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The tree editing distance problem is to determine the least cost sequence ofadditions, deletions and changes that converts one tree into the other input tree.Deletion of a vertex v not only removes v but makes the parent of v becomethe new parent of the children of v. Addition of a vertex v similarly makes vbecome the parent of some subset of the children of the new parent of v. Achange operation changes only the label of a vertex. Each of these operationcarry a cost function that depends on the label of the respective vertices.These problems have applications in various �elds. Telecommunications net-works are often in the form of rooted, labeled, unordered trees, and the rapidchanges in active element have forced the introduction of automatic recognitionin network design systems. Such similarity recognition problem occur also fre-quently in biocomputing, since di�erent sequences (e.g. molecules, RNA) of thesame type are never completely identical.The editing distance and common subtree problems of two trees have beenshown to be NP-hard, and thus no e�cient algorithm are to be expected. Thecurrent paper deals with two ways of dealing with the intractability of the prob-lem: e�cient algorithms for important special classes of trees, and approximationalgorithms with good performance bounds for general trees.Special classes of trees Given the NP-hardness of the common subtree prob-lem, it is valuable to study the complexity when the inputs are restricted toimportant special classes of trees.We consider the following restricted classes of trees:Star Trees where the root is the only internal node.Few internal nodes Trees with some constant number of internal nodes. Asuperclass of stars.Few branching nodes A branching node is a node of degree three or more. Asuperclass of few internal nodes, and of paths.Generalized Caterpillar Trees where all branching nodes are lie on a singlepath. A superclass of stars, paths, and trees with at most 3 branching nodes.Small height Trees whose height is bounded by a constant. A superclass of fewinternal nodes.We present algorithms based on dynamic programming that solve the generalediting distance problem for the classes of few internal nodes, few branchingnodes and generalized caterpillars. For the other direction, we show that thecommon subtree problem and the editing problem are NP-hard, as well hard toapproximate, if one tree is of height one (viz. a star) and the other is of heighttwo.These results characterize completely the solvability of the common subtreeproblem of trees from any combination of these classes. Namely, the problemis polynomial solvable i� either both trees are from one of the �rst four classeslisted above, or if one tree has bounded number of leaves.Approximation Approximation algorithms are heuristics that compute solu-tions that are not necessarily optimal but are guaranteed to be within some ratiofrom the optimal bound. The performance ratio of an approximation algorithm



for the common subtree problem is the maximum, over all pairs of input trees,of the ratio between the size of the optimal common subtree and the size of thecommon subtree found by the algorithm.We present the �rst approximation algorithm with sub-polynomial perfor-mance ratio. The ratio we achieve is log2 n. We also give an incomparable bound,that is twice the height of the shorter tree.Previous results On computing the largest common subtree or editing distancebetween unordered labeled trees, the following results are known. It was shown in[3] that these problem are MAX SNP-hard for the general case, and thus cannotbe approximated within some constant slightly larger than one. Previously, theproblem had been shown NP-hard; even the restricted problem of deciding if theformer tree was fully included in the latter tree. (Our reduction shows that thelatter problem is also hard to approximate.)A result for a special class of trees appears in [4], which contains an e�cientpolynomial-time algorithms for the case when one tree is a string (i.e. has onlyone leaf) or has a bounded number of leaves.The only approximation result we are aware of is an incomplete manuscriptof Yamaguchi [2]. It contains an algorithm for which a performance ratio ofO(OPT= logOPT ) for the largest common subtree problem is claimed, whereOPT is the size of the optimal solution. We note that this ratio is incomparableto our bounds, as it can be superior when the optimal solution is very small.Outline of paper In Section 2 we present polynomial algorithms for specialclasses of trees, that apply both for the common subtree as well as the editingdistance problems. We then give a tightened hardness result in Section 3. Sec-tion 4 contains several approximation algorithms for common subtrees of generaltrees. We then end with discussion of extensions to more general types of graphs.2 Special classes of treesWe give in this section algorithms for computing the editing distance betweentwo trees belonging to several special classes of trees. These can then easily bemodi�ed to output as well the largest common subtree.We start with de�nitions of tree editing operations and their measures, andthe equivalent concept of a mapping between subsets of nodes of the trees. Wethen give an algorithm based on dynamic programming for computing the edit-ing distance between two trees with bounded number of internal nodes. Theseare then modi�ed for the more general cases of trees with bounded number ofbranching nodes, and for generalized caterpillars.Editing operations and editing distance We consider three kinds of oper-ations: a) deleting a node v, where v is removed from the tree while the childrenof v become the children of the parent of v; b) adding a node v, which is thecomplement of deleting, as v will become a parent of the subset of the childrenof the node that becomes the parent of v, and c) changing the label of a node.These editing operations carry a cost function, that may depend on both thetype of operation as well as the value of the label added/deleted/changed. Wedenote them by del(u); add(v), and chg(u; v), and assume that they satisfy a



distance metric. The editing distance between T1 and T2 is de�ned as the totalcost of a minimum cost sequence of edit operations that transform T1 into T2.Mappings The editing distance is equivalent to �nding a bijective (one-to-one) matching between subsets of the vertices of T1 and T2 that preserves theancestor-descendant relationship.For a mapping M , let I denote the non-participating vertices in T1, and Jthe non-participating vertices in T2. The cost of the mapping M is de�ned as:X(u;v)2M chg(u; v) +Xu2I del(u) +Xv2J add(v):The largest common subtree problem is the natural complement of the editingdistance problem, where we try to maximize the weight of the vertices that arenot changed (or maximize the savings over deleting all vertices from T1 andadding all from T2).Weight of common subtree = 12 0@Xu2T1 del(u) + Xv2T2 add(v)� X(u;v)2M chg(u; v)1ASome of the algorithms apply only to the unweighted case, where addition anddeletion cost one unit and changes cost two units.Notation Let F be a forest, i.e. a collection of trees, and let jF j denote thenumber of nodes in F . Let roots(F ) denote a set of the roots of all the trees inF , and tree(u) denote the subtree rooted at u. Notice that, if T is a tree and vis the root of T , let T � v represent the forest obtained from T by removing v.The editing distance between F1 and F2 is denoted by dist(F1; F2):2.1 The case of bounded number of internal nodesLet the two trees be T1 and T2 with constant number of internal nodes. Let F1and F2 be two subforest obtained from T1 and T2 by deleting nodes, respectively.We now introduce an observation and a lemma which assure the validity of ouralgorithms.LetM be one of the minimum cost mappings from F1 to F2 which induces theminimum length of edit operations. LetM denote the set of vertices that does notappear in the matching. The following observation is obvious. Since, for example,if u 62 M , then root node u maps to no node and u should be deleted. When uis deleted from subtree tree(u) in F1, tree(u) becomes subforest tree(u)� u.Observation 1.dist(F1; F2) = 8<:Pu2F1 del(u) +Pv2F2 add(v) if F1 = ; or F2 = ;,dist(F1 � u; F2) + del(u) if 9u; u 2 roots(F1) \Mdist(F1; F2 � v) + add(v) if 9v; v 2 roots(F2) \MHere we consider the following condition:u is a leaf or u 2M , for all u 2 roots(F1) [ roots(F2) (1)We can show the following (proof omitted).



Lemma2. Under (1), if jroots(F1)j � jroots(F2)j, then each root in F1 mapsto some root in F2; otherwise, each root in F2 is mapped from some root in F1.Algorithm We now present a recursive algorithm dist with its sub-algorithmdistsub, where I = fuju 2 roots(T1) and u is an internal node} and J = fvjv 2roots(T2) and v is an internal node}.Algorithm dist recursively calculates distances considering three major cases:one of the two forests is empty, there exists an internal root node which is notin M , and all internal root nodes are in M .dist(F1; F2)if (F1 = ; or F2 = ;) thenreturn(Pu2F1 del(u) +Pv2F2 add(v))elseCalculate dist(F1 � u; F2) + del(u) for each u 2 ICalculate dist(F1; F2 � v) + add(v) for each v 2 JCalculate distsub(F1; F2)return the minimum of the three casesendAlgorithm distsub treats the case that all internal root nodes are in M . Itconstructs a balanced bipartite graph, with vertices for each root of the forestsalong with padding vertices corresponding to deleting and inserting operations.The weight of a pair of roots then depends on if both roots are matched inM , orif one of the roots is not matched (in which case it is not an internal node). Thesolution is obtained by computing a maximum weight matching on this graph.distsub(F1; F2)U  roots(F1)V  roots(F2)W.l.o.g., assume jU j � jV jif jU j < jV j then add jV j � jU j additional vertices to jU j.E  f(u; v) j u 2 U; v 2 V gfor each u 2 U , v 2 V dow(u; v) 8>>>><>>>>:dist(tree(u)� u; tree(v)� v) + chg(u; v)if u 2 roots(F1) and v 2 roots(F2)add(v) if u 62 roots(F1) and v is a leaf in F2del(u) if v 62 roots(F2) and u is a leaf in F11 otherwisereturn(MinimumWeightBipartiteMatching(U; V;E;w))endThen, we can compute the editing distance between the two trees by execut-ing dist(T1; T2) Correctness is obvious from Observation 1 and Lemma 2.



Complexity Let �(t1; t2) be the time complexity of the algorithm dist on T1and T2 with t1 and t2 internal nodes, respectively. Then,�(t1; t2) � t1 � �(t1 � 1; t2) + t2 � �(t1; t2 � 1) + t1 � t2 � �(t1 � 1; t2 � 1) +O(n3)= O(t1! � t2! � n3):This is polynomial for t1; t2 as large as O(logn= log logn).2.2 The case of a bounded number of branching nodesLet T1 and T2 be trees with constant number of branching nodes. Let F1 and F2be two subforest obtained from T1 and T2 by deleting nodes, respectively.The algorithm for the case for two trees of a bounded number of internalnodes can be extended to this case.Let forest(U) denote a subforest containing all trees rooted at u 2 U . Letb(u) be the nearest branching descendant such that there is no branching nodebetween the root u and its descendant b(u), and let children(b(u)) be a set ofchildren of b(u). If the root u itself is a branching node, then b(u) = u. We denoteall nodes between u and b(u) by path(u).We use the modi�ed versions of the algorithm dist and the sub-algorithmdistsub. We let I = fuju 2 roots(T1) and u has a branching descendant} andJ = fvjv 2 roots(T2) and v has a branching descendant}, and use use path(u)instead of internal node u. We modify a few lines of the algorithms. We use:dist(path(u); ;) and dist(;; path(v))instead of del(u) and add(v), and we useCalculatedist(path(u) [ tree(s); tree(v)) + dist(forest(children(b(u))� fsg); ;)for each s 2 children(b(u))Calculatedist(tree(u); path(v) [ tree(v)) + dist(;; forest(children(b(v))� fsg))for each s 2 children(b(v))Calculate dist(tree(u)�path(u); tree(v)�path(v))+dist(path(u); path(v))return the minimum of the three casesinstead of dist(tree(u)� u; tree(v)� v) + chg(u; v).The distance between a path S and a tree T can be calculated in timeO(jSj � jT j) [4]. We use this method to calculate dist(path(u); tree(v)) anddist(tree(u); path(v)) in the algorithm.Theorem3. The algorithm correctly calculates the distance between T1 and T2in polynomial time.Proof. Correctness can be checked similarly as for the previous case. Notice thatthe nodes in path(u) of F1 can map to both path(v) and the nodes in one of thesubtrees in Ss2children(b(v)) tree(s) This can be handled in the modi�ed versionof the algorithm.



Let t1 and t2 be the number of branching nodes in T1 and T2, respectively.Let �(t1; t2) be the time complexity of the algorithm dist with inputs T1 andT2. Then,�(t1; t2) � t1 � �(t1 � 1; t2) + t2 � �(t1; t2 � 1) + t1 � t2 � �(t1 � 1; t2 � 1)+t1 � t2 �O(n2) + t1 � n � �(t1; t2 � 1) + t2 � n � �(t1 � 1; t2) +O(n3)� (t1! � t2! + tt21 + tt12 +O(n2)) � O(n3) = O(n3�(t1+t2)):Since t1 and t2 are constants, the running time of the algorithm is polynomial.2.3 The case of two generalized caterpillarsWe here consider the case that each tree is a generalized caterpillar, which is atree all whose branching nodes are on a unique path from the root to a leaf. LetT1 and T2 be generalized caterpillars. For this case, we use the same algorithmfor two trees with a bounded number of branching nodes, while the analysisof the complexity is di�erent. Correctness can be checked similarly as for theprevious case.Theorem4. The algorithm runs in time O(n4) on two caterpillars.Proof. Let t1 and t2 be the (unbounded) number of branching nodes in T1 andT2, respectively. Let �(t1; t2) be the time complexity of the algorithm dist withinputs T1 and T2. Observing that there is always a unique non-path tree (i.e.generalized caterpillar) in each subforest of F1 and F2, it follows that�(t1; t2) � �(t1 � 1; t2) + �(t1; t2 � 1) + �(t1 � 1; t2 � 1)+jroots(F1)j � jroots(F2)j � O(n1 � n2) +O(n3);where n1 and n2 are the sizes of subtrees in F1 and F2 to be matched, respectively.Since jF1j = jF2j = n, �(t1; t2) � O(n) � (O(n2) +O(n3)) = O(n4).3 HardnessZhang and Jiang [3] showed that the common subtree problem was NP-hardto approximate within some constant factor, even when one tree had a singlebranching node. However, the number of internal nodes and the height of thetrees was not bounded. We present an approximation-preserving reduction thatholds for a more restricted class of trees.Theorem5. Let T1 be restricted to stars, and T2 restricted to trees of height2. There is a �xed � > 0, such that it is NP -hard to distinguish between thefollowing two cases: a) T1 is a subtree of T2, and b) the maximum commonsubtree of T1 and T2 contains at most (1� �)jT1j vertices.Reduction We reduce from the problem 3-Set Packing-3:Given: Finite set S and a collection C = fC1; C2; : : : ; Cmg of subsets of S ofsize three, such that each element in S appears at most three times in a setin C.



Find: A collection of maximum cardinality of disjoint sets from C.This problem is known to be hard to approximate within some constant factorgreater than one [1] (see results on 3-DM). More precisely, there exists a 
 > 0,such that it is NP-hard to decide whether there is an exact cover of (S;C), or ifno set packing contains more than n=3� 
n sets.Denote the elements of Ci by li;1; li;2; li;3. Denote the elements of S byl1; l2; : : : ; ln, with n being divisible by 3. Let x be a new element not in S.We construct two labeled trees as follows: T1 is a star with n + (m � n=3)rays (vertices of degree one): one for each label li, i = 1; : : : n, and m�n=3 withthe label x. T2 is of three levels: the root which is unlabeled; m internal nodesat level 2, all labeled with x and representing the sets Ci; and, 3m leaves, onefor each element li;j of the sets Ci, i = 1; 2; : : : ;m, j = 1; 2; 3. A subtree rootedby a node at level 2 is called a clause.An exact cover of (S;C) yields a matching of all the leaves of T1: using theleaves of n=3 subtrees of T2, along with the m � n=3 remaining internal nodeslabeled x.On the other hand, suppose that we can match n+(m�n=3)� (
=2)n non-root vertices from T1 and T2. Without loss of generality, these include all thel1; l2; : : : ; ln, along with m� n=3� (
=2)n of the x-labeled vertices. That leavesn=3 + (
=2)n internal nodes in T2 that are not matched and thus their leavescan be matched. Since we match all n vertices, all three leaves are matched inat least n=3 � 
n clauses. These induce a set packing in (S;C), and we wouldbe deciding an NP-hard problem.Since m � n, the approximation ratio n+(m�n=3)n+(m�n=3)�(
=2)n is at most 10=(10�3
). Hence, if we can approximate the common subtree problem within 10=(10�3
), then P = NP . This completes the proof of Theorem 5.Observe that our construction has a gap location at 1. Namely, it is hard todetermine if all the nodes can be matched, or if only a certain constant fractionof them. That implies that the complementary problem, the editing distanceproblem with unit costs, is also hard to approximate for the same class of trees.4 Approximation AlgorithmsWe present two approximation algorithms for the maximum common subtreeproblem in this section, that are based on partitioning the input trees into easysubproblems.Common subforests vs. common subtrees We shall be searching for com-mon subforests in the inputs. By trying all n2 choices for roots, this gives at leastas good bounds for the common subtree problem as well.Approximation via partitioning Suppose that we partition a forest intoinduced subgraphs; that is, each vertex is contained in exactly one partitioningclass and the subgraph induced by the vertices within a class also forms a forest,under the ancestry relationship.If we �nd solutions within each class (by matching the other input forest tothe subgraph induced by each class), we can choose the largest one as the output.



This is because solutions to the common subforest problem are hereditary undervertex removal; subsets of solutions are also solutions. The optimal solutionwould be at most the union of optimal solutions of the classes. Hence, if wecan �nd optimal solutions of each of the classes, the performance ratio attainedwould be at most the number of classes.We generalize this argument to partitions of both input forests.Proposition6. Suppose we partition input forests F and F 0 into induced sub-graphs F1; F2; : : : ; Fk and F 01; F 02; : : : ; F 0l , and compute �-approximate solutionsof the maximum common subforest of Fi and F 0j , for i = 1; : : : ; k, j = 1; : : : l.Then the largest of these approximates the maximum weight common subforestof F and F 0 within a factor of � � k � l.Proof. Let OPT (X;Y ) denote the size of the optimal solution on trees X andY , and HEU(X;Y ) the size of the approximate solution computed. Then,HEU(F; F 0) � 1� maxi;j OPT (Fi; F 0j) � 1�klXi;j OPT (Fi; F 0j) � 1�klOPT (F; F 0):Approximation in terms of the height We �rst give a simple greedy heuris-tic for the case of a zero-height forest (set of independent vertices) vs. a generalforest, with a performance ratio of 2.Given an independent set I and a forest F :Repeat until F is emptyPick any leaf v of F and delete it from Fif (v can be matched with a vertex w of I) thenAdd v to solutionDelete v and its ancestors from FDelete w from IendEach vertex v added to the solution can eliminate at most two vertices fromthe optimal solution out of I : w, and a node that the optimal solution matchedto some ancestor of v. Hence, the ratio attained is 2.This yields a performance ratio for general trees that is asymptotic to theheight of the shorter tree.Theorem7. The (unweighted) common subtree problem can be approximatedwithin a factor of 2min(ht(F1); ht(F2)).Proof. We can partition the shorter forest F into height(F ) zero-height forests,and apply Proposition 6 to attain a ratio of 2height(F ).Approximation in terms of the number of vertices We now obtain a log2 nperformance ratio, by partitioning both input forests into at most logn di�erentlinear forests each, solving each pair optimally, and referring to Proposition 6.In fact, we get a more general ratio in terms of the total number of branchingnodes in the trees.



A linear forest is one where each component is a path. Solving the commonsubforest problem of two linear forests is equivalent to the common subtreeproblem of trees with a single branching node. That we have shown how to doin polynomial time in the previous section.Lemma8. A tree with b branching nodes can be partitioned into log b linearforests.Proof. We apply the following bottom-up greedy strategy until the tree is empty:Include in the class the nodes on the path from each leaf up to, but notincluding, the nearest branching node.After each iteration, the new leaves are exactly the minimally lowest branch-ing nodes. At least two leaves are descendants of each branching nodes, hencethe number of leaves is halved in each step. The number of steps, and the num-ber of classes, is therefore at most blog2 b+ 1c. This bound is tight on completebinary trees.Applying Proposition 6, Lemma 8 and the algorithm for single branchingnodes, we obtain the following approximation.Corollary 9. Let T1 and T2 be trees with b1 and b2 branching nodes, respectively.The weighted common subtree of T1 and T2 can be approximated within a factorof log b1 � log b2.We can generalize this to the case of �nding common subtrees (subforests)in t trees, t constant.Theorem10. The weighted common subtree problem of t trees can be approxi-mated within a factor of t logt n.Proof. Partitioning each tree into logn linear forests, we obtain logt n subprob-lems. Each is an instance of a weighted t-dimensional matching, which can beapproximated within a factor of t by a greedy procedure in time nt. The ratiothen follows from Proposition 6.AcknowledgmentsWe thank Atsuko Yamaguchi for valuable discussions.References1. Crescenzi, P., and Kann, V. A compendium of NP optimization problems. Dy-namic on-line survey available at ftp.nada.kth.se, Oct. 1995.2. Yamaguchi, A. Approximation algorithm for the maximum common hereditarysubtree problem. Manuscript. (In Japanese), Nov. 1994.3. Zhang, K., and Jiang, T. Some MAX SNP-hard results concerning unorderedlabeled trees. Inf. Process. Lett. 42 (1994), 133�139.4. Zhang, K., Statman, R., and Shasha, D. On the editing distance betweenunordered labeled trees. Inf. Process. Lett. 42 (1992), 133�139.


