, consisting of xi and yi foreach i, it cannot be used in a reduction for the min (ODD, ODD) problem. Instead,given a graph G and an integer k subject to the max (EVEN,EVEN) problem, weconstruct a new graph G5 and ask for an (ODD, ODD)-set in G5 of size at most6n� 2k. G5 is constructed from a copy of G by adding 6n vertices fxj1; yj1; :::; xjn; yjngfor j = 1; 2; 3, with xji adjacent to both vi and yji (G5 can be constructed by �rstadding three leaves to each vertex and then subdividing each new edge.)Claim. G has an (EVEN, EVEN)-set of size k if and only if G5 has an (ODD, ODD)-set of size 6n� 2k.Let S be an (EVEN, EVEN)-set of G of size k. We show that S0 = S [ fxji :1 � j � 3; 1 � i � ng [ fyji : vi 62 Sg is an (ODD, ODD)-set of G5. The newvertices all have a single S0-neighbor as desired, while a vertex vi 2 V (G) gains the3 extra S0-neighbors x1i ; x2i ; x3i , so that S0 forms an (ODD, ODD)-set of G5 of size3n+3(n�k)+k = 6n� 2k. Conversely, any (ODD, ODD)-set S0 of G5 must containxji ; 1 � j � 3; 1 � i � n and it contains yji i� it does not contain vi. Hence, S0 \V (G)forms an (EVEN, EVEN)-set of G of appropriate size.


