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G loc cpt group, K cpt subgroup. Equivalent:

(1) (G, K) commutative, i.e. (G, K) Gelfand
pair, i.e. LI(K\G/K) commutative

2) Co(K\G/K) is commutative

3)g,9' € G= Pror *HPrgx = Prgr * Prgi
4) measure algebra M (K\G/K) commutative
5) rep of G on L?(G/K) multiplicity free
And if G is a connected Lie group

(6) G—invariant diff op on G/K commute

For G, K infinite dimensional (5) still makes
sense if we have an appropriate space for L?(G/K)
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Def. Let G = lim Gy, limit group, © = lim mp,
limit rep, V' = lim V), rep space. Suppose each
Vi is @ of primaries U; ,, and each U, con-
tained in some U 5,41. Then 7 is limit—aligned.

Theorem. A limit-aligned rep 7 = limmy,
is @ of primaries. If the m, are multiplicity
free then 7 is a multiplicity free direct sum of
irreducible representations.

Def. 7 is lim—irreducible if it is irreducible
and has form 7 = lim 7y, with 7, irreducible.

Theorem. Let m = lim 7y, each 7, multiplic-
ity free direct sum of irreducible highest weight
reps. ouppose for n >> 0 that V,,_1 — Vj,
sends highest weight vector to highest weight
vector. Then 7 is a multiplicity free & of lim—
irreducible representations.



Compact Irreducible Riemannian Symmetric M, = G,,/K,

G, K, RankM,, DimM,,
1 | SU(n) x SU(n) diagonal SU(n) n—1 n?—1
2 | Spin(2n + 1) x Spin(2n + 1) | diagonal Spin(2n + 1) n 2n% +n
3 | Spin(2n) x Spin(2n) diagonal Spin(2n) n 2n? —n
4 | Sp(n) x Sp(n) diagonal Sp(n) n 2n% +n
5 SU(p+q), P=pnq=qn | SUP) xU(q)) min(p, q) 2pq
6 | SU(n) SO(n) n—1 | LUt
7 | SU(2n) Sp(n) n—1 |[2n°—n—1
8 150(p+4q), p=pnag=aq | SO(p) x SO(q) min(p, q) P4
9 | SO(2n) U(n) 5] n(n—1)
10| Sp(p+4), P=Pn:q = Gn Sp(p) x Sp(q) min(p, ¢) 4pq
11| Sp(n) U(n) n n(n+1)

gn = &, + 55, and a,, C s, max abelian

tn C 1, 5p Csptl, ap C oy

Y = Yn(gn, an) and X = lim ¥y, root systems

\:[jn:

\Ijn(g7% an) — {¢1,n7 s

a,-root system for g,

,Yr, n} simple

Case by case cofinal: if 9; , € Wy, there is

unique @Dj n+1 € \Ifn_|_1 with wj n+1|an

Now assume the W,, ordered: 1; n=

:¢in

wz n+1‘an




Zn =110, - - - &rpy,n ) fund highest weights
T 1ep of G high weight &5 = 6181+ - -+ipép,
Cartan-Helgason: L*(Gp/Kyn) = ; Vin
if u,v € V7 then fu,v;[,n matrix coet
Suimo Jur ornd 2206, =

(deg 7T]7n)_1<u, u'y (v, v") (Schur Orthog)
vin € Vin C L?(Gpn/Ky): high wt unit vector
Vin = Vine by Vi = Ulgn)(vnt1)lg, /K,

[ (degmy 41/ deg W[’n)l/Qf is a unitary in-
jection ot Vi, into Vy 11, defines unitary in-
jection L*(Gn/Ky) — LX(Gpi1/Kptt).

Def L*(G/K) = lim L*(Gp/Ky).

Theorem The lett regular representation ot G
on L*(G/K) is a multiplicity free discrete di-
rect sum of lim-irreducible representations 7wy =
lim 7y ,,. This applies to all the direct systems
of the symmetric space table above.
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This gives thirteen infinite dimensional multi-
plicity free spaces

SU(00) x SU(00)/diag SU(o0), group manifold SU(c0),

Spin(oco) x Spin(oc)/diag Spin(oco), group manifold Spin(oco),

Sp(oo) x Sp(co)/diag Sp(oo), group manifold Sp(oo),

SU(p +00)/S(U(p) x U(c0)), CP subspaces of C*=,
SU(200)/[S(U(0) x U(o0))], C*> subspaces of infinite codim in C*,
SU(20)/50(00),

SU(200)/5p(c0),

SO(p+ 00)/[SO(p) x SO(00)], oriented R? subspaces of R™,
SO(200)/[SO(00) x SO(00)], R* subspaces of infinite codim in R*,
50(200)/U(00),

Sp(p + 00)/[Sp(p) x Sp(co)], HP subspaces of H™,

Sp(200)/[Sp(oo) x Sp(oo)], H> subspaces of infinite codim in H*,

)
Sp(o0)/U(c0).

@QON@.U‘%.“.NE

— = =
90.“3’.*.0



M, = G, /H, Weakly Symmetric

G,/ K, Symmetric

G, H, conditions K, with H, C K,, C G,

1| SU(m+n) SU( )xSUMm)] In>mz=1 | S[Um)xU(n)
2| 50(2n) SU(n) nodd,n=3|U(n)
3| Eg Spm(l()) Spin(10) - Spin(2)
1[5U@n+1) | Spin) =3 U(2n) = S[U(2n) % O(1)
5| SU@2n+1) | Sp(n) x U(1) nzl U(2n) = S[U(2n) x U(1)]
6 | Spin(7) G (there is none)
71 Gy SU(3) (there is none)
8 | SO(10) Spin(7) x SO(2) SO(8) x SO(2)
9150(9) Spin(7) SO(8)

10 | Spin(8) Go Spin(7)

111502n+1) | U(n) n =2 SO(2n)

12 | Sp(n) Sp(n—1)xU(1) |n=1 Sp(n — 1) x Sp(1)

That gives us the nonsymmetric direct systems {(G,, K,)} where

(a) G

n=SU(p,+ q,) and K, = SU(p,) X SU(qn), pn < qu
b) G, = SO(2n) and K, = SU(n), n odd, n = 3

¢c) G,=SU(2n+1) and K,, = Sp(n), n =1
=U(1) x Sp(n), n =1

(

(

(d) G, = SU
(e) Gy = SO
() Gn =

(
(

2n + 1) and K,
2n+1) and K, =
Sp(n) and K,, =

Un), n =2
U) x Sp(n—1), n=2




Def. Let 7 = lim 7, lim-irreducible rep ot G =
lim Gy, space V' = lim Vp,, such that (i) mn(Kp)
is the m,(Gy)-stabilizer of v, € V, and (i)
Un = Up_1 + wy where m,(Gy,) leaves wy, fixed.
({vn} gives a coherent system of embeddings
of the G,,/Ky.) If for n >> 0 the m, have
the same high wt vector, then 7 = lim 7y, is a
defining representation for {(G,, Ky,)}.

The systems (a) with {p,} bounded, (d), (e)
and (f) have defining representations.

Given defining rep 7 = lim 7y, for {(Gp, Kn)}:
A(Gy): all C-valued R—poly functions on V,
A(Gy) — A(G,,41) by “ignore new variables”
AGn/Ky) — A(Gpy1/ Ky 1) well defined
A(G/K) = lim A(Gpn/ Kp), G-module
C(Gy/Ky): uniform limit completion of A(Gy,/ Ky,)
C(G/K) =1imC(Gn/Ky), G-module



For L? we need f — (deg Tr pt1/ deg 7T]7n>1/2f
of inner products due to Schur Orthogonality
Def. {(Gy, Ky)} is parabolic if (G)) is the
ss part of a parabolic subgroup of (Gy41)q. In
that case we can align the fundamental simple
weights as in the symmetric spaces case, and
if Vi, — Vj,u1 maps Kj-invariants to K, 11—
invariants we have equivariant unitary injections
LA (Gn/Kp) — L*(Gpy1/Kns1)

Theorem Let {(Gy, K,)} parabolic system
of commutative pairs with defining representa-
tion, where Vi, <— V), 11 maps Kj,-invariants to
K4 1—invariants. Then the regular reps of G on
A(G/K),C(G/K) and L*(G/K) are multiplic-

ity free direct sums of lim—irred representations.

This theorem applies to the systems (a) with
{pn} bounded, (d), (e) and (f) above
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Now consider the direct systems {(G,, K,)} of commutative pairs

given by

(1) G, = SO(ny +2n), K,, = SO(ny + 2n — 1),

(2) G, =SU(p+n), K, =SU(p) x SU(n),

(3) Gy = Sp(n) x Sp(1), K, = Sp(n — 1) X Sp(1)diag,
(4) Gy, = Sp(n) x U(1), K;, = Sp(n — 1) X U(1)giag,
(5) Gy = Sp(n) x Sp(1), Ky, = Sp(n — 1) x U(1)giay,
(6) G, = Sp(n), K,, = Sp(n — 1) x U(1).

The multiplicity free and lim-aligned properties for (1) are imme-
diate from classical facts about the action ¢y, +2, of SO(ng + 2n)
on the polynomials of degree £ on R"™™"  They hold for (2) using
the rep 1, 5., of G' on space of polynomials of degree 7 in the z;, s
in the Zj, with the branching Yo, |vm) = X sep Ursm- Here ¥y

has diagram o oo %X T, The action in the four quater-

nion cases comes from ¥, .00 | spmyv(1) = Zogmgmin(r,s) ©Or.s.m:n Where

©r.s.m:n 1S the representation of Sp(n)U(1) whose Dynkin diagram is

r+s—2m m S=T

i o< X . So we have a some infinite dimen-

sional spaces, related to spheres and Grassmann manifolds, with the

multiplicity free properties.



H;,: 2n + 1-dim Heisenberg group Im C + C™
Ky, closed subgroup of U(n)(C Aut(Hy))
Direct systems {(H, x K, K,)} of Gelfand pairs,
K, connected and irreducible on C"

Group K, Acting on | Conditions on n
1 | SU(n) cr n =2
2 | U(n) Ccr n =1
3 | Sp(m) cr n=2m
4 1U(1) x Sp(m) cr n=2m
ha | U(1) x SO(2m) cxm n=2m =2
5b | U(1) x SO(2m + 1) | C*H! n=2m+12=3
6 | U(m) S*HC™)  |m =2, n=3sm(m+1)
7 1SU(m) A*(C™)  |modd, n=3m(m—1)
8 | U(m) A*(C™)  |n=3sm(m—1)
9 | SU?) x SU(m) C'@C™ |n="Im, {#m
10 | S(U) x U(m)) C'@C™ |n=/Im
11]U(2) x Sp(m C*?@C*™ | n=4m
12 | SU(3) x Sp(m) C*@C* | n =6m
131 U(3) x Sp(m) C? @ C*™|n=06m
15| SU(m) x Sp(4) C"®C® |n=8m, m=3
16 | U(m) x Sp(4) C"®C® |n=8m, m=3
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Extend the notion of lim—aligned to allow con-
tinuous direct sums of representations

Theorem. In each of the 16 systems { (G, Ky)},
G, = H;, © Ky, just listed,

o { K} is strict and parabolic,

o {L?(H, x K,)} forms a strict direct system,
unitary injections scaled using Schur Orthog,

e if r > n then every Kj,—invariant element of
L?(Hy, x Kp) is the image of a K invariant
element of L*(H, x K,) under the adjoint of
the inclusion map

o {L*(Gp/Ky)} strict unitary direct system

olet G =1mGy, K =limK,, L(G/K) =
lim L?(Gp/ Ky); then the regular representa-
tion of G on L*(G/K) is a multiplicity free
direct integral of lim—aligned irreducible rep-
resentations.
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