Short Course on Commutative Spaces

Joseph A. Wolf

Reykjavik, August 2007

Lecture 1, August 8: Basics

(G, K) is a Gelfand pair if the convolution
algebra LY K\G/K) is commutative.

If G has an involutive automorphism 6 such that
A(g~1) € KgK for all g € G then (G, K) is a
Gelfand pair.

If there is an involutive automorphism 6 of G
such that §(K) = K and G = KP where

A(p) = p~! for all p € P then (G, K) is a
Gelfand pair.

If (G, K) Gelfand pair then G is unimodular.



Examples:

[f X = G/K is a riemannian symmetric space

and G = Z(X)" then (G, K) is a Gelfand pair.

More generally, if X = G/K is a weakly sym-
metric riemannian manifold and G = Z(X)V
then (G, K) is a Gelfand pair.

If G is a locally compact abelian group then

(G, {1}) is a Gelfand pair.

If K is a compact group then (K x K,0K) is
a Geltand pair.

[f T is a homogeneous tree, I' = G/K where
G = Aut('), then (G, K) is a Gelfand pair.

If R is a field complete rel discrete valuation, O
ring of integers in K, then (PGL(2, R), PGL(2,90))
is a Gelfand pair.



Equivalent Conditions:
1. (G, K) is a Gelfand pair.
2. If g, ¢’ € G then
(KgK)(Kg'K) = (K¢ K)(KgK)
multiplication of sets.

3. If g, ¢’ € G then

S = *
/’LKgK IUJKg/K ILLKg/K lquK

convolution of measures.

4. (For the case where G is a connected Lie
group.) The algebra D(G, K) of G—invariant
differential operators on G /K is commutative.



Spherical Measures, Spherical Functions.

Spherical measure for (G, K): nonzero K-
bi-invariant Radon measure m on G such that

fr—m(f / f(g)dm(g
algebra homomorphism C.(K\G/K) — C.

Spherical measures for (G, K) are absolutely
continuous with respect to Haar measure on G.

Spherical function for (G, K): continuous
w : G — C such that the measure

/ fl@)w(z™") dug ()

is spherical for (G, K). (It is automatic that w
is K—bi- mvarlant and that w(1) = 1.)
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Equivalent:
(i) w: G — C is spherical for (G, K),

(ii) (Joint Eigenvalue) w : G — C is a con-
tinuous K—bi-invariant function with w(1) =1

and such that if f € C.(K\G/K) there exists
Ar€ Cwith f*rw=Arw,

(iii) (Functional Equation) w : G — C is a
continuous function not identically zero; and if
g1, 92 € Gthenw(g)w(ge) = [ w(gikga) dpi(k).

I[f G is an LCA group and K = {1} then (iii)
shows that the spherical functions for (G, K)
are just the quasi—characters on G.

If G is compact then the spherical functions for
(G, K) are just the wi(g) = fK trace k(gk)dp (k)

for Kk € é



Positive Definite Functions.

oG — Cis positive definite if

qug 9i C]CZ_O

for {gl,...,gn} C G and {cq,...,cp} C C
If ¢ : G — C continuous pos def with ¢(1) =

then there exist a unitary representation m of
GG and a cyclic unit vector u € Hy such that
o(g) = (u, w(g)u) for all g € G. (7, u) unique:
if (7/, u’) is another such pair then there is a uni-
tary equivalence A € I(m, ) such that A(u) =
u'. If ¢ is (G, K)-spherical then 7 is irreducible,
m(k)u = u for all k € K, and u spans the space
HE of Kfixed vectors in Hy .

If m € @, dim Hg =1, Hg spanned by unit
vector u, then ¢(g) = (u, w(g)u) positive defi-
nite spherical and (7, u) corresponds to ¢.

6



Example:
G /K = E" euclidean space with
K C O(n) closed, G = R"™ x K semidirect

w?:E”%be

wg(x[() = [rexpi(x, kE)dp,(k), &€ C”
wg( (up to G): the (G, K)-spherical functions

£ € R™ (€ real) = wg( positive definite

For n > 1, w?()(n)(xk) =

_1/2F Q

>2 fo cos(1/b(&, &)||x|| cos @) sin ™ 20 do

rest
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Example:

G /K compact riemannian symmetric, rank 1:

X my [may| o |8
S1,PIR) g—1 0 5(g—1)y v
P1(C) 2q—2] 1 qy |2y
PI(H) 4g—4| 3 |29+ 1)y 2y
P?(0) 8 7 11y |2y

v simple restricted root, [ max restricted root
&y € a defined by v(&y) = ¢

The 7,3 € G, max weight nf,n = 0,1,...
are the K—spherical reps of G. Corresp spheri-
cal function wy, g(exp(t&y)) =

o I (%mﬂ/z +mpg+n, —n, %(mﬁﬂ +my + 1); sin’ (%t»

hypergeometric; also Jacobi polynomial of degree n,

P (1 — 2sin? (%t)) where u = %(m@/g +mg —1).



Example:

G /K noncompact riemannian symm, rank 1:

F | X M~y My p 15
R HYR) g—1 0 5(g—1)y 7
C HYC)|2¢q—2 1 gy |2y
H HYH) 4g—4 3 [ (2g+ 1)y 2y
O H*Q) 8 | 7 11y |2y

The (G, K)-spherical functions:

oAlg) = [y ePAR dp (k). A € o
i\ = @y if and only if ' € W (g, a)(\)
o (exp(t&y)) = gFl(%(a—i—b—i-l—i)\), %(a—i—b—i—l—i—i)\), a+1; —sinh?(2))

= cosh® (1) oy (i ues %‘g; tanh?(t))




Example:

H,, = 1R+C" Heisenberg group: for Lie algebra
b, = iR+C" with [(z, u), (w,v)] = (Im (u, v),0)

U(n) is a maximal compact subgroup of Aut(Hy,)

K =U(n) and G = Hy, x U(n) semidirect

Spherical functions:

wo(z,v,k)) =1,
if 0 £ & € C" then

Re (K¢ v "n-1)!
pelz,0 k) = [ eMeWetdd (1) = 210 1 el o)

[ SOLEICE ol @I () > 0
wem(z,v,k) = < or

@—C,m(’% v, k) it C(Z) <0,

where Lg’% —1) is the generalized Laguerre poly

of order n — 1, normalization ng _1>(O) = 1

n-1), \ _ m (M _(ca)
Ly (x)=(n—1)! Zj:() (]> (j+n—1)!
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Induced Spherical Functions.

G locally compact group

K compact subgroup

(): closed subgroup of G with G = QK
¢ : Q — C: spherical for (Q,Q N K)
Indg(g) .G — C by

C: G — Chy ((kg) = C(q)Ag/olg) 2
and [Ind%(¢)](g) = [ C(gk)dp (k)

1. If ¢ positive definite then Indg(C ) pos def

2. If ¢ € Q for ¢, R
then Ind3(¢) € G a.e. for Indg(¢)

Example: G = K AN reductive, ) = M AN
minimal parabolic, & € a*. Then '@ : Q — C
is (Q, Q@ N K) spherical pos def, induced spheri-
cal fn <> spherical principal series rep Indg(em).
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Short Course on Commutative Spaces
Reykjavik, August, 2007
Lecture 2: Harmonic Analysis

The Spherical Transform.

The spherical transform for commutative pairs
corresponds to the Fourier transtorm for com-
mutative locally compact groups.

S =S8(G, K): (G, K)-spherical functions
BS = BS(G, K): bounded spherical functions
P =P(G, K): pos definite spherical functions

Spherical transform: map F : f — jA’from

LY K\G/K) to functions on BS
CC(K\G/K) to functions on S

f flg dﬂ@( ) = mu(f)

Where mw IS the spherlcal measure for w.
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P C BS C S: weak topol from the ]?, = sub-
space topol from § — [[Cy by w — (f(w)).
P = P(G, K) is locally compact, topology same
as the subspace topology from the closed unit
disk D* ¢ LY (K\G/K)*, compact closure ¢l (P)
in D* | either cI(P) ="P or cl(P) =P U {0}.
Riemann-Lebesgue Lemma

If f € LYK\G/K) then f|p € Coo(P).
Bochner Space: B(K\G/K) consists of all

linear combinations of continuous positive defi-
nite K—bi—invariant functions ¢ : G — C.

B(K\G/K)NLYK\G/K) densein L' K\G/K).

C*(G, K): operator norm closure of (left convo-
lution action of) L' (K\G/K) on L>(K\G/K).

Tempered: R = R(G, K) is the maximal
ideal space Mo ) of C¥(G, K) .
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Godement—Bochner Theorem:

¢ : G — C continuous pos def K—bi-invariant
function there is a unique measure vy, € M (P,

concentrated on R = R(G,K) C P such that
g fPW d%( w) for all g € G. In par-

tlcular ¢ is uniformly continuous.

AR) = {flr | f € LYK\G/K)} dense in
Coo(R)

Inverse Spherical Transform: d1 pos Radon
measure pp on P, supported in R, such that:

( (K\G/K) N Ll(K\G/K)) C LNP, up),
= [ flw)w(g) dup(w) for f € BN L.
up is Plancherel measure for (G, K).
Plancherel Formula for K\G/K:
f € LNE\G/K)NL*(K\G/K) = f € LX(P, up).

1£ll2 = lIFll2, F : L' N L2 — LQ(P 1p) ex-
tends to isometry of L2(K\G/K) = L*(P, up).
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Direct Integral: (Y, M, 7) is a measure space.
If y € Y then Hy Is a separable Hilbert space
Fix a family {sa}qea of maps Y — |, cy Hy
such that

(i) saly) € Hy ae. (Y,7), forall a € A,

(i) (v (sa), s50)a, ) € L'(Y7), and
(iii) Hy = closed span ({sa(y)}aca) ae. (Y, 7).

The corresponding direct integral is the vec-
tor space

= [ Hydrly

all maps s : Y — U Hy such that
yeY
(i) s(y) € Hy ae. (Y,7),

(i) (v (sv), salv)s ) c L1<Y, T>, all o € A,

inner product (s, s') = [y (s( dT( ).
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Every s € H = [y Hydr(y) has form s(y) =
D e faW)saly), fa 1 Y — C measurable.

Let {13 | y € Y} be bounded linear operators
on the Hy such that if s € H = [y Hydr(y)
then (T'(s) : y — Ty(s(y))) € H. Then T :
U Hy — 'H is the direct integral of the T},
denoted T = [y T, dr(y).

Let {my, € Y} be a uniformly bounded family
of Banach representations of G' on the Hy such
that each 7(g) = [y my(g) d7(y) is defined. If
the resulting group homomorphism 7 : G —
G L(H) is strongly continuous, i.e. is a Banach
representation of G, then 7 is the direct in-
tegral of the 1y, denoted m = [y 7, d7(y).
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H closed subgroup of locally compact group G,
n be a unitary representation of H, Ey the rep-
resentation space. Ag/p(h) = Ag(h)/Ag(h),
quotient of the modular functions. Define

L2(G/H,ne Agf}[) _

{0:G = By | (|9l is LG/H, AL )}

So ¢(gh) = Ag, () n(h)~H(h)é(g) and

g — ||#(g)|| belongs to L*(G/H, Ag/QH).

L*(G/H,n @ Al//Q ) is a Hilbert space with
(0.0") = Jq/u(o(gH), ¢'(9H)) E, dug (9 H).

(7 acts on LQ(G/H, n@Ag/QH) by [fg/H@])Cb] (9/>

= o(g —lg g'). This is a unitary representation,
umtarlly induced from H to G, denoted

Ind%(n).
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If 1 is the trivial 1-dimensional representation
of H then Ind§, 7(n® AY /2 ) is the left regular

representation of G on L*(G/H, Al//Q ). Ifwis

the trivial 1-dimensional representation of {1}
then Ind?l}( w) is the usual left regular repre-

sentation of G on L*(G).

Ind% ((/Y Ny dT(y)> ® Ag//QH>
o~ /Ylnd% (77y ® Ag//QH) dr(y).

Let K,() C G closed subgroups, K compact
and transitive on G/Q, ¢ : Q — C spheri-
cal for (@, N K). The induced spherical
function Ind(¢) : G — C by [mdg(¢))(g) =

Ji Z(gk) dp g (k) where g(kq) = <<q)AG/Q<C])_1/2
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Let [n] € Q with a (Q N K)fixed cyclic unit
vector v,

¢(q) = (v, n(q)v),
m = Ind%(n), ¢ = Ind§(¢),

u: G — Eybyu(kq) =n(q) " Ag gle) v
Then u 1s a K—fixed unit vector in

1/2
Hy = LA(G/Qm ® D), and

o(g) = (u, m(g)u) for all g € G.

H! = closed span {w(g)u | g € G}, is 7
irreducible and associated to ¢.

We use direct integrals to carry our spherical
transform results from K\G/K to G/K, ex-
panding a function on G/K in terms of (i) G-
translates of functions w € P(G, K), (ii) coeffi-
cients of the corresponding representations m,,
(iii) vectors in H, = Hpy_, and (iv) operators
on those representation spaces.
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Bochner space B(G/K): all linear combi-

nation of continuous positive—definite right K-
invariant functions ¢ : G — C.

B(G/K)N LYG/K) is dense in L(G/K).
If fe B(G/K)NLYG/K) and ¢g € G then
W (f xw)(g) is in L(P, up) and
fp fxw)(g) dup(w).

Scalar Fourier Inversion:

Let f € B(G/K)N LY (G/K), € G. Then
(w — <ﬁw<f)uwaﬂw($)uw>Hw) e LYP, up)
and f(z fp T )Uwaﬂw(@ucuh{wdﬂP(w)-

Corollary: (w — [|7w(f)uwl|l) € LQ(PaMP)
1117 /) = Jp Wl fuwl 7, dip(w).
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HP = HP(G/K) = |p Hy dpp(w):
LP sections s p(w) = 7y (f)uw for f € Ce(G/K).

Vector Fourier Inversion:
Let f € B(G/K)N LYG/K). Then
F(f) € HY(G/K) and
f(x) = [p(F()w), mo()uw) g, dup(w).
The vector—valued Fourier Transform on
G/K is the map F : LY(G/K) — H®(G/K)
defined by |F(f)|(w) = 7o (f)uw € H, . Note
|F (Do arry = Wl vy
Vector Plancherel Formula:
If fe LYG/K)N L*G/K) then

F(f) € HAG/K),

Hf(f)HH?(G/K) — Hf||L2(G/K),
F extends to L*(G/K) = H*(G/K).

21



Example: Compact Groups
K compact group, 0K diagin G = K x K.
K~ G/OK by k < (k,1)0K.

G acts on K by (kp,kg) : K kikk;'; that

corresponds to action G/ K by
(k1, ko) : (K, K"YOK — (k1K kok" )oK

A function f : G — C is 0 K—bi-invariant just
when f/(zy~1) = f(x,y) is constant on con-
jugacy classes in K. So C(G/éK) « C(K),
C(SK\G/SK) « C(K)AUE) otc,

If [r] € K its character xr(k) = trace 7(k) is
conjugation—invariant, belongs to C(6 K\G /I K).

The Inverse Spherical Transform and Plancherel
Formula for 6 K\G/d K express

L*(6K\G/SK) = [p Crdup(7)
where Cr = y,+C.
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Similarly the Inverse Spherical Transform and
Plancherel Formula for G/d K express

LAG/K) = LK) % f5 B @ Ef dup(r),
where

E+ is the representation space of 7.

E7 its dual space,

E; ® E7 is the space of matrix coef of 7.

The considerations above for compact groups
give the details:

077:[?7

e Plancherel measure up is purely atomic, so fp is a weighted sum
over K,

e dup(7) = deg T, the dimension of E;, and

o [ deg(T)xr*f = fx* deg(7)x, is the orthogonal projection
L*(K)— E, ® E*.

o ’(0K\G/6K) = LA(K)ME) =5~ C,,
e [*(G/0K)=IL*K)=) »FE.®E}
o f=) & deg(7)xs* fin L*(K).
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Compact Symmetric Spaces G/ K:

P = {WA ‘g)‘ zi e Z=Y all pos res roots oz}

dpp(my) = degmy, L*(G/K) = Y.p Er,
f=>_p degm)tracemy(f)

Example: Noncompact Symmetric G/K

As in the case of rank 1, the (G, K)-spherical
functions are the

pAg) = [ e NPAE dp (k) ) € a
i\ = @y if and only if N € W (g, a)(\)
Spherical inversion formula for f € LY K\G/K):

= Jor F)@A(@)[e(N)|~ZdA

Where c()\) = ¢y H7€Z+<g a) X




co given by ¢(—ip) = 1, ¢ is independent of f,
¢ Jo |f(@)Pdpg (@) = [ | FPle(N)] 2N,

and %|c|_ is the Plancherel density on a*.
LA(G/K) = [« Ex,|c(\)|"2dA

Finsler symmetric spaces:

Finsler symmetric spaces are homogeneous, and
they have the same homogeneous space struc-
ture as riemannian symmetric spaces, so their
harmonic analysis is exactly the same as in the
riemannian case.
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Short Course on Commutative Spaces
Reykjavik, August, 2007
Lecture 3: Structure and Classsification

Reductive Commutative Spaces

(G is a connected reductive real Lie group and
H is a compact subgroup

(G, H) is w. symm. < 3 weak symmetry:
o € Aut(G), o(g) € Hg tH Vg € Ge

(G,H), M = G/H are spherical if a Borel
subgp B C G has an open orbit on G(C/Hcc
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Akhiezer—Vinberg Theorem: if G is reductive
then the following are equivalent.

e (G, H) is commutative

e (G, H) is weakly symmetric

e (G, H) is spherical

e G is multiplicity free on L*(G/H)

e G is multiplicityfree on C[GC]HC

The main tool in the hard part, that commu-
tative pairs (G, H) with G reductive, is con-
struction of a “Weyl involution” v of G such
that v(H) = H. In other words v is an invo-

lutive automorphism of G, and G has a Cartan
subgroup A such that v(a) = a=! forall a € A.
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Kramer Classification.

Weakly Symmetric Coset Spaces of a Compact Connected Simple Lie Group

M = G/H weakly symmetric

G/K symmetric

¢ |

H

\ conditions \

K with HC K C @G

|

riemannian symmetric spaces with symmetry s \

(= K)

|

circle bundles over hermitian symmetric spaces dual to a non—tube domain:
1| SUm+n) | SUm)xSU(Mn)] In>mz=1 S[U(m) x U(n)]
2 | SO(2n) SU(n) nodd, n =3 | U(n)
3| Es Spin(10) Spin(10) - Spin(2)
4| SU(2n+1) | Sp(n) n=1 U(2n) = S[U(2n) x U(1)]
51SU(2n+1) | Sp(n) x U(1) n=1 U(2n) = S[U((2n) x U(1)]
constant positive curvature spheres:
6 | Spin(7) G (there is none)
71 Gy SU(3) (there is none)
weakly symmetric spaces of Cayley type:
8 | SO(10) Spin(7) x SO(2) SO(8) x SO(2)
91 50(9) Spin(7) SO(8)
10 | Spin(8) Go Spin(7)
11| SO2n+1) | U(n) n =2 SO(2n)
12 | Sp(n) Sp(n—1)xU(1) |n=1 Sp(n —1) x Sp(1)
Weakly Symmetric Coset Spaces of a Noncompact Connected Simple Lie Group
M = G/H weakly symmetric \ max compact K in G

G

\ H

conditions

\ K

riemannian symmetric spaces

\ (K = H)

circle bundles over bounded symmetric domains:
1| SU(m,n) SU(m) x SU(M)] [ n>m =1 S[U(m) x U(n)]
2 | SO*(2n) SU(n) nodd,n=3 | U(n)
3 | Es.ps1y Spin(10) Spin(10) - Spin(2)
4| SU((2n,1) Sp(n) n=1 U(2n) = S[U(2n) x U(1)]
51 SU((2n,1) Sp(n) x U(1) n=1 U(2n) = S[U(2n) x U(1)]
weakly symmetric spaces of Cayley type:
8| SO(8,2)° Spin(7) x SO(2) SO(8) x SO(2)
9| S0O(8,1)° Spin(7) SO(8)
10 | Spin(7,1)° | G Spin(7)
11 | SO(2n,1)° | U(n) n =2 SO(2n)
12| Sp(n—1,1) | Sp(n—1) xU(1) | n =1 Sp(n —1) x Sp(1)




Yakimova—Mikityuk Classification.

’ Compact Irreducible Nonsymmetric Weakly Symmetric (g, ), where g is Semisimple but not Simple ‘

1) su(n) su(n+1)| 2) su(n—+2) sp(m) 3) sp(n) sp(l) sp(m)
| | | N
sun) (1) u(n) 5\(2) _apm =] swn 1) (1) st~ 1) spm 1)
4) sp(n+ 2)\5]3(2) 5) su(n+2) sp(m) 6) sp (n)\ /5p(2) sp(m)
s() @) | su S apm 1)) spin 1) sp(1) sp(1) spm 1)
7) so(n) so(n+1)| 8) sp(n+1) sp(m) 9) g1 .- _ On
NS | > | L
o(n) I I N

(g is the sum of the algebras on the top row and b is the sum of the algebras on the bottom row)

Noncompact version: Make = 1 of these for
simple ideals of g, so that the resulting real form
go of g still contains b.

1. If m is a simple ideal of h and g has an ideal
[ isomorphic to m & m, such that h — g re-
stricts to the inclusion of m as the diagonal of
[ = m & m, replace [ by m..

2. Replace a simple summand of g not involved
in the first kind of substitution with a noncom-
pact real form of its complexification, and there
is only one possibility for that noncompact real
form.
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Commutative Nilmanifolds

The 2—step Nilpotent Theorem. If (G, K)
is commutative and N is the nilradical of G,
then NN is abelian or 2—-step nilpotent.

Lemma: (N x K, K) is commutative.

Lie group argument: Use KnKn'K = Kn' KnK
and Campbell-Hausdorfl formula on the descend-
ing central series of N (Benson-Jenkins-Ratcliff)

Geometric argument (weakly symmetric case):

Weakly symmetric = geodesic orbit space
(Berndt, Kowalsky, Vanhecke)

(N, ds?) g.o. riemannian nilmanifold = N abelian
or 2-step nilpotent (Gordon)

Algebraic + symplectic geometry argument:

G = N x L where (i) N abelian or 2-step
nilpotent, (ii) L reductive and K C L, and (iii)
R[n]% = R[n]* (Vinberg)

30



Carcano’s Theorem. Let K C U(n) closed
connected subgroup irreducible on C". Then
(Hp x K, K) commutative < K multiplicity
free on polynomial algebra C|C"|.

Kac¢’ Theorem. Classification of closed con-
nected irreducible subgroups K C U(n) multi-
plicity free on C|C"|.

Benson—Jenkins—Ratcliff Classification.

Let K C U(n) closed connected subgroup irre-
ducible on C". Then (Hy, x K, K') commutative

< K C U(n) multiplicity free on C[C"]| < rep-
resentation of K on C" is one of the following.
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“Multiplicity Free” Irreducible Representations of K and K. on C"
Group K Group K. Acting on | Conditions on n
1|SU(n) SL(n;C) cr n =2
2| U(n) GL(n;C) cn n=1
3| Sp(m) Sp(m; C) cn n=2m
41U(1) x Sp(m) | C* x Sp(m;C) cr n=2m
5/U(1) x SO(n) | C*xSO(n;C) cn n =2
6| U(m) GL(m;C) S*C™)  |m =2, n=3sm(m+1)
71 SU(m) SL(m;C) A*(C™)  |'modd, n = sm(m — 1)
8| U(m) GL(m;C) A*(C™) [ n=3sm(m—1)
9| SU() x SU(m) | SL(¢;C) x SL(m;C) [C*'®C™ |n=1_Im, {L#m
10| U() x SU(m) |GL(¢;C) x SL(m;C) |C'®C™ |[n=1Im
11| U(2) x Sp(m) GL(2;C) x Sp(m;C) | C*@ C*™ | n =4m
12 | SU(3) x Sp(m) | SL(3;C) x Sp(m;C) | C3®@ C*" | n = 6m
13| U@3) x Sp(m) | GL(3;C) x Sp(m;C) | C3 @ C*™ | n=6m
14 | U(4) x Sp(4) GL(4;C) x Sp(4;C) |C'@C® |n=32
15| SU(m) x Sp(4) | SL(m;C) x Sp(4;C) |C"®@C® |n=8m, m =3
16 | U(m) x Sp(4) GL(m;C) x Sp(4;C) |C"®@C® |n=8m, m=3
171 U(1) x Spin(7) | C* x Spin(7;C) C® n=3§
18 | U(1) x Spin(9) | C* x Spin(9;C) C16 n =16
19 | Spin(10) Spin(10; C) Cte n =16
20 | U(1) x Spin(10) | C* x Spin(10;C) Cle n =16
21| U(1) x Gy C* x Gac C’ n="7
22 | U(1) x Eg C* x Esc Cc?’ n =27

If (G,K) is one of the pairs in this table,

and ds? is any G-invariant riemannian metric
on M = G/K, then (G, K) and (M, ds?) are
weakly symmetric.
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Vinberg Classification.!

Maximal Irreducible Nilpotent Gelfand Pairs (N x K, K)
Group K b 3 U(1l) | maximal
1 SO(n) R" Skew R™" = s0(n)
2 Spin(7) R® = QO R" =ImQO
3 Go R"=ImQO R =ImQO
4 U(l)-SO(n) cr ImC n # 4
5 (U(1)x)SU(n) cn A*C"®ImC n odd
6 SU(n),n odd cr A*C"
7 SU(n),n odd cn ImC
8 U(n) cr Im C™" = u(n)
9 (U(1)-)Sp(n) H" ReHj™" @ Im H
10 U(n) S2Cn R
11 (U(1))SU(n),n =3 A2 C" R n even
12 U(1) - Spin(7) C8 R'®R
13 U(1) - Spin(9) Clo R
14 (U(1)-)Spin(10) Clo R
15 U(1) -Gy C7 R
16 U(1) - E cT R
17 Sp(1) x Sp(n) H" ImH = sp(1) n =2
18 Sp(2) x Sp(n) 2 Im H**? = sp(2)
19 | (U(1)-)SU(m) x SU(n)
m,n =3 Cm e C" R m=n
20 | (U(1))SU(2) x SU(n) | C*®C" ImC*>? =u(2) | n=2
21| (U(1))Sp(2) x SU(n) | H2xC" R n<4| n=3
22 U(2) x Sp(n) C*@H" Im C**? = u(2)
23 U(3) x Sp(n) C’ @ H" R n > 2

ImF™ " .= {x € F"" | 2" + 2 = 0}, Re ™" := {o € F"" | 2* = x},
ReFy™" := {x € ReF" " | tracex = 0}. All are weakly symmetric except
(9) with K = Sp(n) (Lauret, first example of non-ws commutative pair).
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Yakimova Classification.

Maximal Indecomposable Principal Saturated Nilpotent Gelfand Pairs (N x K, K),
N Nonabelian, Where the Action of K on v = n/[n, n] is Reducible

Group K K-module v K-module [n,n] | Algebra n
1| U(n) C" @ su(n) R ((hnc)) + su(n)
2 | U(4) C*o RS ImC @ A2C? (ImC + A’C*+C*) + RS
31U xU(n) C* @ A*C" RoR (b)) + ((Bnm—1)/2,c))
4 | SU(4) C*o RS ImC & A%C*? (Im C + A’C* 4+ C*) + RS
51 U(2) x U(4) C?** ¢ RS Im C?*? ((Im C?*2 4+ C?*%)) + RS
6| S(UM4) xU(m)) ctm g RO R ((hamc)) +R®
71 U(m) xU(n) cmn g Cm ReR ((hmn;c)) + ((hmyc))
8 | U(1) x Sp(n) x U(1) cropC™ RoOR ((h2nic)) + ((h2nc))
9 | Sp(1) x Sp(n) x U(1) H" ¢ H" ImH® R ((hnm)) + ((h2nic))
10 | Sp(1) x Sp(n) x Sp(1) H" @ H* ImH & Im H (b)) + ((Brm))
11 | Sp(n) x {Sp(1),U(1),{1}} | H"eH"™ Im H ((nm)) +H™™
x Sp(m)
12 | Sp(n) x {Sp(1),U(1),{1}} |H"®ReHg™™ | ImH ((hnym)) + Re Hg™"
13 | Spin(7) x {SO(2),{1}} R®=0)®aR™? | RT=ImO ((h1.0)) + R™<2
14 | U(1) x Spin(7) C’"oR® R ((b7.c)) + R®
15 | U(1) x Spin(7) CEpR” R ((hs.c)) + R7
16 | U(1) x U(1) x Spin(8) CioCt ReR ((hs;c)) + ((hs;c))
17 | U(1) x Spin(10) Cl6 R0 R ((b16.c)) + R
18 | {SU(n),U(n),U(1)Sp(3)} | C™* @ su(2) R ((h2nic)) + su(2)
xSU(2)
19 | {SU(n),U(n )()U(l) p(3)} |[C*acC? RoR ((h2n;c)) + ((h2,c))
U(2
{SUn), U< n), U()Sp(3)}
20 xSU(2)x Crx2 g C2xm ReR ((h2nic)) + ((h2mic))
{SU(m),U(m), U(1)Sp(5)}
21 | {SU(n),U(n),U(1)Sp(3)} | C™2aC>! RoR ((b2nic)) + ((bg,c)) + RO
xSU(2) x U(4) @RS
22 | U(4) xU(2) R® @ C**2 R RS + ((hs,c)) + su(2)
®su(2)
23| U(4) xU(2) xU4) R® @ C2 ReR RY + ((hs,c))
@(C2><4@R6 +((h8,(€))+R6
24 | U(1) x U(1) x SU(4) C'eC*oRS R&R ((bac)) + ((hac)) + RS
25 | (U(1))SU4)(-50(2)) C! @ R®? R ((bac)) + RO
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Square Integrable Representations.

N: connected simply connected nilpotent
Z: center of N

Equivalent:

1. N has L? (mod Z) unitary representations
2. A\ € 3% with Pf(by) #0

3. Plancherel measure on N concentrated on

{m\ | Pf(by) # 0}; |Pf(by)] is the Plancherel
density there.

Example: N = H,, Heisenberg of dim 2n + 1.
Then hy, =n=3+0v,3=ImC, o = C". Let
At o (z,v) — —itz. Then Pf(by,) = [t]".

All the groups IV of Vinberg’s table have square
integrable representations, except for (1) and
(6) with m odd, and (3). All the groups N of
Yakimova’s table have square integrable repre-
sentations.
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General Classification

Yakimova’s classification of commutative Lie
oroup pairs is explicit under two technical con-
ditions: “saturated” and “principal”. For what
it’s worth without the definitions, her result is

Every maximal, indecomposable, principal, Sp(1)-
saturated commutative pair is one of

(1) Gelfand pairs (G, K) with G reductive;

(2) one of the spaces

L K n L K n
(S)U(2n) | Sp(n)(-U(1)) | ha, or C* || SO(8) x SO(2) | Spin(7) x SO(2) | hg or R8*2
SO(7) G R” SO(8) Spin(7) R8*2
Spin(7) Spin(6) RS SO(8) Spin(7) RS

SO(2n) U(n) R*"

(3) one of the spaces

G K L
(3a) R™ % (SO(n) x SO(n) SO(n) SO(n) x SO(n)
(3b) | H™? % (Sp(n) x Sp(2) x Sp(2)) | Sp(n) x Sp(2) | Sp(n) x Sp(2) x Sp(2)
(3¢) (H, x S(U(n)) x U(n)) U(n) S(U(n) x U(n))

(4) pairs (G, K) = (N x K, K), N nilpotent
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To get rid of the Sp(1)-saturated condition
one concretely associates families of commuta-
tive spaces to certain weighted trees 7', and
some closely related weighted graphs I'. A spe-
cific procedure is developed for this. The result
is:

(G, K): maximal principal indecomposable Gelfand
pair not Sp(1)-saturated, G is not reductive,
G # N x K with N nilpotent. Then (G, K)
belongs to one of these eleven classes. Top row is
K, the second row is L, the bottom row refers to
the weighted graph (I', w) and/or the weighted
rooted tree (T, w).

U(1) /SPK /SPK Sp(n —1)
Sp(1) Sp(1) x Sp(1) x Sp(1) Sp(1) x Sp(1) x {Sp(n), Sp(n —1,1)}
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Sp(1) Sp(m —1) Sp(n —1) Sp(1) SU(n —2)

NI ~

Sp(1) x {Sp(m), Sp(m —1,1)} x {Sp(n), Sp(n —1,1)}  Sp(1) x {(S)U(n), (5)U(n —2,2)}

T T
Sp(1) Sp(1) Sp(1) Sp(1) Sp(n —1)
Sp(1) x {Sp(2), Sp(1,1)} x Sp(1) Sp(1) x {Sp(2), Sp(1,1)} x {Sp(n), Sp(n —1,1)}
T T T
Sp(1) Sp(1) Sp(n —1) Sp(1) Sp(n —1)
Sp(1) x Sp(1) x Sp(1) x {Sp(n), Sp(n —1,1)} Sp(1)  x  {Sp(n),Sp(n—1,1)}
T T {r,7}
Sp(m — 1) Sp(1)  Sp(1) Sp(n —1) Sp(1)

{Sp(m), Sp(m —1,1)} x Sp(1) x Sp(1) x {Sp(n), Sp(n —1,1)} Sp(1)  x  Sp(1)

\/

Similar considerations for the reductive and the nilmanifold cases, and again similar consider-
ations on how to enlarge the center of L to eliminate the “principal” condition.

(1,7} T
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