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Lecture 1, August 8: Basics

(G,K) is a Gelfand pair if the convolution
algebra L1(K\G/K) is commutative.

IfG has an involutive automorphism θ such that
θ(g−1) ∈ KgK for all g ∈ G then (G,K) is a
Gelfand pair.

If there is an involutive automorphism θ of G
such that θ(K) = K and G = KP where
θ(p) = p−1 for all p ∈ P then (G,K) is a
Gelfand pair.

If (G,K) Gelfand pair then G is unimodular.
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Examples:

If X = G/K is a riemannian symmetric space
and G = I(X)0 then (G,K) is a Gelfand pair.

More generally, if X = G/K is a weakly sym-
metric riemannian manifold and G = I(X)0

then (G,K) is a Gelfand pair.

If G is a locally compact abelian group then
(G, {1}) is a Gelfand pair.

If K is a compact group then (K ×K, δK) is
a Gelfand pair.

If Γ is a homogeneous tree, Γ = G/K where
G = Aut(Γ), then (G,K) is a Gelfand pair.

If K is a field complete rel discrete valuation, O
ring of integers in K, then (PGL(2,K), PGL(2,O))
is a Gelfand pair.

2



Equivalent Conditions:

1. (G,K) is a Gelfand pair.

2. If g, g′ ∈ G then

(KgK)(Kg′K) = (Kg′K)(KgK)

multiplication of sets.

3. If g, g′ ∈ G then

µKgK ∗ µKg′K = µ
Kg′K ∗ µKgK

convolution of measures.

4. (For the case where G is a connected Lie
group.) The algebra D(G,K) of G–invariant
differential operators on G/K is commutative.
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Spherical Measures, Spherical Functions.

Spherical measure for (G,K): nonzero K–
bi–invariant Radon measure m on G such that

f 7→ m(f ) =

∫
G

f (g) dm(g)

algebra homomorphism Cc(K\G/K) → C.

Spherical measures for (G,K) are absolutely
continuous with respect to Haar measure on G.

Spherical function for (G,K): continuous
ω : G→ C such that the measure

m(f ) =

∫
G

f (x)ω(x−1) dµG(x)

is spherical for (G,K). (It is automatic that ω
is K–bi–invariant and that ω(1) = 1.)
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Equivalent:

(i) ω : G→ C is spherical for (G,K),

(ii) (Joint Eigenvalue) ω : G → C is a con-
tinuous K–bi–invariant function with ω(1) = 1
and such that if f ∈ Cc(K\G/K) there exists
λf ∈ C with f ∗ ω = λf ω,

(iii) (Functional Equation) ω : G → C is a
continuous function not identically zero; and if
g1, g2 ∈ G then ω(g1)ω(g2) =

∫
K
ω(g1kg2) dµK(k).

If G is an LCA group and K = {1} then (iii)
shows that the spherical functions for (G,K)
are just the quasi–characters on G.

If G is compact then the spherical functions for
(G,K) are just the ωκ(g) =

∫
K

traceκ(gk)dµK(k)

for κ ∈ Ĝ.
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Positive Definite Functions.

φ : G→ C is positive definite if
n∑
1

φ(g−1
j gi)cjci = 0

for {g1, . . . , gn} ⊂ G and {c1, . . . , cn} ⊂ C.

If φ : G→ C continuous pos def with φ(1) = 1,
then there exist a unitary representation π of
G and a cyclic unit vector u ∈ Hπ such that
φ(g) = 〈u, π(g)u〉 for all g ∈ G. (π, u) unique:
if (π′, u′) is another such pair then there is a uni-
tary equivalence A ∈ I(π, π′) such that A(u) =
u′. If φ is (G,K)–spherical then π is irreducible,
π(k)u = u for all k ∈ K, and u spans the space
HK
π of K–fixed vectors in Hπ .

If π ∈ Ĝ, dimHK
π = 1, HK

π spanned by unit
vector u, then φ(g) = 〈u, π(g)u〉 positive defi-
nite spherical and (π, u) corresponds to φ.
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Example:

G/K = En euclidean space with

K ⊂ O(n) closed, G = Rn oK semidirect

ωKξ : En→ C by

ωKξ (xK) =
∫
K exp i〈x, kξ〉dµK(k), ξ ∈ Cn

ωKξ (up to G): the (G,K)–spherical functions

ξ ∈ Rn (ξ real) ⇒ ωKξ positive definite

For n > 1, ω
SO(n)
ξ (xk) =

π−1/2Γ(n2 )

Γ(n−1
2 )

∫ π
0 cos(

√
b(ξ, ξ)||x|| cos θ) sinn−2 θ dθ
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Example:

G/K compact riemannian symmetric, rank 1:

X mγ m2γ ρ β

Sq, P q(R) q − 1 0 1
2(q − 1)γ γ

P q(C) 2q − 2 1 qγ 2γ
P q(H) 4q − 4 3 (2q + 1)γ 2γ

P 2(O) 8 7 11γ 2γ

γ simple restricted root, β max restricted root

ξ0 ∈ a defined by γ(ξ0) = i

The πnβ ∈ Ĝ, max weight nβ, n = 0, 1, . . .
are the K–spherical reps of G. Corresp spheri-
cal function ωnβ(exp(tξ0)) =

2F1

(
1
2mβ/2 +mβ + n,−n, 1

2(mβ/2 +mβ + 1); sin2
(
〈γ,γ〉
〈β,γ〉t

))
hypergeometric; also Jacobi polynomial of degree n,

P u,u
n

(
1− 2 sin2

(
〈γ,γ〉
〈β,γ〉t

))
where u = 1

2(mβ/2 +mβ − 1).
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Example:

G/K noncompact riemannian symm, rank 1:

F X mγ m2γ ρ β

R Hq(R) q − 1 0 1
2(q − 1)γ γ

C Hq(C) 2q − 2 1 qγ 2γ
H Hq(H) 4q − 4 3 (2q + 1)γ 2γ

O H2(O) 8 7 11γ 2γ

The (G,K)–spherical functions:

ϕλ(g) =
∫
K e(iλ+ρ)(A(kg))dµK(k), λ ∈ a∗C

ϕλ = ϕλ′ if and only if λ′ ∈ W (g, a)(λ)
ϕλ(exp(tξ0)) = 2F1(

1
2(a+b+1−iλ), 1

2(a+b+1+iλ), a+1;− sinh2(z))

= coshs−u(t) 2F1(
u−s−`+2

2 , u−s2 , q`2 ; tanh2(t))
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Example:

Hn = iR+Cn Heisenberg group: for Lie algebra

hn = iR+Cn with [(z, u), (w, v)] = (Im 〈u, v〉, 0)

U(n) is a maximal compact subgroup of Aut(Hn)

K = U(n) and G = Hn o U(n) semidirect

Spherical functions:
ϕ0(z, v, k)) = 1,

if 0 6= ξ ∈ Cn then

ϕξ(z, v, k) =
∫
K e

iRe 〈k′ξ,v〉dµ
K
(k′) = 2n−1(n−1)!

(||ξ|| ||v||)n−1Jn−1(||ξ|| ||v||)

ϕζ,m(z, v, k) =


eiζ(z)L

(n−1)
m (ζ(z)||v||2)e−ζ(z)||v||2/4 if ζ(i) > 0

or

ϕ−ζ,m(z, v, k) if ζ(i) < 0,

where L
(n−1)
m is the generalized Laguerre poly

of order n− 1, normalization L
(n−1)
m (0) = 1:

L
(n−1)
m (x) = (n− 1)!

∑m
j=0

(
m
j

)
(−x)j

(j+n−1)!
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Induced Spherical Functions.

G: locally compact group

K: compact subgroup

Q: closed subgroup of G with G = QK

ζ : Q→ C: spherical for (Q,Q ∩K)

IndGQ(ζ) : G→ C by

ζ̃ : G→ C by ζ̃(kq) = ζ(q)∆G/Q(q)−1/2

and [IndGQ(ζ)](g) =
∫
K
ζ̃(gk)dµK(k)

1. If ζ positive definite then IndGQ(ζ) pos def

2. If ψ ∈ Q̂ for ζ ,
then IndGQ(ψ) ∈ Ĝ a.e. for IndGQ(ζ)

Example: G = KAN reductive, Q = MAN
minimal parabolic, α ∈ a∗. Then eiα : Q→ C
is (Q,Q∩K) spherical pos def, induced spheri-
cal fn↔ spherical principal series rep IndGQ(eiα).
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Short Course on Commutative Spaces
Reykjavik, August, 2007

Lecture 2: Harmonic Analysis
===========< ◦ >===========

The Spherical Transform.

The spherical transform for commutative pairs
corresponds to the Fourier transform for com-
mutative locally compact groups.

S = S(G,K): (G,K)–spherical functions

BS = BS(G,K): bounded spherical functions

P = P(G,K): pos definite spherical functions

Spherical transform: map F : f 7→ f̂ from

L1(K\G/K) to functions on BS
Cc(K\G/K) to functions on S

by f̂ (ω) =
∫
G
f (g)ω(g−1) dµG(g) = mω(f )

where mω is the spherical measure for ω.
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P ⊂ BS ⊂ S: weak topol from the f̂ , = sub-
space topol from S ↪→

∏
f Cf by ω 7→ (f̂ (ω)).

P = P(G,K) is locally compact, topology same
as the subspace topology from the closed unit
diskD∗ ⊂ L1(K\G/K)∗, compact closure cl (P)
in D∗ , either cl (P) = P or cl (P) = P ∪ {0}.
Riemann–Lebesgue Lemma
If f ∈ L1(K\G/K) then f̂ |P ∈ C∞(P).

Bochner Space: B(K\G/K) consists of all
linear combinations of continuous positive defi-
nite K–bi–invariant functions φ : G→ C.

B(K\G/K)∩L1(K\G/K) dense inL1(K\G/K).

C∗(G,K): operator norm closure of (left convo-
lution action of) L1(K\G/K) on L2(K\G/K).

Tempered: R = R(G,K) is the maximal
ideal space MC∗(G,K) of C∗(G,K) .
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Godement–Bochner Theorem:

φ : G → C continuous pos def K–bi–invariant
function there is a unique measure νφ ∈M+(P),
concentrated on R = R(G,K) ⊂ P such that
φ(g) =

∫
P ω(g) dνφ(ω) for all g ∈ G. In par-

ticular φ is uniformly continuous.

A(R) := {f̂ |R | f ∈ L1(K\G/K)} dense in
C∞(R)

Inverse Spherical Transform: ∃1 pos Radon
measure µP on P , supported in R, such that:

F(B(K\G/K) ∩ L1(K\G/K)) ⊂ L1(P , µP),

f (g) =
∫
P f̂ (ω)ω(g) dµP(ω) for f ∈ B ∩ L1.

µP is Plancherel measure for (G,K).

Plancherel Formula for K\G/K:

f ∈ L1(K\G/K)∩L2(K\G/K) ⇒ f̂ ∈ L2(P , µP),

||f ||2 = ||f̂ ||2 , F : L1 ∩ L2 → L2(P , µP) ex-
tends to isometry ofL2(K\G/K) ∼= L2(P , µP).
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Direct Integral: (Y,M, τ ) is a measure space.
If y ∈ Y then Hy is a separable Hilbert space
Fix a family {sα}α∈A of maps Y →

⋃
y∈Y Hy

such that

(i) sα(y) ∈ Hy a.e. (Y, τ ), for all α ∈ A,
(ii)

(
y 7→ 〈sα(y), sβ(y)〉Hy

)
∈ L1(Y, τ ), and

(iii) Hy = closed span ({sα(y)}α∈A) a.e. (Y, τ ).

The corresponding direct integral is the vec-
tor space

H =

∫
Y
Hy dτ (y) :

all maps s : Y →
⋃
y∈Y

Hy such that

(i) s(y) ∈ Hy a.e. (Y, τ ),

(ii)
(
y 7→ 〈s(y), sα(y)〉Hy

)
∈ L1(Y, τ ), all α ∈ A,

inner product 〈s, s′〉 =
∫
Y 〈s(y), s

′(y)〉Hy dτ (y).
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Every s ∈ H =
∫
Y Hy dτ (y) has form s(y) =∑

α∈A fα(y)sα(y), fα : Y → C measurable.

Let {Ty | y ∈ Y } be bounded linear operators
on the Hy such that if s ∈ H =

∫
Y Hy dτ (y)

then (T (s) : y 7→ Ty(s(y))) ∈ H. Then T :⋃
Hy → H is the direct integral of the Ty ,

denoted T =
∫
Y Ty dτ (y).

Let {πy ∈ Y } be a uniformly bounded family
of Banach representations of G on the Hy such
that each π(g) =

∫
Y πy(g) dτ (y) is defined. If

the resulting group homomorphism π : G →
GL(H) is strongly continuous, i.e. is a Banach
representation of G, then π is the direct in-
tegral of the πy , denoted π =

∫
Y πy dτ (y).
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H closed subgroup of locally compact group G,
η be a unitary representation of H , Eη the rep-
resentation space. ∆G/H(h) = ∆G(h)/∆H(h),
quotient of the modular functions. Define

L2(G/H, η ⊗∆
1/2
G/H

) =

{φ : G→ Eη | ||φ|| is L2(G/H,∆
1/2
G/H

)}.

So φ(gh) = ∆G/H(h)−1/2η(h)−1(h)φ(g) and

g 7→ ||φ(g)|| belongs to L2(G/H,∆
1/2
G/H

).

L2(G/H, η ⊗ ∆
1/2
G/H

) is a Hilbert space with

〈φ, φ′〉 =
∫
G/H〈φ(gH), φ′(gH)〉Eη dµG/H(gH).

G acts onL2(G/H, η⊗∆
1/2
G/H

) by [`G/H(g)φ](g′)

= φ(g−1g′). This is a unitary representation,
unitarily induced from H to G, denoted
IndGH(η).
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If η is the trivial 1–dimensional representation

of H then IndGH(η ⊗ ∆
1/2
G/H

) is the left regular

representation ofG on L2(G/H,∆
1/2
G/H

). If ω is

the trivial 1–dimensional representation of {1}
then IndG{1}(ω) is the usual left regular repre-

sentation of G on L2(G).

IndGH

((∫
Y
ηy dτ (y)

)
⊗∆

1/2
G/H

)
∼=

∫
Y

IndGH

(
ηy ⊗∆

1/2
G/H

)
dτ (y).

Let K,Q ⊂ G closed subgroups, K compact
and transitive on G/Q, ζ : Q → C spheri-
cal for (Q,Q ∩K). The induced spherical
function IndGQ(ζ) : G→ C by [IndGQ(ζ)](g) =∫
K ζ̃(gk) dµK(k) where ζ̃(kq) = ζ(q)∆G/Q(q)−1/2
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Let [η] ∈ Q̂ with a (Q ∩ K)–fixed cyclic unit
vector v,

ζ(q) = 〈v, η(q)v〉,
π = IndGQ(η), φ = IndGQ(ζ),

u : G→ Eη by u(kq) = η(q)−1∆G/Q(q)−1/2 v.

Then u is a K–fixed unit vector in

Hπ = L2(G/Q, η0 ⊗∆
1/2
G/Q

), and

φ(g) = 〈u, π(g)u〉 for all g ∈ G.

H ′
π = closed span {π(g)u | g ∈ G}, is π–

irreducible and associated to φ.

We use direct integrals to carry our spherical
transform results from K\G/K to G/K, ex-
panding a function on G/K in terms of (i) G–
translates of functions ω ∈ P(G,K), (ii) coeffi-
cients of the corresponding representations πω,
(iii) vectors in Hω = Hπω , and (iv) operators
on those representation spaces.
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Bochner space B(G/K): all linear combi-
nation of continuous positive–definite right K–
invariant functions φ : G→ C.

B(G/K) ∩ L1(G/K) is dense in L1(G/K).

If f ∈ B(G/K) ∩ L1(G/K) and g ∈ G then

ω 7→ (f ∗ ω)(g) is in L1(P , µP) and

f (g) =
∫
P(f ∗ ω)(g) dµP(ω).

Scalar Fourier Inversion:
Let f ∈ B(G/K) ∩ L1(G/K), x ∈ G. Then
(ω 7→ 〈π̇ω(f )uω, πω(x)uω〉Hω) ∈ L1(P , µP)

and f (x) =
∫
P〈π̇ω(f )uω, πω(x)uω〉Hω dµP(ω).

Corollary: (ω 7→ ||π̇ω(f )uω||) ∈ L2(P , µP)
||f ||2

L2(G/K)
=

∫
P ||π̇ω(f )uω||2Hω dµP(ω).
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Hp = Hp(G/K) =
∫
P Hω dµP(ω):

Lp sections sf (ω) = π̇ω(f )uω for f ∈ Cc(G/K).

Vector Fourier Inversion:
Let f ∈ B(G/K) ∩ L1(G/K). Then
F(f ) ∈ H1(G/K) and
f (x) =

∫
P〈F(f )(ω), πω(x)uω〉Hω dµP(ω) .

The vector–valued Fourier Transform on
G/K is the map F : L1(G/K) → H∞(G/K)
defined by [F(f )](ω) = π̇ω(f )uω ∈ Hω . Note
||F(f )||H∞(G/K) 5 ||f ||L1(G/K) .

Vector Plancherel Formula:
If f ∈ L1(G/K) ∩ L2(G/K) then

F(f ) ∈ H2(G/K),

||F(f )||H2(G/K) = ||f ||L2(G/K),

F extends to L2(G/K) ∼= H2(G/K).
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Example: Compact Groups

K compact group, δK diag in G = K ×K.

K ↔ G/δK by k ↔ (k, 1)δK.

G acts on K by (k1, k2) : K 7→ k1kk
−1
2 ; that

corresponds to action G/δK by
(k1, k2) : (k′, k′′)δK 7→ (k1k

′, k2k
′′)δK

A function f : G → C is δK–bi–invariant just
when f ′(xy−1) = f (x, y) is constant on con-
jugacy classes in K. So C(G/δK) ↔ C(K),

C(δK\G/δK) ↔ C(K)Ad(K), etc.

If [τ ] ∈ K̂ its character χτ (k) = trace τ (k) is
conjugation–invariant, belongs toC(δK\G/δK).

The Inverse Spherical Transform and Plancherel
Formula for δK\G/δK express

L2(δK\G/δK) =
∫
P CτdµP(τ )

where Cτ = χτC.
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Similarly the Inverse Spherical Transform and
Plancherel Formula for G/δK express

L2(G/K) ∼= L2(K) ∼=
∫
P Eτ ⊗ E∗τ dµP(τ ),

where

Eτ is the representation space of τ ,

E∗τ its dual space,

Eτ ⊗ E∗τ is the space of matrix coef of τ .

The considerations above for compact groups
give the details:

• P = K̂,

• Plancherel measure µP is purely atomic, so
∫
P is a weighted sum

over K̂,

• dµP(τ ) = deg τ , the dimension of Eτ , and

• f 7→ deg (τ )χτ ∗f = f ∗ deg (τ )χτ is the orthogonal projection

L2(K) → Eτ ⊗ E∗
τ .

• L2(δK\G/δK) = L2(K)Ad(K) =
∑

K̂ Cτ ,

• L2(G/δK) = L2(K) =
∑

K̂ Eτ ⊗ E∗
τ ,

• f =
∑

K̂ deg (τ )χτ ∗ f in L2(K).
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Compact Symmetric Spaces G/K:

P =
{
πλ

∣∣∣〈λ,α〉〈α,α〉 ∈ Z≥0 all pos res roots α
}

dµP(πλ) = degπλ, L
2(G/K) =

∑
P Eπλ

f =
∑
P degπλ trace π̇λ(f )

Example: Noncompact SymmetricG/K

As in the case of rank 1, the (G,K)–spherical
functions are the

ϕλ(g) =
∫
K e(iλ+ρ)(A(kg))dµK(k), λ ∈ a∗C

ϕλ = ϕλ′ if and only if λ′ ∈ W (g, a)(λ)

Spherical inversion formula for f ∈ L1(K\G/K):

cf (x) =
∫
a∗ f̂ (λ)ϕλ(x)|c(λ)|−2dλ

where c(λ) = c0
∏
γ∈Σ+

0 (g,a)×

×
2−〈iλ,γ〉/〈γ,γ〉Γ(

〈iλ,γ〉
〈γ,γ〉 )

Γ(12(12mγ+1+
〈iλ,γ〉
〈γ,γ〉 ))Γ(12(12mγ+m2γ+

〈iλ,γ〉
〈γ,γ〉 ))
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c0 given by c(−iρ) = 1, c is independent of f ,

c
∫
G |f (x)|2dµG(x) =

∫
a∗ |f̂ (λ)|2|c(λ)|−2dλ,

and 1
c|c|

−2 is the Plancherel density on a∗.

L2(G/K) =
∫
a∗Eπλ|c(λ)|−2dλ

Finsler symmetric spaces:

Finsler symmetric spaces are homogeneous, and
they have the same homogeneous space struc-
ture as riemannian symmetric spaces, so their
harmonic analysis is exactly the same as in the
riemannian case.
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Short Course on Commutative Spaces
Reykjavik, August, 2007

Lecture 3: Structure and Classsification
===========< ◦ >===========

Reductive Commutative Spaces

G is a connected reductive real Lie group and
H is a compact subgroup

(G,H) is w. symm. ⇔ ∃ weak symmetry:
σ ∈ Aut(G), σ(g) ∈ Hg−1H ∀g ∈ GC

(G,H), M = G/H are spherical if a Borel
subgp B ⊂ GC has an open orbit on GC/HC
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Akhiezer–Vinberg Theorem: if G is reductive
then the following are equivalent.

• (G,H) is commutative

• (G,H) is weakly symmetric

• (G,H) is spherical

• G is multiplicity–free on L2(G/H)

• GC is multiplicity–free on C[GC]HC

The main tool in the hard part, that commu-
tative pairs (G,H) with G reductive, is con-
struction of a “Weyl involution” ν of G such
that ν(H) = H . In other words ν is an invo-
lutive automorphism of G, and G has a Cartan
subgroup A such that ν(a) = a−1 for all a ∈ A.
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Kramer Classification.
Weakly Symmetric Coset Spaces of a Compact Connected Simple Lie Group

M = G/H weakly symmetric G/K symmetric

G H conditions K with H ⊂ K ⊂ G

riemannian symmetric spaces with symmetry s (H = K)

circle bundles over hermitian symmetric spaces dual to a non–tube domain:
1 SU(m+ n) SU(m)× SU(n)] n > m = 1 S[U(m)× U(n)]
2 SO(2n) SU(n) n odd, n = 3 U(n)
3 E6 Spin(10) Spin(10) · Spin(2)

4 SU(2n+ 1) Sp(n) n = 1 U(2n) = S[U(2n)× U(1)]
5 SU(2n+ 1) Sp(n)× U(1) n = 1 U(2n) = S[U(2n)× U(1)]

constant positive curvature spheres:
6 Spin(7) G2 (there is none)
7 G2 SU(3) (there is none)

weakly symmetric spaces of Cayley type:
8 SO(10) Spin(7)× SO(2) SO(8)× SO(2)
9 SO(9) Spin(7) SO(8)

10 Spin(8) G2 Spin(7)

11 SO(2n+ 1) U(n) n = 2 SO(2n)
12 Sp(n) Sp(n− 1)× U(1) n = 1 Sp(n− 1)× Sp(1)

Weakly Symmetric Coset Spaces of a Noncompact Connected Simple Lie Group
M = G/H weakly symmetric max compact K in G

G H conditions K

riemannian symmetric spaces (K = H)

circle bundles over bounded symmetric domains:
1 SU(m,n) SU(m)× SU(n)] n > m = 1 S[U(m)× U(n)]
2 SO∗(2n) SU(n) n odd, n = 3 U(n)
3 E6,D5T1 Spin(10) Spin(10) · Spin(2)

4 SU(2n, 1) Sp(n) n = 1 U(2n) = S[U(2n)× U(1)]
5 SU(2n, 1) Sp(n)× U(1) n = 1 U(2n) = S[U(2n)× U(1)]

weakly symmetric spaces of Cayley type:
8 SO(8, 2)0 Spin(7)× SO(2) SO(8)× SO(2)
9 SO(8, 1)0 Spin(7) SO(8)

10 Spin(7, 1)0 G2 Spin(7)

11 SO(2n, 1)0 U(n) n = 2 SO(2n)
12 Sp(n− 1, 1) Sp(n− 1)× U(1) n = 1 Sp(n− 1)× Sp(1)
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Yakimova–Mikityuk Classification.
Compact Irreducible Nonsymmetric Weakly Symmetric (g, h), where g is Semisimple but not Simple

1) su(n) su(n + 1)

su(n) u(1)
�

��
2) su(n + 2) sp(m)

u(n)
su(2) = sp(1)

sp(m− 1)�
��

@
@@

3) sp(n) sp(`) sp(m)

sp(n− 1) sp(1) sp(`− 1) sp(m− 1)
@@ �������

@@

4) sp(n + 2) sp(2)

sp(n) sp(2)
H

HH
5) su(n + 2) sp(m)

su(n)
su(2) = sp(1)

sp(m− 1)�
��

@
@@

6) sp(n) sp(2) sp(m)

sp(n− 1) sp(1) sp(1) sp(m− 1)
@@ �� @@ ��

7) so(n) so(n + 1)

so(n)
@@ ��

8) sp(n + 1) sp(m)

sp(n) sp(1) sp(m− 1)
�

��
H

HH
9) g1 . . . gn

h′1 . . . h′n

. . .
zh

��
�������

(g is the sum of the algebras on the top row and h is the sum of the algebras on the bottom row)

Noncompact version: Make = 1 of these for
simple ideals of g, so that the resulting real form
g0 of gC still contains h.
1. If m is a simple ideal of h and g has an ideal
l isomorphic to m ⊕ m, such that h ↪→ g re-
stricts to the inclusion of m as the diagonal of
l ∼= m⊕m, replace l by mC.
2. Replace a simple summand of g not involved
in the first kind of substitution with a noncom-
pact real form of its complexification, and there
is only one possibility for that noncompact real
form.
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Commutative Nilmanifolds

The 2–step Nilpotent Theorem. If (G,K)
is commutative and N is the nilradical of G,
then N is abelian or 2–step nilpotent.

Lemma: (N oK,K) is commutative.

Lie group argument: UseKnKn′K = Kn′KnK
and Campbell–Hausdorff formula on the descend-
ing central series ofN (Benson-Jenkins-Ratcliff)

Geometric argument (weakly symmetric case):
Weakly symmetric ⇒ geodesic orbit space

(Berndt, Kowalsky, Vanhecke)
(N, ds2) g.o. riemannian nilmanifold⇒N abelian

or 2–step nilpotent (Gordon)

Algebraic + symplectic geometry argument:
G = N o L where (i) N abelian or 2–step
nilpotent, (ii) L reductive and K ⊂ L, and (iii)
R[n]L = R[n]K (Vinberg)
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Carcano’s Theorem. Let K ⊂ U(n) closed
connected subgroup irreducible on Cn. Then
(Hn oK,K) commutative ⇔ KC multiplicity
free on polynomial algebra C[Cn].

Kač’ Theorem. Classification of closed con-
nected irreducible subgroups K ⊂ U(n) multi-
plicity free on C[Cn].

Benson–Jenkins–Ratcliff Classification.
Let K ⊂ U(n) closed connected subgroup irre-
ducible on Cn. Then (HnoK,K) commutative
⇔K ⊂ U(n) multiplicity free on C[Cn] ⇔ rep-
resentation of K on Cn is one of the following.
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“Multiplicity Free” Irreducible Representations of K and KC on Cn

Group K Group KC Acting on Conditions on n

1 SU(n) SL(n; C) Cn n = 2

2 U(n) GL(n; C) Cn n = 1

3 Sp(m) Sp(m; C) Cn n = 2m

4 U(1)× Sp(m) C∗ × Sp(m; C) Cn n = 2m

5 U(1)× SO(n) C∗ × SO(n; C) Cn n = 2

6 U(m) GL(m; C) S2(Cm) m = 2, n = 1
2m(m+ 1)

7 SU(m) SL(m; C) Λ2(Cm) m odd, n = 1
2m(m− 1)

8 U(m) GL(m; C) Λ2(Cm) n = 1
2m(m− 1)

9 SU(`)× SU(m) SL(`; C)× SL(m; C) C` ⊗ Cm n = `m, ` 6= m

10 U(`)× SU(m) GL(`; C)× SL(m; C) C` ⊗ Cm n = `m

11 U(2)× Sp(m) GL(2; C)× Sp(m; C) C2 ⊗ C2m n = 4m

12 SU(3)× Sp(m) SL(3; C)× Sp(m; C) C3 ⊗ C2m n = 6m

13 U(3)× Sp(m) GL(3; C)× Sp(m; C) C3 ⊗ C2m n = 6m

14 U(4)× Sp(4) GL(4; C)× Sp(4; C) C4 ⊗ C8 n = 32

15 SU(m)× Sp(4) SL(m; C)× Sp(4; C) Cm ⊗ C8 n = 8m, m = 3

16 U(m)× Sp(4) GL(m; C)× Sp(4; C) Cm ⊗ C8 n = 8m, m = 3

17 U(1)× Spin(7) C∗ × Spin(7; C) C8 n = 8

18 U(1)× Spin(9) C∗ × Spin(9; C) C16 n = 16

19 Spin(10) Spin(10; C) C16 n = 16

20 U(1)× Spin(10) C∗ × Spin(10; C) C16 n = 16

21 U(1)×G2 C∗ ×G2,C C7 n = 7

22 U(1)× E6 C∗ × E6,C C27 n = 27

If (G,K) is one of the pairs in this table,
and ds2 is any G–invariant riemannian metric
on M = G/K, then (G,K) and (M,ds2) are
weakly symmetric.
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Vinberg Classification.1

Maximal Irreducible Nilpotent Gelfand Pairs (N oK,K)

Group K v z U(1) maximal

1 SO(n) Rn Skew Rn×n = so(n)

2 Spin(7) R8 = O R7 = Im O
3 G2 R7 = Im O R7 = Im O
4 U(1) · SO(n) Cn Im C n 6= 4

5 (U(1)×)SU(n) Cn Λ2Cn ⊕ Im C n odd

6 SU(n), n odd Cn Λ2Cn

7 SU(n), n odd Cn Im C
8 U(n) Cn Im Cn×n = u(n)

9 (U(1)·)Sp(n) Hn Re Hn×n
0 ⊕ Im H

10 U(n) S2Cn R
11 (U(1)·)SU(n), n = 3 Λ2Cn R n even

12 U(1) · Spin(7) C8 R7 ⊕ R
13 U(1) · Spin(9) C16 R
14 (U(1)·)Spin(10) C16 R
15 U(1) ·G2 C7 R
16 U(1) · E6 C27 R
17 Sp(1)× Sp(n) Hn Im H = sp(1) n = 2

18 Sp(2)× Sp(n) H2×n Im H2×2 = sp(2)

19 (U(1)·)SU(m)× SU(n)
m,n = 3 Cm ⊗ Cn R m = n

20 (U(1)·)SU(2)× SU(n) C2 ⊗ Cn Im C2×2 = u(2) n = 2

21 (U(1)·)Sp(2)× SU(n) H2 ⊗ Cn R n 5 4 n = 3

22 U(2)× Sp(n) C2 ⊗Hn Im C2×2 = u(2)

23 U(3)× Sp(n) C3 ⊗Hn R n = 2

1Im Fn×n := {x ∈ Fn×n | x∗ + x = 0}, Re Fn×n := {x ∈ Fn×n | x∗ = x},
Re Fn×n

0 := {x ∈ Re Fn×n | tracex = 0}. All are weakly symmetric except
(9) with K = Sp(n) (Lauret, first example of non-ws commutative pair).

33



Yakimova Classification.
Maximal Indecomposable Principal Saturated Nilpotent Gelfand Pairs (N o K, K),

N Nonabelian, Where the Action of K on v ∼= n/[n, n] is Reducible
Group K K–module v K–module [n, n] Algebra n

1 U(n) Cn ⊕ su(n) R ((hn;C)) + su(n)
2 U(4) C4 ⊕ R6 Im C⊕ Λ2C4 ((Im C + Λ2C4 + C4)) + R6

3 U(1)× U(n) Cn ⊕ Λ2Cn R⊕ R ((hn;C)) + ((hn(n−1)/2;C))
4 SU(4) C4 ⊕ R6 Im C⊕ Λ2C4 ((Im C + Λ2C4 + C4)) + R6

5 U(2)× U(4) C2×4 ⊕ R6 Im C2×2 ((Im C2×2 + C2×4)) + R6

6 S(U(4)× U(m)) C4×m ⊕ R6 R ((h4m;C)) + R6

7 U(m)× U(n) Cm×n ⊕ Cm R⊕ R ((hmn;C)) + ((hm;C))
8 U(1)× Sp(n)× U(1) C2n ⊕ C2n R⊕ R ((h2n;C)) + ((h2n;C))
9 Sp(1)× Sp(n)× U(1) Hn ⊕Hn Im H⊕ R ((hn;H)) + ((h2n;C))

10 Sp(1)× Sp(n)× Sp(1) Hn ⊕Hn Im H⊕ Im H ((hn;H)) + ((hn;H))
11 Sp(n)× {Sp(1), U(1), {1}} Hn ⊕Hn×m Im H ((hn;H)) + Hn×m

×Sp(m)
12 Sp(n)× {Sp(1), U(1), {1}} Hn ⊕ Re Hn×n

0 Im H ((hn;H)) + Re Hn×n
0

13 Spin(7)× {SO(2), {1}} (R8 = O)⊕ R7×2 R7 = Im O ((h1;O)) + R7×2

14 U(1)× Spin(7) C7 ⊕ R8 R ((h7;C)) + R8

15 U(1)× Spin(7) C8 ⊕ R7 R ((h8;C)) + R7

16 U(1)× U(1)× Spin(8) C8
+ ⊕ C8

− R⊕ R ((h8;C)) + ((h8;C))
17 U(1)× Spin(10) C16 ⊕ R10 R ((h16;C)) + R10

18 {SU(n), U(n), U(1)Sp(n
2 )} Cn×2 ⊕ su(2) R ((h2n;C)) + su(2)

×SU(2)
19 {SU(n), U(n), U(1)Sp(n

2 )} Cn×2 ⊕ C2 R⊕ R ((h2n;C)) + ((h2;C))
×U(2)

{SU(n), U(n), U(1)Sp(n
2 )}

20 ×SU(2)× Cn×2 ⊕ C2×m R⊕ R ((h2n;C)) + ((h2m;C))
{SU(m), U(m), U(1)Sp(m

2 )}
21 {SU(n), U(n), U(1)Sp(n

2 )} Cn×2 ⊕ C2×4 R⊕ R ((h2n;C)) + ((h8;C)) + R6

×SU(2)× U(4) ⊕R6

22 U(4)× U(2) R6 ⊕ C4×2 R R6 + ((h8;C)) + su(2)
⊕su(2)

23 U(4)× U(2)× U(4) R6 ⊕ C4×2 R⊕ R R6 + ((h8;C))
⊕C2×4 ⊕ R6 +((h8;C)) + R6

24 U(1)× U(1)× SU(4) C4 ⊕ C4 ⊕ R6 R⊕ R ((h4;C)) + ((h4;C)) + R6

25 (U(1)·)SU(4)(·SO(2)) C4 ⊕ R6×2 R ((h4;C)) + R6×2
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Square Integrable Representations.

N : connected simply connected nilpotent

Z: center of N

Equivalent:
1. N has L2 (mod Z) unitary representations
2. ∃λ ∈ z∗ with Pf (bλ) 6= 0

3. Plancherel measure on N̂ concentrated on
{πλ | Pf (bλ) 6= 0}; |Pf (bλ)| is the Plancherel
density there.

Example: N = Hn Heisenberg of dim 2n + 1.
Then hn = n = z + v, z = Im C, v = Cn. Let
λt : (z, v) 7→ −itz. Then Pf (bλt) = |t|n.

All the groups N of Vinberg’s table have square
integrable representations, except for (1) and
(6) with n odd, and (3). All the groups N of
Yakimova’s table have square integrable repre-
sentations.
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General Classification

Yakimova’s classification of commutative Lie
group pairs is explicit under two technical con-
ditions: “saturated” and “principal”. For what
it’s worth without the definitions, her result is

Every maximal, indecomposable, principal, Sp(1)–
saturated commutative pair is one of
(1) Gelfand pairs (G,K) with G reductive;
(2) one of the spaces

L K n L K n

(S)U(2n) Sp(n)(·U(1)) h2n or C2n SO(8)× SO(2) Spin(7)× SO(2) h8 or R8×2

SO(7) G2 R7 SO(8) Spin(7) R8×2

Spin(7) Spin(6) R8 SO(8) Spin(7) R8

SO(2n) U(n) R2n

(3) one of the spaces
G K L

(3a) Rn o (SO(n)× SO(n) SO(n) SO(n)× SO(n)
(3b) Hn×2 o (Sp(n)× Sp(2)× Sp(2)) Sp(n)× Sp(2) Sp(n)× Sp(2)× Sp(2)
(3c) (Hn o S(U(n))× U(n)) U(n) S(U(n)× U(n))

(4) pairs (G,K) = (N oK,K), N nilpotent
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To get rid of the Sp(1)–saturated condition
one concretely associates families of commuta-
tive spaces to certain weighted trees T , and
some closely related weighted graphs Γ. A spe-
cific procedure is developed for this. The result
is:

(G,K): maximal principal indecomposable Gelfand
pair not Sp(1)–saturated, G is not reductive,
G 6= N o K with N nilpotent. Then (G,K)
belongs to one of these eleven classes. Top row is
K, the second row is L, the bottom row refers to
the weighted graph (Γ, w) and/or the weighted
rooted tree (T,w).

U(1)

Sp(1)

T

Sp(1)

Sp(1)× Sp(1)× Sp(1)

T T T

�
�

��

@
@

@@

Sp(1) Sp(n− 1)

Sp(1)× Sp(1)× {Sp(n), Sp(n− 1, 1)}

T T

�
�

��

@
@

@@
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Sp(1) Sp(m− 1) Sp(n− 1)

Sp(1)× {Sp(m), Sp(m− 1, 1)} × {Sp(n), Sp(n− 1, 1)}

T

@
@

@@

H
H

H
H

H
HH

Sp(1) SU(n− 2)

Sp(1)× {(S)U(n), (S)U(n− 2, 2)}

T

H
H

H
H

HH

Sp(1) Sp(1)

Sp(1)× {Sp(2), Sp(1, 1)} × Sp(1)

T T

�
�

��

�
�

��

@
@

@@

@
@

@@

Sp(1) Sp(1) Sp(n− 1)

Sp(1)× {Sp(2), Sp(1, 1)} × {Sp(n), Sp(n− 1, 1)}

T

�
�

��

�
�

��

@
@

@@

@
@

@@

Sp(1) Sp(1) Sp(n− 1)

Sp(1)× Sp(1)× Sp(1)× {Sp(n), Sp(n− 1, 1)}

T T

�
�

��

�
�
��

A
A

AA

@
@

@@

�
�
��

A
A

AA

Sp(1) Sp(n− 1)

Sp(1) × {Sp(n), Sp(n− 1, 1)}

{Γ, T}

HH
HHHHH

Sp(m− 1) Sp(1) Sp(1) Sp(n− 1)

{Sp(m), Sp(m− 1, 1)} × Sp(1)× Sp(1)× {Sp(n), Sp(n− 1, 1)}

T

��
�����

HH
HHHHH

�
�
��

A
A

AA

Sp(1)

Sp(1) × Sp(1)

{Γ, T} T

�
�

��

@
@

@@

Similar considerations for the reductive and the nilmanifold cases, and again similar consider-
ations on how to enlarge the center of L to eliminate the “principal” condition.
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