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Abstract

We study cosmological solutions of Einstein gravity with a positive cosmological
constant and perfect fluid matter in diverse dimensions. These include big-bang
models that re-collapse, big-bang models that approach de Sitter acceleration at late
times, and bounce models that are both past and future asymptotically de Sitter.
The re-collapsing and the bounce geometries are all tall in the sense that entire
spatial slices become visible to a comoving observer before the end of conformal time,
while the accelerating big-bang geometries can be either short or tall. We consider
the interpretation of these cosmological solutions as renormalization group flows in a
dual field theory and give a geometric interpretation of the associated c-function as
the area of the apparent cosmological horizon in Planck units. The covariant entropy
bound requires quantum effects to modify the early causal structure of some of our

classical big-bang solutions.
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Agrip a islensku

Utdrattur

Vid rannsokum heimsfradilausnir i pyngdarfraedi Einsteins med jadkveedum heims-
fasta 1 ymsum viddum. Medal lausnanna eru miklahvellslikén sem hrynja saman,
miklahvellslikon sem nélgast de Sitter-hr6oun pegar fram lida stundir og ,endurkasts-
likon“ sem nalgast de Sitter-hrédun i fortid og i framtid. Ennfremur rannsékum vio
hvernig tilka méa timapréun 1 bessum likonum sem endurstodlunarfleedi 1 svioskenn-
ingu sem byr & jadrinum. Fundin er samsvérun & milli c-falls 1 svidskenningunni og
syndarsjondeildar 1 pyngdarfraedinni, nanar tiltekid mé tilka c-fallid rimfraedilega
sem flatarmél syndarsjondeildarinnar i Planck-einingum. Hnita6had 6reioumork sem
tengjast heilmyndartilgatunni setja skordur & sum miklahvellslikonin. Vid alyktum

ad skammtaahrif rétt eftir miklahvell hlj6ti a0 valda pvi ad 6reidumorkin séu virt.
Yfirlit

Heimsfasti Einsteins er viobotarlidur i svidsjofnum almennu afstaediskenningarinnar
sem tulka ma & pann veg ad sjalft tomid bui yfir orkupéttleika. A allra sidustu ar-
um hefur 4hugi manna 4 pyngdarfraedi med jakvaeoum heimsfasta aukist gridarlega.
Ahugann ma medal annars rekja til nidurstadna nylegra maelinga sem gefa sterklega
til kynna a0 utpensluhradi alheimsins fari vaxandi en slika atpenslu m4 skyra fraedi-
lega med jakvaedum heimsfasta. I ritgerdinni er saga heimsfastans rakin stuttlega,
ahrif hans 4 timapréun alheims eru ttskyrd og raett er um maelingarnar sem komu
ollu fjadrafokinu af stad.

Heimslikon med jakvaedum heimsfasta eru ekki sidur 4hugaverd fra fraedilegu sjon-
armidi. Nylega var sett fram tilgdta um ad pyngdarskammtafraedi i de Sitter-rtimi

meetti lysa med evklidskri hornraekinni svidsfraedi & jadri timartimsins. Morg heims-
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likn med jakvaedum heimsfasta proast yfir i de Sitter-ram pegar fram lida stundir
og bvi er dhugavert ad kanna hvort likon af bessu tagi eigi sér einnig samsvorun {
skammtasvioskenningu 4 jadrinum. Svipud tviedli milli tveggja kenninga hafa reynst
hreinasta gullnama fyrir edlisfreedinga undanfario, medal annars vegna pess ad pau
gera monnum kleift ad framkveema ttreikninga i peirri kenningu bpar sem beir eru
meodfaerilegri og flytja nidurstéournar svo yfir i hina kenninguna. Meginmarkmid
pessarar ritgerdar er ad kanna pessa meintu samsvorun betur.

Vid byrjum & bvi ad finna nakvemar heimsfraedilausnir & pyngdarfraedi Ein-
steins med jakveedum heimsfasta i mismunandi fjélda vidda. Vio einskordum okkur
vi0 einsleit og einsatta heimslikon sem hafa efni i formi fullkomins vokva og linulega
astandsjofnu. Pratt fyrir pessa takmorkun finnum vid margbreytilegar nakvaemar
lausnir en i framhaldinu beinum vid sjonum okkar ad peim sem hafa sivaxandi ut-
bensluhrada likt og alheimurinn okkar.

Hradaaukningin veldur pvi ad synilegur hluti alheimsins er takmarkadur vid
endanlegt rimmal og jadar hans myndar sjondeildarflot sem hefur ymsa nystar-
lega eiginleika. I 1j6s kemur ad yfirbordsflatarmal syndarsjéndeildarinnar mé tulka
sem svokallad c-fall { skammtasvioskenningunni sem svarar til heimslikansins. Til ad
geta rokstutt pessa fullyrdingu eru tvenns konar sjéndeildarfletir kynntir og sam-
reemid milli pyngdarskammtafraedi og hornraekinnar svidsfraeoi raett. Sérstok ahersla
er 16gd & ba tilgatu ad timapréun i heimi sem stefnir & de Sitter-hegdun svari til
endurstédlunarflaedis i svidskenningunni. I fjarlaegri framtid stefnir svidskenningin 4
utfjolublaan kyrrapunkt par sem hin verdur hornrakin.

Ad lokum bendum vid 4 ad i sumum miklahvellslikonum eru éreidumork rofin
strax eftir miklahvell. Pessi mork tengjast svonefndu heilmyndarlogmali sem er tt-
skyrt 1 stuttu mali { sjdunda kafla. Rofid & 6reidumoérkunum ma hins vegar rekja til
svaedis 1 timartiminu par sem buast ma vid pvi a0 skammtaahrif séu mikilveeg.

Efni pessarar ritgerdar hefur ad hluta til verid birt i timaritinu Journal of High

Energy Physics i mai 2002, sja [1].
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Introduction

In recent years there has been growing interest in the study of gravity with a positive
cosmological constant A. This is in part due to cosmological observations indicating
that our universe is undergoing accelerated expansion compatible with a small pos-
itive cosmological constant [2-5|, but also because of various interesting theoretical
issues that arise, see e.g. [6-15]. In particular, it has been conjectured that gravity
in n+1-dimensional de Sitter spacetime has a dual description as a Euclidean con-
formal field theory in n dimensions [15]. The proposed dS/CFT duality has been
extended to more general spacetime geometries that are asymptotically de Sitter,
with cosmological evolution interpreted as a renormalization group flow on the field
theory side [16,17]. The physics is in some respects analogous to that of the much
better understood AdS/CFT duality and related renormalization group flows [18],
but other aspects are clearly quite different. For one thing, supersymmetry is absent
from de Sitter gravity. Another important feature is the finite area of the de Sitter
event horizon [19], which has been argued to put a finite upper limit on the number
of available degrees of freedom in de Sitter gravity [9-11,20]. This would in turn
imply that the proposed dS/CFT duality could only be exact in the limit of infinite
de Sitter entropy, which implies a vanishing A [21].

In this thesis we study issues related to dS/CFT duality in a relatively simple
context. We start by finding explicit solutions of Einstein gravity with a positive cos-
mological constant. These solutions describe different cosmological models and we
analyze their causal structure paying particular attention to cosmological horizons.

Moving on, we use our solutions to examine the aforementioned correspondence and
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in particular we find a relation between the area of the apparent horizon in the
cosmological models and the c-function in the corresponding field theory.

During the course of this investigation, there has been considerable activity in
this area of research. We note in particular [22], which studies cosmological models
in Finstein gravity coupled to a scalar field with emphasis on their interpretation
as renormalization group flows, and [23], which considers perfect fluid models and
contains some of the solutions that we present below. Most of the results presented

here were previously published in [1].

1.1 Notation and conventions

We will use units where A = ¢ = k£ = 1, but Newton’s constant G will be kept
explicit. Here 7 is Planck’s constant, ¢ is the speed of light, and £ is Boltzmann’s
constant. In these units the cosmological constant, which is denoted by the Greek
letter A, has the dimension of inverse length squared. Newton’s constant G has
the same dimension as ‘area’ in n+1 spacetime dimensions and defines the so-called

Planck area.

1.2 Outline

We begin in chapter 2 by reviewing the early history of the cosmological constant.
We explain how recent astronomical observations have made it an idea deserving
serious consideration, despite its checkered past. In the next chapter we present
a number of analytic cosmological solutions of gravity with positive A in various
spacetime dimensions. We restrict our attention to homogeneous and isotropic cos-
mological models with perfect fluid matter and linear equations of state. This rather
restricted framework yields a surprisingly rich set of exact solutions, which include
big-bang models that approach de Sitter acceleration in the asymptotic future, re-
collapsing big-bang models, and bounce geometries that approach de Sitter behavior
both in the asymptotic past and asymptotic future.

In chapter 4 we analyze the causal structure of the various solutions. This is
followed, in the next chapter, by a discussion of cosmological horizons, both event
horizons and apparent horizons. In chapter 6 we consider the interpretation of cos-

mological evolution as renormalization group flow in a dual field theory. In particu-
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lar, we identify the associated c-function with the area of the apparent cosmological
horizon in Planck units. The c-theorem then becomes a geometric statement about
the increase of the apparent horizon area in an expanding asymptotically de Sit-
ter spacetime. In the penultimate chapter we observe that the covariant entropy
bound [24-26] is violated at very early times in some of these models. The violation
may, however, be traced to a region of spacetime where quantum gravity effects are

expected to be important. Finally we close with a summary and discussion.
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The cosmological constant

The cosmological constant is an extra term in Einstein’s field equations of gen-
eral relativity which physically can be interpreted as the energy density associated
with empty space. In this chapter we briefly review the history of the cosmologi-
cal constant and explain how the inclusion of this vacuum energy term can effect
cosmological evolution. We will not worry too much about how physically plausible
the cosmological constant is nor will we try to explain why theoretical expectations
for the constant exceed observational limits by 120 orders of magnitude. This fact
is an embarrassing problem for particle physicists and an outstanding challenge, yet
definitely outside the scope of this thesis. For nice reviews of the history of the

cosmological constant and the so-called cosmological constant problem, see [27,28].

2.1 Introducing the constant

When Albert Einstein in 1917 first applied his theory of general relativity to the
universe as a whole it was generally believed that the universe was static. A static
universe is one that neither expands nor contract. From his original field equations
Einstein found that matter and energy gravitate and would make the universe col-
lapse on itself but that was unacceptable at the time. To get the desired static
solution Einstein was forced to introduce a new free parameter, denoted A, and
modify his field equations to

1
R, — §Rgu,, + Agy = 87GT,. (2.1)
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The new term was called the cosmological constant and if properly chosen it would
counterbalance the attractive force of gravity, thus rendering the universe static.
The resulting solution of the field equations became known as the Einstein static

universe.

Technically, to see how the inclusion of A saved Einstein’s world-view we can
look at a standard model of cosmology, called the Friedmann-Robertson-Walker
universe [29]|. On a very large scale the universe appears to be spatially homogeneous
and isotropic. Using these properties the metric can be simplified and put in the
Robertson-Walker form

dr?

2 _ 3.2 2
ds* = —dt* + BA(t) |-

+ r? (d6? + sin® 0d¢?) | . (2.2)

These are co-moving coordinates, which means that the universe expands or con-
tracts as the scale factor R(t) increases or decreases, but galaxies keep fixed coor-
dinates r, 6, and ¢. We can scale the coordinate r in such a way as to make the
curvature parameter k£ take on one of the three values +1, 0, or —1 depending on

whether spatial sections are positively curved, flat or negatively curved.

To solve Einstein’s field equations we need to know something about the energy-
momentum tensor 7}, on the right hand side of equation (2.1), in particular we need
to know what kind of matter fills the universe. It is a good approximation to model
the matter as a perfect fluid with energy density p and isotropic pressure P. The

energy-momentum tensor is then
Tyw = (p+ P)UU, + Py (2.3)

where U, is the four-velocity of the fluid. Using this form of 7}, and the metric

(2.2) Einstein’s field equations reduce to the two Friedmann equations

dR\” stGp_, A
(E) = Ty Bk
d’R arG A

If we had started with the field equations in the original form without the cosmo-
logical constant the two terms containing A would be missing. The solution of these

equations tells us how the scale factor R changes with time and therefore how the
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universe evolves. In order to get a static universe Einstein wanted R to be inde-
pendent of time, i.e. dR/dt = 0. Since all normal matter has p > 0 and P > 0 we
see from the second equation in (2.4) that d?R/dt? can only vanish if A > 0 and
hence the same goes for dR/dt. Therefore there is no static cosmological solution
to Einstein’s original field equations without the cosmological constant.

Thirteen years after Einstein introduced the cosmological constant Edwin Hubble
discovered at the Mount Wilson Observatory that the universe is indeed expanding
and therefore a static solution was no longer necessary. Einstein abandoned his idea
of a cosmological constant and later referred to it as “the biggest blunder of my life.”
As we will see later that judgment was probably a bit premature.

The cosmological constant fits well into the mathematical framework of general
relativity. The left hand side of equation (2.1) is the most general two-index sym-
metric tensor which is divergence free and can be constructed locally from the metric
and its derivatives up to second order [30]. Although the constant term is justified,
originally Einstein did not include it in his equation because in the limit of slow
motion and weak field one can only obtain Newtonian theory if A = 0. Newtonian
theory of gravity describes the movement of planets in our solar-system adequately
and Einstein wanted his theory to reduce to the Newtonian one in this limit. But
if A is sufficiently small the deviation from Newtonian theory is too small to be
observed in our galaxy. Therefore there is no valid reason to ignore cosmological
models with a small but non-vanishing cosmological constant.

In fact, recent cosmological observations indicate that our universe is undergo-
ing accelerated expansion compatible with a small positive A. By using Type Ia
supernovae as standard candles astrophysicists can examine the past evolution of
the universe and plot graphs of the scale factor similar to the one shown in figure 3.2.
Two independent research groups have discovered from such observations [2-5] signs
consistent with a small positive cosmological constant. Although the error bars
are too large to determine its exact value, the evidence that it is greater than zero
is convincing. Further evidence comes from measurements of anisotropies in the
cosmic microwave background [31,32]. From the anisotropies the spatial geometry
of the universe can be determined and it appears to be flat. On the other hand,
measurements of the matter density show that there is simply not enough matter
in the universe to make it flat, not even if dark matter is included. To secure a
flat universe the total energy-matter density has to have a certain critical value and

matter apparently only constitutes about 30% of that value. The difference must
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come from some unknown phenomena that behaves like a cosmological constant and

is sometimes called dark energy.

The cosmological constant can be interpreted as the energy density of the vacuum
or dark energy as follows. Rewrite the field equations so that the constant appears
on the right hand side of equation (2.1). In empty space the energy-momentum
tensor T, is zero but since the constant term is proportional to the metric g,, the

right hand side now looks like a vacuum energy-momentum tensor

Tlgc = —PvacYuv (25)

where py,c = A/8mG. The vacuum can therefore be thought of as a perfect fluid as
in (2.3) with the equation of state

Pvac = —Pvac- (26)

This means that gravitationally A behaves like matter and energy except that it has
negative pressure! The dark energy therefore creates a repulsive force that acts to

expand the universe.

2.2 de Sitter spacetime

Although Einstein abandoned the idea of a cosmological constant some physicists
found it hard to relinquish the idea. For a long time it was certainly believed that our
universe was not described by a theory including such a constant but nevertheless
theorists found the idea fascinating. They continued to play with it for various
reasons, not least because of the fact that in quantum field theory the energy density
of the ‘vacuum’-which is the state of lowest energy—cannot be calculated with any

confidence.

Shortly after Einstein first introduced the constant his friend the Dutch as-
tronomer Willem de Sitter suggested a maximally symmetric cosmological model
which had a positive cosmological constant but no matter at all. This model is

called de Sitter spacetime (dS) and will play an important role in this thesis. The
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metric can be written in global coordinates® as
ds* = —dt* + (cosh® Ht) dS27, (2.7)

where d©)2 is the line element of the n-dimensional unit sphere. In these coordinates
de Sitter spacetime looks like an n-sphere which starts out infinitely large at ¢ = —oo,
shrinks to a minimal finite size at ¢ = 0 and then grows again to infinite size as
t — +o0o. The scale factor grows exponentially and the Hubble constant H in the

exponent is related to the cosmological constant by

H= \/g (2.8)

Empty de Sitter spacetime is homogeneous and has a constant positive curvature.
In 3+1 dimensions it may be regarded as a four-dimensional hyperbolic surface of
radius 1/H,

—(20)? + (21)? + (72)* + (23)° + (z4)* = 3/A (2.9)

embedded in a five-dimensional space with the usual Minkowski metric. The space-
time contains two boundaries which are the past and future spheres.

The corresponding space with negative A is called anti-de Sitter space (AdS) and
has received increased attention lately in connection with the so-called AdS/CFT
correspondence [18,34]. The purpose of this thesis is partly to examine the related
dS/CFT correspondence and therefore we will not examine AdS spaces here but

primarily focus on spaces that show asymptotic de Sitter behavior.

'In some cases another choice of coordinates is more appropriate. For more information on
de Sitter space, see e.g. [33].
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Cosmological models with positive

vacuum energy

In this chapter we write down a simple form of Einstein’s equation in terms of dimen-
sionless variables for perfect fluid matter with linear equation of state in arbitrary
spacetime dimensions. We then analyze the qualitative evolution of such models

and find explicit solutions in some special cases.

3.1 Dimensionless variables

Let us consider n+1-dimensional homogeneous and isotropic cosmological models
with n > 2 and a positive cosmological constant. The analysis of such models in
3+1 dimensions is standard material, see for example [29,35|, and many qualitative
features carry over to general dimensions. The metric can be put into Robertson-
Walker form,

dr?
1—kr?

ds® = —dt* + R*(t) ( + 7“2in1> : (3.1)
where dQ2_, is the line element of an n — 1-dimensional unit sphere. The geometry
of constant ¢ slices depends on the sign of the parameter k, being spherical for
k > 0, flat for £ = 0, and hyperbolic for £ < 0. It is common to rescale the spatial
coordinates in such a way as to make k£ equal to 1,0, or —1, but we will not do that

here. Instead we choose to retain the freedom to rescale the coordinates and our

11
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results will be given in terms of parameters that are invariant under such rescalings.

We take the matter to be a perfect fluid as in (2.3). Einstein’s equation and

energy-momentum conservation can then be expressed as

(%) _ n(%_l)[A%—&er] R?—k, (3.2)
@ prp). (3.3)

Notice that in the case n = 3 equation (3.2) reduces to the first equation in (2.4),

as expected. We will restrict our attention to equations of state of the form
P =ap, (3.4)

with constant a. Two cases of interest are radiation, with o = 1/n, and pressureless

dust, with o = 0, but we will also consider other cases.

Equation (3.3) integrates to
logp=—(1+ a)n log R+ const . (3.5)

The integration constant can be expressed in terms of the scale factor at ‘cross-over’,

i.e. when the matter energy density equals the vacuum energy density,

A

— 3.6
el (3.6)

R=R,<— p=pr=

or equivalently

(1+a)n
p R,
R _ 3.7
( R) (3.7)

Inserting this into equation (3.2) gives

dR\* 2A R, Uton
i =" |1+ ol
( dt ) n(n —1) ( R >

Since we take the cosmological constant to be a fundamental scale in our theory we

R* — k. (3.8)
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can use A to change to dimensionless variables. We define

2A R nin—1
"=\ =D t, u= R FT 7(2AR§) k, (3.9)
and then obtain
du)” 2, —(l+a)n+2

We observe that, while both £ and R, change under rescaling of the spatial coordi-
nates,  is invariant. We also note that equation (3.10) only involves the combination
(1 + a)n, which means in particular that the evolution for pressureless dust in n+ 1

dimensions is identical to that for radiation in one less dimension.

3.2 Qualitative picture

Various values of n and « yield simple analytic solutions and we analyze some of
these below. We can, however, get a qualitative picture of the solutions for any n

and « by rewriting equation (3.10) as

)" 4 ofu) (311)
— v(u) = —kK .
dr ’
and proceeding by analogy with one-dimensional particle motion in the potential
v(u) = —u? — y~(1+ein+2, (3.12)

The corresponding analysis for 3-+1-dimensional cosmological models is carried out
in [29]. A typical potential is drawn in figure 3.1. The parameter —x plays the role
of the total energy of the particle. For x below a certain value kg, or equivalently, a
total energy above the maximum of the potential, the particle can roam from u = 0
to u — oo and one obtains big-bang solutions that eventually approach de Sitter
acceleration. Time-reversed solutions, describing a past asymptotically de Sitter
universe that ends in a big crunch singularity, are also allowed.

Geometries with Kk > k¢, on the other hand, correspond to a total energy below

the maximum of v(u). The particle is then either confined to small values of u,
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v(u)

Uo

—Kg —

Figure 3.1: A typical potential for the equivalent particle motion.

resulting in big-bang solutions that re-collapse to a big crunch, or the particle comes
in from large u and is reflected off the potential barrier. These reflecting ‘bounce’
solutions are less realistic than the big-bang geometries from the point of view of
cosmology but, being both past and future asymptotically de Sitter, they may prove
useful for exploring the dS/CFT correspondence. Finally, we have the Einstein static
universe with kK = kg, corresponding to the particle perched in unstable equilibrium

at the top of the potential.

3.3 Spatially flat models

It is always useful to have explicit solutions to work with and in the following we
present several examples. We begin by restricting our attention to spatially flat
models with x = 0. In this case, an exact solution to the evolution equation (3.10)

for any combination of n and « is given by [23]

u(r) = sinh? (%) , (3.13)

with # = 2/(1 + a)n. These solutions describe big-bang geometries that expand
from an initial singularity. They eventually enter an accelerating phase and are
future asymptotically de Sitter. We have placed the origin of our time coordinate,

7 = 0, at the initial singularity. For small 7 the scale factor is

u(r) ~ <Z>ﬂ : (3.14)
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which is the expected behavior for the early universe. At late times the cosmological

term takes over and we instead find
u(r) =27 P e, (3.15)

which is de Sitter behavior.

These are by no means generic models, given that the matter energy density has
been fine tuned to give £ = 0, but the special case 3 = 2/3, which is found in [36]
and corresponds to pressureless dust in 3+1 dimensions, appears to fit the observed
universe rather well today [2-5]. In order to exhibit the full range of behavior
outlined earlier, including re-collapsing universes and bounce geometries, one has to
allow generic matter energy density, i.e. x # 0. In this more general case, explicit
solutions are only found for certain combinations of n and a and we work out some

of these below.

3.4 Radiation models in 34+1 dimensions

Let us consider n = 3 and matter in the form of radiation with @ = 1/3. The
same evolution is obtained for n = 4 and « = 0, which corresponds to dust in 4 + 1
dimensions. The equivalent one-dimensional potential reduces to v(u) = —u? —u 2,
with a maximum at ug = 1 that corresponds to ko = 2. It is then straightforward to
integrate equation (3.10) and obtain the scale factor in closed form. The qualitative
physical behavior of these solutions is well known [29] and depends on the value of

k and the boundary conditions imposed on the integration.

3.4.1 Big-bang solutions

We begin with big-bang geometries that expand from an initial singularity. The

solution takes the form

u(r) = \/sinh 27 + (g) (1 —cosh27), (3.16)

where we have used time-translation symmetry to put the initial singularity at 7 = 0.
This relatively simple expression for the scale factor is valid for any value of k¥ and

thus covers all three cases of positive, flat, and negative spatial curvature. All these
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models have the same initial rate of expansion,
u(T) =~ V2r, (3.17)

as expected for a radiation-dominated universe in 3 + 1 dimensions (or pressureless
dust in 4+1 dimensions) but the late time behavior is governed by the value of .
For matter energy densities, such that x < 2, the vacuum energy density eventually
dominates and the scale factor ultimately approaches the exponential expansion of

de Sitter spacetime,

u(T) ~ e as T —o0. (3.18)

Note that the dividing line between eternal expansion and re-collapse does not occur
at the spatially flat solution. In the presence of a cosmological constant we can in
fact have an ever expanding geometry with spherical spatial sections that are finite
in extent at any given cosmic time. In such a universe the matter energy density is
large enough to give closed spatial sections but not enough to overcome the effect

of the positive cosmological constant.

If, on the other hand, the matter energy density is large enough to give k > 2

the universe expands to a maximum size,

K
max — P __1, 3.19
u 5 1 (3.19)

and then re-contracts back to zero scale factor at a finite time,

1 K+ 2
=5 10g(/{_2> : (3.20)

As k — 2% the total lifetime, 7, before the universe ends in a big-crunch, becomes
arbitrarily long. As k — 0o, however, the matter energy dominates and the total
lifetime is vanishing on the timescale set by A. One can then expand the hyper-
bolic functions in equation (3.16) to leading orders to recover the behavior of a

re-collapsing 3+1-dimensional universe with radiation and A = 0,

u(r) x4 [— — = (3.21)
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Figure 3.2: The scale factor v as a function of 7 for big-bang models with matter
in form of radiation and x = 2.2 (solid curve), k = 2.0 (dotted curve), and k = 1.8
(dashed curve).

The ratio of matter and vacuum energy densities is given by

£ = . (3.22)

Since uymax < 1 for all kK > 2, the matter energy density exceeds the vacuum energy
density at all times in the re-collapsing geometries.
Finally, there is the borderline case of kK = 2 where the expansion slows down

with time and the scale factor approaches a fixed value from below,

u(r) = Vi—e®

— 1 as 7—o00. (3.23)

This solution, which approaches the Einstein static universe, is unstable in the sense
that if xk deviates at all from 2 the universe eventually finds itself collapsing back to
zero size or undergoing exponential expansion. Figure 3.2 depicts the scale factor

for big-bang models with different values of .

3.4.2 Bounce solutions

Bounce solutions only occur for £ > 2 and therefore have spherical spatial sections.
The spacetime geometry is non-singular and asymptotically de Sitter both in the
past and future. Initially the scale factor is decreasing but after reaching a finite

minimum value it bounces back and eventually approaches exponential de Sitter
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Figure 3.3: The scale factor u as a function of 7 for bounce models in 3+1 dimensions.
The dotted curve is for kK = 2.01 and the solid curve is for k = 3.

expansion. The bounce solutions are given by

2
u(r) = \/g—f-\/%—l cosh 27 (3.24)

where we have chosen the zero of the time coordinate to be when the scale factor

takes its minimum value,

+4/ = —1. (3.25)

Umin = U(O) = 4

o[ X

Note that um;, > 1 for all K > 2 so, by equation (3.22), the vacuum energy exceeds
the matter energy at all times. Examples of bounce geometries are displayed in
figure 3.3.

In the limit x — 2% the solution spends a long time ‘near’ the Einstein static
geometry. In the opposite limit, kK — 00, it instead approaches pure de Sitter space.
To see this, consider the energy density at x > 1, for which uy;, ~ /k > 1. It then
follows from equation (3.22) that the matter energy density is vanishing compared
to the vacuum energy at all times and the geometry must reduce to the de Sitter
vacuum. The same conclusion can also be reached by explicit calculation, writing
the Robertson-Walker line element (3.1) in terms of our dimensionless variables,
inserting (3.24) for u(7), and observing that the line element reduces in the x — oo

limit to that of de Sitter spacetime in global coordinates.

All the k > 2 solutions are time-symmetric around some reference time, at which
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Figure 3.4: The scale factor u as a function of 7 for big-bang models in 341 dimen-
sions with matter in form of dust and k = 2 (solid curve), k = 3 - 2723 (dotted
curve), and kK = 1 (dashed curve). This figure is based on numerical calculations.

the scale factor is at an extremum. The x < 2 big-bang solutions are, on the other
hand, asymmetric between the initial singularity and the future asymptotic de Sitter
expansion, but time-reversed solutions, with de Sitter contraction in the asymptotic

past and ending in a big crunch singularity, are also allowed.

3.5 Dust in 3+1 dimensions or radiation in 2+1

dimensions

Qualitative features of 3+1-dimensional cosmological models, with A > 0 and matter
in the form of dust, are outlined in [29,35]. We obtain such models by setting n = 3
and « = 0 leading to an effective one-dimensional potential v(u) = —u? —u~'. The
same potential is obtained for a 2+1-dimensional radiation-filled universe with n = 2
and o = 1/2. The potential has its maximum at u = uy = 27'/% and its value at
the maximum gives kg = 3 - 27%/3,

The analytic solution for k = 0 is obtained by setting 5 = 2/3 in equation (3.13)
but numerical evaluation is required for general values of k. The solutions include
big-bang models that either approach de Sitter acceleration or re-collapse, depending
on the value of x relative to xo. There are also bounce solutions for x > kg, and
a dust-filled static universe (or radiation-filled universe in 2+1 dimensions) with
k = ko and u = ug. Figure 3.4 shows the scale factor in big-bang models for three

different values of k. The numerical calculation was done using Mathematica.
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v(u)

-1

Figure 3.5: The equivalent potential for for dust models in 241 dimensions.

3.6 Dust models in 241 dimensions

Another class of exact solutions is obtained for pressureless dust in 2+1 dimensions,
with n = 2 and @ = 0. They do not correspond to realistic cosmological models
but being asymptotic to 2+1-dimensional de Sitter space they provide a particularly
simple context in which to explore dS/CFT ideas. The equivalent one-dimensional
potential is v(u) = —u? — 1 and is drawn in figure 3.5. Note that the maximum of
the potential now occurs at u = 0.

For k < 1, one finds a family of big-bang solutions that eventually approach

de Sitter expansion,
u(T) = V1 —k sinhr. (3.26)

There are of course also the corresponding time-reversed big-crunch solutions.
For k > 1, there is a minimum allowed value for v and big-bang solutions which

expand from u = 0 are ruled out. There are, however, bounce solutions of the form
u(t) =vk—1coshr, (3.27)

which, like their 3+1-dimensional counterparts, approach pure de Sitter space in
global coordinates in the kK — oo limit.

Finally, we have the dividing value k = 1 for which the solution takes the form
u(t) = ug ™", (3.28)

with the sign in the exponent depending on whether the geometry is expanding or

contracting with time. We note that, with matter in the form of pressureless dust,
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v(u) v(u) v(u)

Figure 3.6: The particle potential close to v = 0 for three different equations of
state. (a) For =14+ 1/n < a < —1+ 2/n the slope of the potential approaches —oo
as u — 0, (b) for « = —1 4 1/n the slope is —1 and (¢) for —1 < o < =1+ 1/n the
slope is zero at u = 0.

there is no analog of the Einstein static universe in our 2+1-dimensional cosmology

and no re-collapsing big-bang geometries.

3.7 Negative pressure matter

Let us finally consider models with o < 0, where the matter has negative pressure.
Such equations of state occur for various dynamical matter systems, for example a
minimally coupled scalar field. Negative pressure matter has been invoked to explain
the observed cosmic acceleration in the absence of a cosmological constant [37-39].
Our focus here is on gravity in asymptotically de Sitter spacetime so we retain the
cosmological constant term and take the negative pressure fluid to have —1 < a < 0.1

We note that this form of matter satisfies the dominant energy condition,
p>|P|. (3.29)

For equations of state in the range —1+2/n < « < 0 the equivalent particle potential
(3.12) has a form as shown in figure 3.1 and we obtain the corresponding types of
cosmological solutions, including ever-expanding big-bang models for k¥ < kg, and
re-collapsing big-bang models and bounces for k > k9. At a = —1 + 2/n we get
the same solutions as in the 2+1-dimensional dust models described above. In the
remaining range —1 < a < —1 + 2/n the particle potential approaches v = 0 as
u — 0 but the rate of approach depends on the value of « relative to —1 + 1/n, as
illustrated in figure 3.6.

ITaking the equation of state ot = —1 corresponds to changing the value of A but that does not
give us a new model.



22 Chapter 3  Cosmological models with positive vacuum energy

In all three cases, the solutions with k < 0 are big-bang models that accelerate
forever, while only bounce solutions are obtained for x > 0. Spatially flat solutions
may be obtained as k — 0 limits of either type of model but, as we will see later
on, the two limits do not give the same geometry.

We can obtain exact solutions for &« = —1 + 1/n which is the case shown in
figure 3.6b. Then the particle potential reduces to v(u) = —u? — u. For k < 0 one

finds a family of big-bang solutions,
u = sinh? g ++/—ksinhT, (3.30)

that approach de Sitter expansion at late times. The time-reversed big-crunch so-
lutions are also allowed.

For k > 0, on the other hand, there are only bounce solutions with

1 1
u(T) = /K + ZcoshT—§. (3.31)

Note that for k = 0, the big-bang solution may be extended to cover negative 7 as
well, and then it formally agrees with the x — 0 bounce solution. In section 4.5 we
will see, however, that the x — 0 bounce geometry has vanishing spatial volume at
the symmetry point 7 = 0, while the x = 0 big-bang geometries (3.13) have infinite

spatial sections at all finite 7 > 0.



Causal structure

In this chapter we consider the global causal structure of the various cosmological
solutions that we have presented. The spacetimes we are looking at are difficult
to draw on a piece of paper because they contain infinite distances in time and
space, and also because they have three or more dimensions and are generally not
flat. Penrose diagrams are two-dimensional figures that capture important global
features of the geometry. We calculate the Penrose diagrams for our solutions and in

particular we find that in most cases the conformal time converges in the far future.

4.1 Penrose diagrams
For a Robertson-Walker metric (3.1), conformal time 7 is defined through
dn = —— (4.1)

so that
2

r
1—kr?

ds® = R*(t(n)) (—d772 + + 7“2in_1> . (4.2)

The line element can be expressed in terms of dimensionless variables as follows,

2A 2
d82 — U (T)
n(n—1) ||

(=dii® + dx* + f(x)%dQ2_,) , (4.3)

23
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with dij = |k|'/?dn = |k|'/?dr /u(7) and

sin x if k>0,
FOO=k"r=4 x if x=0, (4.4)
sinh y if k<0.

For the spatially closed models with k > 0, the radial variable x is the polar angle of
an n-sphere and has a finite range 0 < x < 7, while for K < 0 we have 0 < y < 0.

Penrose diagrams are plots of conformal time against the radial variable. For the
geometries with k # 0 it is convenient to use the dimensionless variables 77 and x,
but for k = 0 the dimensionless variables are degenerate and one has to use n and
r instead. Each point in the diagram represents a transverse n—1 sphere of proper

‘area’

(n-1)/2
M) (4.5)

A= aucs (e u) 00) (M0

where a,_1 = 27™/?/I'(%) is the area of the n—1 dimensional unit sphere. This
expression for the transverse area has a smooth limit as x — 0 and may be used for
all our solutions. Radial null-curves appear in a Penrose diagram as straight lines

at 45° angle from the vertical.

4.2 Penrose diagrams for spatially flat models

We first construct Penrose diagrams for the spatially flat models of section 3.3.
Conformal time is obtained by inserting the scale factor (3.13) into equation (4.1)
and integrating over time. These models all accelerate forever in comoving time but
conformal time nevertheless remains finite as 7 — oo. In some cases, however, the
expansion starts off too slow for conformal time to converge early on.

For 8 < 1,i.e. (1+a)n > 2, the integration converges at both ends and conformal

nn—1) (7 dzx
"=\ anm Asmﬂwm’ 4o

where we have chosen to put n = 0 at the initial singularity. The integral can be

time may be defined

expressed in terms of the incomplete Euler beta function after a change of variables
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(@) (b)

Figure 4.1: Penrose diagrams for spatially flat and hyperbolic geometries: (a) with
B <1, (b) with 5> 1.

toy =1—exp(—2z/3). We get

Tdr s [T ey
/Osinhﬁ(x/ﬂ) = 2°7°3 Y (1—y)>"dy
_ 913, (1- 5,2) (4.7)

where we have used the shorthand v = 1 — exp(—27/3). The maximal conformal

time is finite and given by

n(n —1)

Nmax = TRf 218 B (1—ﬂ, g) ) (4.8)

where B(a,b) is the usual Euler beta function. The resulting Penrose diagram is
shown in figure 4.1a. The geometry has infinitely large spatial slices but only a finite

spatial region is in the causal past of any given comoving observer.

For § > 1 the integration in (4.6) diverges at the lower end. As a result we find

it more convenient to take 7 — oo as our reference point, » = 0, when defining

n(n—1) [ dx
”(T):_\/ 2AR? / sinh?(z/3) (4.9)

Now define null coordinates

conformal time,

1
z* = E(nir), (4.10)
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and then perform a conformal transformation to another set of null coordinates,
x* = tan&F, to bring infinity to a finite coordinate distance. The final step in
constructing the Penrose diagram in figure 4.1b is to identify which values of £+
and £~ correspond to physical values —oo < 7 < 0 and 0 < r < oo. The initial

singularity is located at past timelike infinity and at past null infinity.

The Penrose diagrams in figure 4.1 are constructed from classical solutions of the
gravitational equations. The difference between the two diagrams can be traced to
the behavior of the scale factor at very early times. In fact, the divergent contribu-
tion to the past conformal time in (4.9) comes from within a Planck time following
the initial singularity. Quantum effects will presumably dominate during this period
and classical solutions are unlikely to describe the physics correctly. The physical
relevance of the Penrose diagram in figure 4.1b is therefore questionable and in chap-
ter 7 we will indeed find that such diagrams represent behavior that is inconsistent
with holography and the covariant entropy bound. The appropriate way to deal
with models with # > 1 and ¥ < 0 is to put a cutoff at the Planck time on the
lower bounds of integration in (4.9) to avoid extending the classical description into
a period dominated by quantum effects [40]. The Penrose diagram then becomes
that of figure 4.1a.

4.3 Radiation in 34+1 dimensions

We now consider the 3 + 1-dimensional big-bang solutions with radiation (3.16), for
which

T dx
/o y/sinh 2z + (k/2)(1 — cosh 2z) |

1/2

0= |k| (4.11)

The models with £ < 2 accelerate forever in comoving time but the conformal time
nevertheless remains finite in the limit 7 — oco. The maximal conformal time is

given by

2|k |12 2
o = A K[ +”], (4.12)

nmax—\/m _2—/{',
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(a) (b) () (d)

Figure 4.2: Penrose diagrams for x > 0 models. Thick lines indicate singulari-
ties. (@) Short big-bang geometry, (b) tall big-bang geometry, (c) tall re-collapsing
geometry, (d) marginally tall re-collapsing geometry.

where K[m] = fol dy {(1 —4?)(1 — my?)} /2 is the complete elliptic integral of the
first kind.! Conformal time also remains finite in a re-collapsing universe with x > 2.
In this case the integration in (4.11) is cut off at the big crunch at 7, = 3 log(££2).

The global causal structure depends on the shape of the Penrose diagram, which
in turn depends on the value of the maximal conformal time. For solutions with
k > 0 the Penrose diagram is ‘tall’ if 7, > . In this case the entire spatial
geometry is eventually in the causal past of any given comoving observer. If, on the
other hand, 7,.x < 7 the geometry is said to be ‘short’ and a comoving observer
can only be influenced by events in part of the spatial geometry.

The family of big-bang solutions with 0 < k < 2 is easily seen to include both
tall and short geometries, as indicated in figure 4.2. In the limit k — 2 the solution
approaches the Einstein static universe and 7.y in (4.12) diverges logarithmically,
leading to an arbitrarily tall Penrose diagram. On the other hand, 7,,,x goes to zero
when ¥ — 0 and the associated Penrose diagram becomes arbitrarily short. The
k = 0 Penrose diagram in figure 4.1a may be obtained from the x > 0 diagrams
by rescaling both axes in figure 4.2a by 1/\/E before taking the £ — 0 limit. The
Penrose diagrams for hyperbolic k¥ < 0 big-bang geometries are the same as for the

spatially flat case and are shown in figure 4.1.

For the re-collapsing big-bang solutions with x > 2, conformal time is cut off at

'The fact that K[—1] = B (3, 3) provides a check on our results. Otherwise (4.8) and (4.12)

would give conflicting values for 9,y in the 3 + 1-dimensional radiation model with k = 0.
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the big crunch singularity. These geometries are nevertheless all tall. For x close
to 2 they are very tall (figure 4.2¢) as the lifetime of the universe diverges in the
k — 27 limit, while for large « (figure 4.2d) they are marginally tall (fjmax — 7) and
we recover the behavior of closed cosmological models with A = 0 where the spatial
geometry becomes fully visible to a comoving observer at the big crunch.

The causal structure of the x > 2 bounce solutions (3.24) can be analyzed in a

similar fashion. In this case we have —fmax < 7 < Mmax With

nm ax

\/E/ dzx

0 K K2

\/§+\/I—1cosh2x
1

2/ dy .
0 \/2y2+,/1—%(1+y4)

The integral is clearly a decreasing function of x, with 7jmax — 5 as £ — oo. This

(4.13)

means that the bounce geometries are all ‘tall’, in agreement with a general result
of Gao and Wald [41] regarding asymptotically de Sitter spacetimes.? The bounces
with kK — oo are approaching de Sitter spacetime and are therefore only marginally
tall but 7. diverges as k — 2% and so the family of bounce solutions contains
geometries with arbitrarily tall Penrose diagrams, see figure 4.3.

For x > 0 solutions the line element (4.3) determines the proper volume of the

spatial geometry as a function of comoving time,

ve) =2 (), (414)

in 3+1 spacetime dimensions (with a corresponding formula for the volume of 4+ 1-

dimensional dust universes). The minimum volume of a bounce universe occurs at

3/2 3/2
1 1 1 3
min — | & - - 5 2 2= . 4.1
Vi (2+ 1 /-e2> 7T (A) (4.15)

It is an increasing function of x, which approaches the minimum spatial volume of

T=0,

de Sitter space in global coordinates for large , and varies over a relatively narrow

2In contrast, some of our big-bang geometries were ‘short’. This does not contradict the results
of Gao and Wald since these are singular spacetimes which are only future asymptotically de Sitter.
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() (b)

Figure 4.3: (a) Marginally tall bounce geometry, (b) very tall bounce geometry.
range: Vinin(k — 00) = Viin (dS) = 232 Viin(k — 2).

4.4 Dust models

We now turn our attention to models with matter in the form of pressureless dust.
As mentioned previously, the 44 1-dimensional case is identical the 3+ 1-dimensional
radiation models we have just discussed. For 3+ 1-dimensional models with dust we
do not have explicit analytic solutions at our disposal, except for the k = 0 model,
but numerical results are in qualitative agreement with the picture obtained in 441
dimensions. In particular, 34+1-dimensional bounce geometries with dust are all tall,
as are the re-collapsing big-bang geometries. The same numerical calculations apply
to 2+1-dimensional models with radiation.

In section 3.6 we found explicit solutions for dust models in 2+1 dimensions.

The conformal time of the bounce geometries (3.27) is given by

n(r) = \/Z/OTcoiflx
- \/Z(Qarctan(eT)—g)- (4.16)
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Figure 4.4: Big-bang geometry for dust in 2+1 dimensions, with 0 < k¥ < 1.

The range is —7jmax < 7 < Tmax With

K

o

(4.17)

Tmax = o _1

As k is varied over its allowed range the bounce geometries go from being very tall

as k — 17 to marginally tall in the K — oo pure de Sitter limit.

So far the story is similar to the higher dimensional models but when it comes
to the big-bang models (3.26) we find different behavior. Conformal time is loga-

rithmically divergent as 7 — 0 for these models,

. _ [ |K| /°° dx

i) = 1—-kx /), sinhz
= e (£ (4.18)
B 1-x 8\erv1) '

The Penrose diagram for big-bang models with 0 < x < 1 is shown in figure 4.4. The

dimensionless radial variable has finite range 0 < x < 7, while the dimensionless
conformal time ranges from 77 — —oo at the initial singularity to 7 = 0 in the
asymptotic future. It follows that the entire spatial geometry is in the causal past
of an observer at x = 0 at any finite comoving time 7 > 0. We note, however, that
this strange property is derived from a classical solution but comes from a period of

early evolution following an initial singularity where classical solutions have limited
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validity.

The big-bang geometry with k = 0 is an example of a spatially flat model with
# > 1 (in fact § = 1) and the Penrose diagram is shown in figure 4.16. The same
Penrose diagram applies to the hyperbolic x < 0 models and the same reservations

apply concerning the physical relevance of such diagrams.

4.5 Negative pressure models

We close this chapter by analyzing the causal structure of the cosmological models
with negative pressure matter introduced in section (3.7). Let us first consider the
big-bang models (3.30) with x < 0. The initial expansion is linear in 7, just as it
was for dust models in 2+1 dimensions and the construction of the Penrose diagram

is analogous. Conformal time is defined

. — [ dz
i) = K/T sinhQ%—i-\/—/ﬁsinhx

= log (GT — 1) , (4.19)

eT—b

with b = 1 +§? The conformal time is logarithmically divergent as 7 — 0 and the

Penrose diagram is identical to the one in figure 4.1b.

For k > 0 we have the bounce solutions (3.31) with conformal time given by

= \/_/ Wcoshx——

= 2 (arctan g(7) — arctan g(0)) , (4.20)
where g(1) = 1/1+ & € — 1/ +. The range is —fjnax < 7 < Tjmax With
Tmax = ™ — 2 arctan g(0). (4.21)

Since fmax > 7/2 for all kK > 0 these bounce solutions are all tall. The limiting
behavior is fmax — 7/2 as k — oo, as appropriate for a bounce solution that
approaches the de Sitter vacuum, and 7max — 7m as kK — 0. The second limit is
interesting in that a bounce geometry with 7, > 7 is not only tall but ‘very tall’

in the terminology of [22]. Then an entire Cauchy surface lies in the causal past of
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a comoving observer at late times and also in the causal future of the same observer
at an early enough time. For this Cauchy surface we can, for example, choose the
spatial slice at 7 = 0, which is also when the proper spatial volume of the bounce

universe takes its minimum value,

Vinin = (\/E - &)n Vinin(dS) , (4.22)

where Viin(dS) = an[n(n — 1)/2A]™? is the minimum volume of the spatial slice
of n + 1-dimensional de Sitter spacetime in global coordinates. We note that the
minimum volume of the bounce universe vanishes as " in the k — 0 limit.

We also have a k = 0 big-bang solution, which is a special case of (3.13) with
B = 2, and has infinite spatial volume at any 7 > 0. The conformal time is linearly
divergent as 7 — 0, rather than the logarithmic divergence found for x < 0, but the
Penrose diagram remains that of figure 4.1b.



Cosmological horizons

A finite maximal conformal time implies a cosmological event horizon for a comoving
observer. This is, for example, evident in the Penrose diagram in figure 4.1a where
there are regions of spacetime which can have no influence on an observer at x = 0.
The existence of a horizon has interesting implications for cosmological observations
in an accelerating universe [42,43] and also motivates questions concerning hologra-
phy and entropy bounds, which we address in chapter 7. The event horizon forms
the boundary of the causal past of a comoving observer in the asymptotic future. It
can therefore only be described from knowledge of the full future evolution of the
cosmological model. The shaded regions in the various Penrose diagrams displayed

in chapter 4 are outside the event horizon of an observer at y = 0.

There is another notion of horizon which is based on local data. This is the
apparent horizon, which is at the boundary of future trapped (or anti-trapped)
spatial regions at any given cosmic time. In the de Sitter vacuum the apparent
horizon coincides with the event horizon, but in an evolving geometry, which is

future asymptotically de Sitter, the two will only agree in the far future.

5.1 The event horizon

Consider n+1 dimensional cosmological models that are future asymptotically de Sit-

ter. The scale factor of these solutions grows exponentially at late times. In terms

33
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of our dimensionless variables the asymptotic rate of expansion is always the same,
u(t) = ae’, (5.1)

but subleading behavior, such as the constant a, in general depends on the number

of dimensions, the equation of state, and the matter energy density.

The line element (4.3) implies that the event horizon of an observer at x = 0 is

the null surface

Xen(T) = Tmax — 7(7) - (5.2)

For a tall big-bang geometry with x > 0, for which 7y.x — Jmin > 7, the event
horizon comes into existence at 7 = 79, at which x.n(79) = 7, while for a short £ > 0
geometry, and also for all big-bang models with x < 0, the event horizon forms at

the initial singularity.

The proper area (n—1 dim volume) of the intersection of the event horizon with

the spatial volume at comoving time 7 is given by

1/ nt (n(n—1)\" /2
Aa(r) = ans (S 0) (M) 69)
where f(x) depends on the sign of k as in (4.4) and a,, ; is the area of the n—1-
dimensional unit sphere. The area starts out at zero when the horizon forms and then
increases monotonically with time in all our models that are future asymptotically
de Sitter. It is straightforward to show, using the asymptotic form (5.1), that

\/f|_1/2u(7')f(xeh(7')) — 1 as T — 00, (5.4)

for all @. The limiting value of the horizon area is therefore independent of «,

B (n—1)/2
Tlgl(f)lo Aen(7) = an 1 (%) = Ags - (5.5)

As expected, the area approaches the area of the cosmological horizon in empty
n+1-dimensional de Sitter spacetime with cosmological constant A. As time goes
on in an accelerating universe the spatial region inside the event horizon occupies an

ever smaller patch around x = 0 in comoving coordinates and the global structure
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Figure 5.1: The area of the event horizon relative to the corresponding de Sitter
horizon area, as a function of 7 for ever-expanding and re-collapsing big-bang ge-
ometries.

of the spatial geometry becomes irrelevant.

It is also easy to see, after appropriate rescaling of variables by powers of k, that
the kK — 0 limit of Ae,(7) is smooth and gives the same result as a direct £ = 0

calculation.

Now consider the bounce solutions which are both past and future asymptotically
de Sitter. The definition of the event horizon in equation (5.2) continues to hold,
and since these geometries are all tall the event horizon comes into existence at
Xen(70) = 7 at some finite comoving time 7. The area starts out at zero, then
increases with time until it approaches Ags at late times. Note that the area of
the event horizon grows with time even when the horizon forms at 75 < 0 in the

contracting phase of the bounce evolution.

Finally, we come to the big-bang solutions which re-collapse in a big-crunch
singularity. In this case, we can define the event horizon of an observer at y = 0
as in equation (5.2) with 7,.x taken as the conformal time at the final singularity.
With this definition the event horizon starts with zero area at y = 7 at some time
after the big bang. The horizon area grows initially but as the geometry collapses
towards the big crunch the area shrinks again and goes to zero at the final singularity.
Figure 5.1 shows how the ratio Ae,(7)/Ags evolves for two big-bang models, one that

accelerates forever and another that re-collapses.



36 Chapter 5 Cosmological horizons

5.2 The apparent horizon

Consider spherical n—1 surfaces centered on an observer at y = 0 in one of our
n+1-dimensional cosmological models. Such a surface is uniquely characterized by
a value of y and a conformal time 7. A radial null ray is orthogonal to such a
spherical surface. It is future (past) directed if 7 increases (decreases) along the
ray away from the sphere and outgoing (incoming) if x increases (decreases). Thus

there are four families of null rays orthogonal to each sphere.

Let A be the affine parameter of null rays in one of the null directions orthogonal
to a given spherical surface. By a linear transformation of A on each null ray we can
set A = 0 where this family of null rays intersects our surface and also ensure that
we advance at the same rate along all the null rays at A = 0. The surface intersected
by our null rays at infinitesimal parameter distance d\ is then also spherical. The
expansion 6 is then defined in terms of the rate of change of the proper area (4.5)

of the surface intersected by the family of null rays,

1 dA
0N\ = ——. 5.6
W=7 (5.6)
By a more general construction the expansion can be defined locally on any n—1
surface [35|, but for the purposes of the present discussion the above definition

involving spherical surfaces will be sufficient.

If a family of null rays orthogonal to a given spherical surface has non-positive
expansion, (A) < 0, it is referred to as a light-sheet of that surface. At least two
of the four families of null rays orthogonal to a surface will satisfy this condition.
The light-sheet extends along the family of null rays until positive expansion is
encountered, in which case it terminates. Light sheets play a key role in the covariant
entropy bound [24-26] which we will apply to some of our cosmological models in

chapter 7.

In a normal region of spacetime outgoing future directed null rays orthogonal to
a surface have positive expansion and incoming null rays have negative expansion,
see figure 5.2. If both future directed families of null rays have negative expansion,
i.e. are light-sheets, the surface is said to be in a future trapped region. This occurs,
for example, inside the event horizon of a Schwarzschild black hole. Referring to
figure 5.2, this means that the area of surface C' will decrease with time. That is

not surprising since we know that the outgoing light cannot escape the black hole.
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Figure 5.2: Imagine a spherical surface filled with light bulbs (B) at rest in some
reference frame. If we turn them all on at the same time the wavefront will form
two surfaces, one ingoing (A) and one outgoing (C). Normally we expect the area
of the ingoing surface to decrease and the area of the outgoing surface to increase.

If, on the other hand, both future directed families of null rays have positive
expansion, i.e. the past directed families are light-sheets, the spherical surface is in
a future anti-trapped region. An example of this behavior is provided by spherical
surfaces outside the cosmological event horizon of an observer in de Sitter spacetime.
Referring to figure 5.2, this means that the area of surface A will actually increase.
That is because the scale factor grows so fast that the ingoing light rays cannot keep

up with the expansion of the universe.

The boundary between normal and trapped (or anti-trapped) regions is called an
apparent horizon. At least one pair out of the four families of null rays has vanishing
expansion there. In de Sitter spacetime, for example, there is an apparent horizon
which coincides with the de Sitter event horizon. There is no reason to expect the

two types of horizons to coincide in more general, evolving geometries.

In our cosmological solutions we can, for example, identify the affine parameter
with the conformal time itself, A = +(77 — 7)), where 7y is the conformal time
coordinate of our spherical surface and the sign depends on whether the family of
null rays is future or past directed. Null rays that are orthogonal to the surface are

radial and satisfy dy/d\ = +1, with the sign indicating whether they are outgoing
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or incoming. For future directed null rays the expansion is thus given by

. ldu 1df
b= “"”(ad—ﬁim)

. L duv 1df
= ( 1)(\/Wd7'ifdx>’ (5.7)

with f(x) given in (4.4). An apparent horizon is located wherever

w (@) -7 (%) 69

1

In a universe undergoing accelerated expansion the apparent horizon" separates a

normal region at 0 < x < X.n and a future anti-trapped region at x > Xan. When

k > 0 we have f(x) = sin x and the apparent horizon condition (5.8) can be rewritten

sin (xan (7)) = (1 + % (3—3)2) o (5.9)

The area of the apparent horizon is then given by

as

1)\ (D72
Aan(7) = any (l{,_l/Qu(T) sin (xah(T)))W1 (%)

2

u (n—1)/2
= (crgay) A (510)

where Ays is the area of the corresponding de Sitter event horizon. By using the

evolution equation (3.10) we can eliminate the derivative of the scale factor to obtain

Aan(7) = (14 u @redm) =002 40 (5.11)

In cosmology this apparent horizon is also called the Hubble surface. It separates the sub-
luminal inner sphere from the superluminal outer sphere. Light emitted towards the observer by
galaxies inside the subluminal sphere approaches the observer, whereas light emitted towards the
observer by galaxies in the superluminal sphere recedes [44]. Various types of horizons are discussed
in e.g. [45].
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Figure 5.3: Penrose diagram for a bounce solution with the event horizon and both
apparent horzions indicated.

In the corresponding calculations for k£ < 0 solutions, equation (5.9) is replaced by

9\ —1/2
. S L
sinh (xan(7)) = ( 1+ P <dT> ) : (5.12)

and for the spatially flat case one has r,,(t) = (dR/dt)~". In all cases the end result
in (5.10) and (5.11) for the area of the apparent horizon is the same. We note that
A.n < Ags for all physical values of the scale factor and that A,y tends towards Ags
as u — 00.

An interesting feature of x > 0 solutions, whose spatial sections are n-spheres, is
that the apparent horizon condition (5.9) has two solutions that are equidistant from
the equator. In an expanding x > 0 universe the apparent horizon in the northern
hemisphere is the boundary between the normal region near the observer at xy = 0
and an anti-trapped region where both future directed families of null rays have
positive expansion. Beyond the other apparent horizon, which is in the southern
hemisphere, we are again in a normal region where one future directed family of null
rays has negative expansion and the other positive. It is, however, the null rays that
are outgoing with respect to the observer at y = 0 that have negative expansion.

Now consider bounce solutions. At the minimal scale factor we have du/dr = 0.
It then follows from equation (5.9) that both apparent horizons must be at the
equator at that point. The location of the two apparent horizons in comoving coor-
dinates can be traced throughout the bounce evolution as follows. In the asymptotic

past a pair of apparent horizons emerges from the north and south poles and in the
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contracting 7 < 0 phase the two polar regions are normal while the region between
the apparent horizons is future trapped. As the scale factor approaches its minimum
value the trapped region contracts to a narrow band around the equator, which then
vanishes at 7 = 0 when the two apparent horizons meet. In the expanding 7 > 0
phase the apparent horizons separate again but now the equatorial region has be-
come anti-trapped. In the asymptotic future the two apparent horizons approach
the north and south poles.

The cosmological event horizon in a future asymptotically de Sitter spacetime is
an example of a family of null rays that are orthogonal to transverse n—1 spheres.
The area of the transverse sphere intersected by the event horizon increases with
comoving time. It follows that the past directed null rays along the event horizon
form a light-sheet and also that xen(7) > Xxan(7), i.e. the event horizon is always
outside the apparent horizon. In a x > 0 geometry this statement refers to the
apparent horizon that is closer to x = 0. The event horizon may or may not be
outside the other apparent horizon at x = m — xan(7). Note, furthermore, that an
event horizon that forms at x > 7/2 in a k > 0 geometry may have less area than
the apparent horizon early on, despite being outside the apparent horizon. To give
an example, figure 5.3 shows the location of the event horizon and both apparent

horizons in the Penrose diagram for a bounce geometry.



Cosmological evolution as

renormalization group flow

The study of dualities in physics has frequently led to a better understanding of
nature. By duality we mean a correspondence between apparently different theories
that lead to the same physical results. Using relations associating a quantity in one
theory with its counterpart in the other, we can do calculations in the theory where
they are more conveniently done and then translate the results back to the other
theory. This can be exceedingly important, especially in cases where the calculation
seems impossible in one theory but turns out to be manageable in the other. Some
strong-weak coupling dualities in string theory provide striking examples of the
power of this dualistic approach to calculations [46].

In this chapter we consider a recently conjectured duality between gravity in
an accelerating universe and a field theory in one less dimension. In particular we
identify a quantity in the field theory, called the c-function, with the area of the
apparent horizon introduced in the previous chapter. This identification is probably

the most important result of this thesis.

6.1 The de Sitter/CFT correspondence

It has been conjectured that a quantum theory of gravity in pure de Sitter space has
a certain dual representation as a conformally invariant Euclidean field theory on

the boundary of de Sitter space [15]. This conjecture was motivated by an analysis
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of the asymptotic symmetry group of de Sitter space and was supported by the

computation of correlation functions of a massive scalar field.

If the gravity theory is only asymptotically de Sitter then it corresponds to a
boundary field theory which is not conformally invariant. Time evolution in the
bulk is conjectured to be dual to a renormalization group flow in the boundary
theory [16,17]. In the far future the bulk theory becomes pure de Sitter and that
means that the renormalization group flow has reached a conformally invariant fixed
point. Renormalization group flows are always from the ultraviolet (UV) to the
infrared (IR). In an expanding universe late times correspond to an UV fixed point
because then the scale factor is large and in the conjectured duality large scale factor
corresponds to short scales in the dual field theory [16]. This means that the flow

is actually backwards in time from the future to the past.

While the evidence for the correctness of the conjectured correspondence is some-
what convincing, especially in the case of 2+1-dimensional gravity, it is far from
being universally accepted and needs to be examined further. Checking a correspon-
dence like this one involves looking for direct relations between physical quantities in
the individual theories, i.e. construct a dictionary to translate between the bulk and
the boundary. An important property of a two-dimensional conformal field theory
is its central charge. It is a number which appears in the conformal algebra in front

of a central term:

[Lyns L] = (m — 1) L1 + %(m?’ —m) Spn- (6.1)
The L, are the so-called Virasoro generators that generate local conformal transfor-
mations. The free boson has ¢ = 1 and the free fermion has ¢ = 1/2. Other fields,
for example the non-physical ghost fields which facilitate gauge fixing in covariant
worldsheet string theory, can have have different values for c. If the conformal theory
has many uncoupled fields the total central charge is simply the sum of the central
charges of each field. Physically the central charge can be interpreted as a measure

of the number of degrees of freedom in the theory.

If the field theory is not conformally invariant it does not have a central charge.
There exists, however, a function ¢(g) of the coupling constant ¢ in a two dimensional
renormalizable field theory which decreases monotonically under the influence of a
renormalization group transformation. This function has constant values only at

fixed points, where c is the same as the central charge of a Virasoro algebra of the
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corresponding conformal field theory [47|. Attempts have been made to generalize
this statement to higher dimensions, see e.g. [48-52]. The so-called c-theorem states
that the generalized c-function always decreases from the UV fixed point towards
the TR. The c-function gives a measure of the number of degrees of freedom relevant

for physics at different energy scales.

6.2 Horizon area and the c-function

As described above, the n+1-dimensional de Sitter vacuum is conjectured to be
dual to an n-dimensional conformal field theory. The case is strongest for three-
dimensional spacetime where the dual field theory is two-dimensional. An analysis
of the asymptotic symmetry generators of three-dimensional de Sitter spacetime [15]

revealed a conformal algebra with central charge

3
= .2
‘T 2GA (6.2)
On dimensional grounds, the expected generalization to higher dimensions is
1
C r~ W ; (63)

up to an undetermined constant of proportionality.

More generally in this context, cosmological evolution in a model which is future
asymptotic to de Sitter spacetime represents a reverse renormalization group flow on
the dual field theory side [16,17]. A candidate c-function was proposed, that could be
evaluated on the gravity side and shown to decrease towards the infrared along the
renormalization group flow, provided the matter in the cosmological model satisfies
the weak energy condition, i.e. p > —P and p > 0. The original papers [16, 17|
considered spatially flat cosmological models with £ = 0 but their c-function was
subsequently generalized [22] so as to apply to k£ # 0 models as well.

We take a different route to arrive at the same c-function as [22]. Our starting
point is the observation that the central charge (6.3) of the n-dimensional fixed
point theory is proportional to the area of the event horizon in Planck units in
the corresponding n+1-dimensional de Sitter spacetime. We wish to identify a c-
function that reduces to this central charge at the ultraviolet fixed point of the

renormalization group flow and decreases along the flow towards the infrared, i.e.
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increases as the cosmological scale factor grows and approaches de Sitter expansion.
The evolving horizon area is then a natural candidate for a c-function, but we have
a choice to make between the area of the event horizon and that of the apparent
horizon. At least two factors count against choosing the the area of the event horizon.
One is that global information about the spacetime geometry is required in order to
determine the location of the event horizon, and therefore also its area, at a given
comoving time. The other is the related fact that for some geometries there are
times when the event horizon has yet to come into existence. The apparent horizon,
on the other hand, is defined by local data on any spatial slice and it exists at all
times in all our cosmological models.

We therefore define the c-function associated to an asymptotically de Sitter
spacetime to be (proportional to) the area of the cosmological apparent horizon

in Planck units,

-Aah

- (6.4)

C r~

With this definition we have a prescription for evaluating the c-function on any
constant time slice, and the c-theorem becomes a geometric statement about the
increase in area of the apparent cosmological horizon in an accelerating universe.

For any metric of Robertson-Walker form (3.1), our definition gives

2 (n—1)/2
e [ % Ads (6.5)
K+ (du/dT)? G

which is the same c-function as the one advocated in [22]. Our proposal can be
viewed as providing a geometric interpretation of their c-function. The definition
of an apparent horizon can be extended to anisotropic cosmological models and we
expect our geometric approach to remain useful for such models as well.

By using the evolution equation (3.10) the c-function for our models may be

written,

-AdS
(1 + u—(+an) D2

cn~ (6.6)
This expression makes manifest the UV /IR, correspondence of the proposed dS/CFT
duality. The c-function only depends on the overall scale u of the geometry and ¢

decreases as we move to smaller scales on the gravity side, which corresponds to
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flowing to the infrared in the dual field theory.

This means, for example, in a big-bang model approaching de Sitter acceleration
in the future that it is the reverse of the cosmological evolution that corresponds
to renormalization group trajectories starting at an ultraviolet fixed point theory.
The c-function then decreases monotonically along the flow towards the infrared
but it is less clear how to interpret the endpoint of the flow where the c-function
goes to zero at a big-bang singularity on the gravitational side. Evolution forward
in time corresponds to renormalization group flow in a big-crunch model that is
past asymptotically de Sitter, with the c-function again vanishing at the singular
endpoint. Re-collapsing big-bang geometries are singular at both ends and do not
lend themselves to straightforward interpretation in terms of renormalization group
flow. For bounce solutions, the gravitational evolution is non-singular everywhere
but instead the scale factor is not a monotonic function of comoving time. If we
follow the cosmological evolution backwards (or forwards) in time the scale factor
eventually stops decreasing and begins to grow, and it is clear that the full time
history cannot represent a single renormalization group flow in the usual sense.
In [22|, where analogous bounce geometries were considered, it is suggested to view
them as matching two separate renormalization group flows arriving at the same

effective field theory from opposite time directions.
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Holography and entropy

In this last chapter we end with an application of the holographic principle, in the
form of the covariant entropy bound, in the context of our cosmological models.

Before we proceed a few words about the holographic principle are in order.

7.1 The holographic principle

In black-hole physics it is a well-known result [53-55] that the total entropy S of
matter inside a black hole cannot be greater than a quarter of the area of the event

horizon in Planck units

A

< —.
S_4G

(7.1)

What is surprising is that the limit is set by the area and not by the volume as is
customary in statistical physics. In some sense this means that all the information
about the interior of a black hole is stored on its horizon. This result motivated
the proposal of a new principle called the holographic principle [56,57]. The idea is
that all the information about a physical system is coded on its boundary and the
amount of information is bounded by the area of the region in Planck units rather
than its volume. This means that entropy is not extensive.

This hypothesis has been around for almost a decade but is only based on cir-
cumstantial evidence and has not been proven to be correct. Some authors believe
that it will turn out to be as important as the invariance of the speed of light, the

equivalence principle or the uncertainty principle [58] but others disagree.
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One formulation of the holographic principle is the covariant entropy bound
[24,25] which states that the entropy on any light-sheet! of a surface B will not
exceed the area of B:

A(B)
S[L(B)] < ——-=. 7.2

L(B) < o (72)
There is no fundamental derivation of the covariant entropy bound but there is
strong evidence that it holds in nature and no counterexamples are known. Under a
set of reasonable hypotheses a classical version of the entropy bound can be proven
to hold [59]. A good review of the holographic principle and the covariant entropy
bound is provided in [26].

7.2 Application to our models

Now we are ready to apply the covariant entropy bound to our cosmological models.
The basic idea is to use the fact that the cosmological event horizon of a co-moving
observer in a future asymptotically de Sitter spacetime provides a past directed
light-sheet for any transverse n—1-sphere it intersects. We will apply the covariant
entropy bound to the light-sheet of such a transverse sphere at asymptotically late
time. In this case the area approaches the area of the corresponding de Sitter horizon
Ags, and we can compare the total entropy that crosses the light-sheet to Ags/4. We
will make the assumption that entropy in a cosmological spacetime may be described
by a local ‘entropy fluid’. This cannot be correct in any fundamental sense, given
that entropy is not a local quantity, but it is an approximation frequently made in
cosmology.

Recall that the area of the de Sitter horizon in (5.5) involves an inverse power
of A and therefore becomes large in the limit of small A. On the other hand, for
models with k > 0 the volume enclosed by this area grows even faster with vanishing
A and one might worry that this could lead to a violation of the entropy bound for
sufficiently small values of the cosmological constant. As we will see below, such a
conflict only arises in models with somewhat exotic matter content and there it can
be traced to the failure of classical solutions to correctly describe the physics close
to the initial singularity.

Let us first apply these ideas to cosmological models with matter in the form

ILight-sheets were defined in section 5.2.
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of radiation, under the assumption that the cosmological expansion is adiabatic.
In this case, no violation of the entropy bound is found but the exercise serves to
illustrate the argument. A simple relationship can be established between the proper
entropy density s and the energy density p at a given co-moving time. Both these

quantities are related to the temperature T" of the gas of radiation,
p~T" . s~ T (7.3)

The energy density can in turn be related to the cosmological constant and the scale

factor u(7) through equation (3.7), leading to

AN /D)
) | (7.4)

S ~ n/(n+1) ~u 2

P G

The dependence on the scale factor reflects the fact that the entropy density is
diluted by the cosmological expansion, while the co-moving entropy density § = u” s

remains constant throughout the evolution.

The next step is to obtain the total entropy that crosses the event horizon. This
is given by the product of the co-moving entropy density and the largest co-moving
volume enclosed by the event horizon, which occurs whenever the event horizon
comes into existence. For concreteness, let us consider a spatially flat model for
which the event horizon of an observer at » = 0 meets the initial singularity at

T = Mmax, as is evident from figure 4.1a.

The maximal conformal time given in equation (4.8) gives

Vinax ~ A™/? (7.5)

for the maximal co-moving volume enclosed by the event horizon. The total entropy

that passes through the light-sheet is thus

n(n—1)

S~ § Viax ~ GTrdT A7 w1 (7.6)

The ratio between this entropy and the horizon area at late times in Planck units

is given by

R, (7.7)
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So we see that this ratio actually vanishes in the limit of small A and the covariant

entropy bound is far from being saturated, let alone violated, in this limit.

The story is different when we consider spatially flat models with an equation of
state such that 3 > 1 in (3.13). Models that exhibit this behavior include the k =0
solution for dust in 241 dimensions, which has # = 1, and negative pressure models,
as in section 3.7, which have 3 = 2. The relevant Penrose diagram is now the one in
figure 4.1b rather than figure 4.1a. The covariant entropy bound is violated because
an infinite amount of entropy will cross the event horizon of any co-moving observer
while the horizon area remains bounded by the area of the corresponding de Sitter
horizon. This conclusion could be avoided if the expansion of the past directed null
rays along the event horizon were to become positive at some time in the past, in
which case the light-sheet would terminate and the total entropy passing through
it would be finite. This cannot happen, however, as long as the area of the event
horizon increases with time. A simple calculation for the k = 0 negative pressure

models, for example, shows that
Aeh(T) = (1 - e_T)n_l.Ads, (7.8)

which clearly grows monotonically with 7. The Penrose diagram in figure 4.1b also
applies to hyperbolic models with x < 0 and 8 > 1 and the above argument may
be adapted to arrive at a violation of the covariant entropy bound in these models

as well.

How seriously are we to take this violation of the covariant entropy bound? The
matter considered here has zero or negative pressure but does nevertheless obey the
dominant energy condition. The corresponding cosmological models are perfectly
good classical solutions of Einstein gravity but a proof of the covariant entropy bound
has been given in classical gravity, under certain assumptions about properties of the
entropy fluid in spacetime [59]. At first sight, our results appear to contradict that
proof but a closer look reveals that it is not so. The source of the conflict with the
covariant entropy bound lies in the failure of conformal time to converge at the initial
singularity in these models. As a result the expansion starts off so slowly that an
infinite co-moving volume is visible in the causal past of any observer at finite 7 > 0.
The geometry is singular at 7 = 0 and a straightforward calculation reveals that at
very early times these big-bang solutions fail to meet the assumptions made in the

proof of the covariant entropy bound in [59]. Such early times are, however, beyond
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the reach of classical gravity and should not be included in a classical cosmological
model [40]. By adapting arguments made in [60] and [40] to models with positive A,
one can show that if the covariant entropy bound is assumed to be satisfied at the
Planck time it will not be violated at later times. We therefore conclude that there
is no conflict with the covariant entropy bound after all in any of our cosmological
models but that in some cases the bound requires quantum effects to modify the
early causal structure from that of classical big-bang solutions, changing Penrose

diagrams of the form shown in figure 4.1b to diagrams as shown in figure 4.1a.
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Summary and discussion

In this thesis we studied aspects of holography in an accelerating universe, in par-
ticular the recently proposed correspondence between gravity in asymptotically de
Sitter spacetime and a Euclidean field theory in one less dimension, known as the
dS/CFT correspondence. For this purpose, we obtained explicit analytic solutions
to the gravitational equations that describe simple accelerating cosmological mod-
els and then proceeded to study various properties of these geometries. Explicit

solutions include:
e all models with x = 0 (spatially flat geometry)
e radiation in 3+1 dimensions (n = 3, a =1/3)
e dust in 2+1 dimensions (n =2, a = 0)
e negative pressure matter (all n, « = =1+ 1/n).

We have focused on models in four and three spacetime dimensions, four because of
terrestrial phenomenological relevance and three because then the dual field theory
is two-dimensional and hopefully more technically accessible than in the higher-
dimensional case.

Having found explicit solutions we analyzed the causal structure of the geometries
that they represent and calculated Penrose diagrams for them. The re-collapsing
and the bounce geometries turned out to be tall in all cases, namely entire spatial
slices become visible to a co-moving observer before the end of conformal time. The

ever-expanding big-bang models, on the other hand, can be either short or tall.
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In most cases the conformal time converges in the future and that gives rise to a
cosmological horizon for a co-moving observer.

There are two notions of cosmological horizons and we described and discussed
both the event horizon and the apparent horizon. One important difference is that
the apparent horizon is based on local data, whereas the event horizon can only
be described from knowledge of the full future evolution. For geometries which are
asymptotically de Sitter the two horizons will coincide in the far future.

The main motivation for studying cosmological models with positive vacuum
energy was to tackle the recently proposed dS/CFT correspondence. We briefly
discussed the correspondence—with special emphasis on the c-function—and the in-
terpretation of cosmological evolution as a renormalization group flow. A candidate
c-function had already been proposed but we arrived at the same c-function taking
a different and more geometric route. Our proposal can be viewed as providing a
geometric interpretation of the c-function and we expect that our definition can be
useful in more general models, in particular anisotropic ones.

Finally we observed that the covariant entropy bound is violated at very early
times in some of our models. The violation may be traced to the failure of conformal
time to converge at the initial singularity, but there quantum gravity effects are
expected to be important. Early times before Planck time are beyond the reach of
classical gravity and should not be included in classical cosmological models like the
ones we study.

We hope that our models can be used further to examine the dS/CFT corre-
spondence and in particular it would be interesting to find relevant operators in
the field theory that generate the renormalization group flow that we observe in
our cosmological models. This is a goal for future research and if successfully com-
pleted it could improve our understanding of the correspondence, and hence our

understanding of the universe we live in.
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