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Theheat equation
.

# The heat equation on M is the Cauchy problem
Lyu(z,t) = Opu(z,t), u(z,0)= flx) e L*(M).

-

M a Riemannian manifold and L,; the Laplacian.

® |ts solution Is
u(z,t) = Hy(f)(x) = e f(z)
_ / hi(, ) f(y) do(y)
M

# where h; Is the heat kernel on M, ie., hy > 0, h(x,-)do a
probability measure on M and h:(x,y) = ht(y, x).

o -
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o, .

If G Is a group of isometries acting on M, then

hi(gz, gy) = he(z,y) .
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If G Is a group of isometries acting on M, then

hi(gz, gy) = he(z,y) .

® G transitive, M = G/K, —
ht(gajm hq;o) — ht(h_lg)

where h; IS now a K-biinvariant function on G.

® u(gr,y,t) = f(hao)hi(htg) dhy.
G/K

o -
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Assume for the moment that M = R” ~» use the Fourier
transform in the « variable: —|\[*a(\, ) = 0,a(\, t)
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o, .

Assume for the moment that M = R” ~» use the Fourier
transform in the « variable: —|\[*a(\, ) = 0,a(\, t)

® Thus:

w(z,t) = @) [ f(\)e A gy
Rn

he(z) = (4mt) M 2e /4,

® u(z,t) = (4xt) 2 [ fly)e 0 gy,
Rn
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holomor phic extension

o, .

Replacing z € R" by z € C" shows that both «(-,¢) and h;
extends to holomorphic function on C* = T*(R").
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® The map H; : L*(R") — O(C") is the Segal-Bargmann
transform.

# Its image Is the space F;(C") of holomorphic functions on
C" such that

Fll = LF@ +iy) "y o (y) dody < oo

® f(z)= - Hy(f)(x +iy)ha(y) dy, [ € CZ(R").
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holomor phic extension

o, .

Replacing z € R" by z € C" shows that both «(-,¢) and h;
extends to holomorphic function on C* = T*(R").

® The map H; : L*(R") — O(C") is the Segal-Bargmann
transform.

# Its image Is the space F;(C") of holomorphic functions on
C" such that

Fll = LF@ +iy) "y o (y) dody < oo

® f(x)= - Hy(f)(x 4 iy)hot(y) dy, [ € CZ(R™).

# In both cases weighted only in the y € T(R") direction.

o -
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Euclidean motion group

o, .

This does not reflect the “correct” Fourier analysis if we
view R” = G/SO(n) as a homogeneous space under the
Euclidean motion group G = R" x SO(n).
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Euclidean motion group

o, .

This does not reflect the “correct” Fourier analysis if we
view R” = G/SO(n) as a homogeneous space under the
Euclidean motion group G = R"™ x SO(n).

2/MN\ ~_ 2n7Tf,a7“n_1’l“
.QL(R)_/R+(L(S), Y1

® (2, A)f(w) = e (A (w))
o fr(w) — f(frw)

# The natural way to realize those reps is by using the
Radon transform

Rf(w.r)= [ fa)da

o -
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® G-intertwining C.(R"?) — Ceven(Z), 2= S""1 xR =G/MN,
M =S0(n—1), N =R" ! and
R(Lpnf)(w,r) = 35 R(f)(w,p).

N~
]



-

® G-intertwining C.(R"?) — Ceven(Z), 2= S""1 xR =G/MN,
M =S0(n—1), N =R" ! and

R(Lrnf)(w,r) = 85 R(f)(w,p).

# Unitary isomorphism, A = (27)" 2 [+ oR.

cor. to rn—1
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® G-intertwining C.(R"?) — Ceven(Z), 2= S""1 xR =G/MN,
M =S0(n—1), N =R" ! and

R(Lrnf)(w,r) = 85 R(f)(w,p).

# Unitary isomorphism, A = (27)" 2 [0 7  oR.
cor. to rn—1

#® Theorem The operator A extends to an unitary
Intertwining operator

A (L3(X),Lx) — (L*(2), L

[1]

D
):/ (LA(S™ Y, m) dr.

R+

o -
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New version of S-B
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® Apply A to the h-e: A(H;(f))(-,p) = H; (Af)(-p).
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New version of S-B

N .

® Apply A to the h-e: A(H,(£))(-,p) = HE(AF)(-, p).
» Middle term solution at time ¢ of the L?(S"~!)-valued heat
equation on R, with initial value p — A(f)(-,p) € L?(S"1).

® = p— HYAF)(-,p) extends to a holomorphic
L?(S™1-valued function on C. For F € F;(C") take
f € L2(X) such that H,(f) = F and define A(F) to be the
holomorphic extension of HX(Af).
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New version of S-B

N .

® Apply A to the h-e: A(H,(£))(-,p) = HE(AF)(-, p).
» Middle term solution at time ¢ of the L?(S"~!)-valued heat
equation on R, with initial value p — A(f)(-,p) € L?(S"1).

® = p— HYAF)(-,p) extends to a holomorphic
L?(S™1-valued function on C. For F € F;(C") take

f € L2(X) such that H,(f) = F and define A(F) to be the
holomorphic extension of HX(Af).

® Theorem The map A : Fi(C") — Fz, (5" ! x C) is an
unitary G-isomorphism.

o -
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# M.B. Stenzel, 1999: Compact symmetric spaces
M=G/K, K=_G",where 7 : G — G anon-trivial
iInvolution. In this case M¢ = G¢/Kc ~T(G/K)*.
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kernel extends to holomorphic functions on g¢/Kc.
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Some history

o, .

Assume now that M = G/K is a Riemannian symmetric
space.

# B. Hall, 1997: G compact connected semisimple Lie
groups. The image Is a Fock space of holomorphic
functions on M¢ = G¢/Kc.

# M.B. Stenzel, 1999: Compact symmetric spaces
M=G/K, K=_G",where 7 : G — G anon-trivial
iInvolution. In this case M¢ = G¢/Kc ~T(G/K)*.

# In this case all eigenfunctions of D(G/K) and the heat
kernel extends to holomorphic functions on g¢/Kc.

# B. Hall and J.J. Mitchell, 2004: The case M = G/K
where G is complex or of rank one

o -
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More history
B o

® B. Krotz, G. O, and R. Stanton, 2005: The general case
G /K where G I1s non-compact and semisimple and K is a
maximal compact subgroup.
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® B. Krotz, G. O, and R. Stanton, 2005: The general case
G /K where G I1s non-compact and semisimple and K is a
maximal compact subgroup.

# Image not a Fock space of holomorphic function on not
the full complexification G¢ /K¢ but on the crown.

# The eigenfunctions and h; do not extends to G¢/Kc.
# Also, the definition of the norm not so simple.

® G O and H. Schlichtkrull, 2005: A different formula for the
K-invariant function on G/K and generalization to
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More history

® B. Krotz, G. O, and R. Stanton, 2005: The general case
G /K where G I1s non-compact and semisimple and K is a
maximal compact subgroup.

# Image not a Fock space of holomorphic function on not
the full complexification G¢ /K¢ but on the crown.

# The eigenfunctions and h; do not extends to G¢/Kc.
# Also, the definition of the norm not so simple.

® G O and H. Schlichtkrull, 2005: A different formula for the
K-invariant function on G/K and generalization to
arbitrary non-negative multiplicity functions.

# The general case in 2007.

o -
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The Fourier transform

. .

( a connected noncompact semisimple Lie group C G,
simply connected,

20, K=Gg=t@p,acCp, Xt G=KAN,
M = G/K, as usually.

® g=Fk(z)a(x)n(x)

® B=K/M=G/MAN, with G-action g - kM = k(gk)M,
(L*(B),m\), A € aX the principal series rep.

m(x) f(kM) = a($_1k)_>‘_pf($_1 kM) .
py=1¢€ LQ(B).

® e)y(7) = a(z~ k)~"? Fourier tranf.

B AO = ms(Ppa®) = [ f@ers@de

—p. 112
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L?-isomor phism

N .

» Spf. fcf o) (2) = (ma(2)pa, pr) = [ exp(x) db.

d\db

c(M)[*

#® Theorem (Helgason) The Fourier transform extends to
an unitary isomorphism

2 N Yo
L2(M) =~ / (L2(B),7_y) du(\

*
a
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~ L% (ia* x B,du)
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L?-isomor phism

-

» Spf. fcf o) (2) = (ma(2)pa, pr) = [ exp(x) db.

d\db

c(M)[*

#® Theorem (Helgason) The Fourier transform extends to
an unitary isomorphism

2 N R
L2(M) =~ / (L2(B),7_y) du(\

*
a

® c()) the H-C c-function du (A, b) =

~ L% (ia* x B,du)

‘= {90 S L2(dﬂ) ‘ QO(QU)‘? ) — A(wv _A)QO()H )}
¢ d:“()‘v b)

s feCE s = [ fbenn Tz

L.o Finally (ﬁ)(k, b) = —(\2 + |p>) f (A, b).
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TheHardy space
=

® Hy: FcO(Cr(X))suchthat F|x € L*(X) and

1
2 [ J—
”F”HX T ‘W‘ B
)

=

Flx(\0)P w(\)du(A,b) < o

d e



TheHardy space
=

® Hy: FcO(Cr(X))suchthat F|x € L*(X) and

1 ——
1FFy = o Flx (A, b)2 w(X)dp(X,b) < oo
’W’ 1a*x B N N~

J

=

d e
® Theorem (O-S) The space Hy is a G-invariant Hilbert

space. The action of GG Is unitary and

D
(HX,L)) N/ (H_AJT_)\) d,uw()\)

sk
4t

Furthermore, the following holds:

o -
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l.Let F € Hx and f = F|x. Then for all z € Cr(X):

F(z) = [ FOuDeas(z) dulnb).

2. For each ¢ € L?(ia* x B,wdpu) the function defined by
F(z) = [ @\ bens(z) du(r.d

belongs to Hx and has f\} = .

3. Hx Is a reproducing kernel Hilbert space with
reproducing kernel

K(ow) — /iaiXB ek,b(fZ)Z—();\,l)?(U(w))dM()\’b)

. [ or(o(w)"12) o

ey dpi(A)




The Segal Bargmann transform
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The Segal Bargmann transform

-

® letu(x,t) = Hef(x). Then
b
‘W‘ 1a*x B

-

u(z,t) = e I £, b)ex p(@) dpn(X,b)

# Hence z — u(z,t) extends to a function in Hx.



The Segal Bargmann transform

-

® letu(z,t) = Hif(x). Then

w(ast) = —— [ e A FOX Blen (@) du(A,b)
(W JiaxB ’

-

# Hence z — u(x,t) extends to a function in Hx.

® L*(M)> fr Hif € O(Cr(X)) is the Segal-Bargmann
transform.
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The Radon transform

o, .

Let = = G/M N be the space of horocycles in M and
Eo=N-x,=eMN.
# Then we have coordinates

BxA> (kM,a) — ka-&,.

# The p-shifted Radon transform is
R,f(k,a) = / f(kan - xz,) dn .
N
# It intertwines the regular action on C'2°(M) and the action

on C'(B x A):
B 7(9)(b,a) = alg'b) Po(k(g™'b), alg 'ba)). o

—p. 171



Radon-2

® We have f) = FA(R,(f)) ().



Radon-2

® We have f) = FA(R,(f)) ().
# Denote a pseudo-differential operator
1

UV=F"'o—coFy.

c(—1iA)

—p. 18/



Radon-2
f.o We have f, = Fa(R,(f))(N). T

# Denote a pseudo-differential operator

1
U=Flo—x .
Faro Ty ol

® L4 (B xia*, [W| 'dbd)\) ~ L%, (ia*, L*(B); |W|~ 1 d\) the
space of functions in L?(B x ia*, |W|~tdbd)\) such that
(Vw e W) c(—wA)F(-,w\) = c(=A)A(w, =X\ F (-, \),
and
Ly (B x A) := FH(Liy (B x ia*, [W|~tdbd)\)).

o -
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Unitary G-1somor phism

® Theorem A = (id x U)o R, : L*(M) — L3, (B x A) is an
unitary G-isomorphism. Furthermore
AMLmf) = (La = |pl*)A(f).



Unitary G-1somor phism

-

® Theorem A= (id x ¥)oR,: L*(M) — L#,(B x A) is an
unitary G-isomorphism. Furthermore
ALmf) = (La— |pP)A(S).

# From this it follows that:
Lemma Let f € L2(X). Then e!l?l"A(H, f) solves the heat
equation on A with initial value A(f) € L?(B). In
particular, the map a 3 X — A(Hf)(-,exp X) € L?*(B)
extends to a unique holomorphic function on a¢, again
denoted by A(H;f) such that

/ PP ACHLF) (b, exp(X + iY ) [2e Y2 ghaXdy < oo
BXxac

o

-

—p. 19/



The Fock-space
B -

® Fw (B x ac) the space of functions F' on B x a¢ such that
ac > Z — F(-,7Z) € L*(B)

is holomorphic with F o (id,log) € L#,(B x A), and
satisfies

Ht — W(2r T/2/ | F( X+2Y)HL2 e IYI/2t 1 x qy < 0.
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The Fock-space
-

Fw+(B x ac) the space of functions £ on B x ac such that
ac > Z — F(-,7Z) € L*(B)

is holomorphic with F o (id,log) € L#,(B x A), and
satisfies

.

1 :
2 - 2 —1Y|©/2
|F|? = T IEE /a@ | FXHY) |2y e VP2 dXdY < oo

® Fort¢ > 0define A; : Oy (Cr(X)) — Fw(B x ac) in the
following way. Let F' € O(Cr(X)). There exists a unique
f € L*(X) such that F|y = H,f. Let A;(F) be the
holomorphic extension of e!l?" A(H, f). Then
|A:(F)||¢ < oo, and the Weyl group relations are satisfied.

o -

—p. 20/



Theimage of S-B
. o

® Theorem (O-S) The map A; : Oy(Cr(X)) — Fw¢(B x ac)
IS an unitary isomorphism. Furthermore, let
F € O4(Cr(X)). Define f € L?(X) by applying A* to the
function on B x A given by

(b,a) — (47t)~"/? lim A¢(F) (b, log a—l—iY)e_’Y|2/4t dY .
R—o0 Y|<R

Then Hy(f) = F.



-

Theimage of S-B
-

® Theorem (O-S) The map A; : Oy(Cr(X)) — Fw¢(B x ac)

IS an unitary isomorphism. Furthermore, let
F € O4(Cr(X)). Define f € L?(X) by applying A* to the
function on B x A given by

(b,a) — (47t)~"/? lim A¢(F) (b, log a—l—iY)e_’Y|2/4t dY .
R—o0 Y|<R

Then Hy(f) = F.

# Still open problem: Direct limits!

o



The Radon transform again
.

A complex horocycle in Mc¢ is a set of the form gN¢ - x,,
g€ Ge. If €& = N - z,. Then as a G¢ set the set Z¢ of
complex corocycles is G¢ /Mg Ne.
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The Radon transform again

f.o A complex horocycle in Mc¢ is a set of the form gN¢ - x,,
g€ Ge. If €& = N - z,. Then as a G¢ set the set Z¢ of
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The Radon transform again
.

A complex horocycle in Mc¢ is a set of the form gN¢ - x,,

g€ Ge. If €& = N - z,. Then as a G¢ set the set Z¢ of
complex corocycles is G¢ /Mg Ne.

® Let Z(Q) := GexpiQ- & ~ B x Aexpifl,
A(Q)

# Let H= be the space of holomorphic function
F: A(Q) — L?*(B) such that
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The Radon transform again
.

A complex horocycle in Mc¢ is a set of the form gN¢ - x,,

g€ Ge. If €& = N - z,. Then as a G¢ set the set Z¢ of
complex corocycles is G¢ /Mg Ne.

® Let Z(Q) := GexpiQ- & ~ B x Aexpifl,
A(Q)

# Let H= be the space of holomorphic function
F: A(Q) — L?*(B) such that

» ForfixedY € Q (b,a) — F(b,aexpiY)isin L3,(B x A) and
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The Radon transform again
.

A complex horocycle in Mc¢ is a set of the form gN¢ - x,,
g€ Ge. If €& = N - z,. Then as a G¢ set the set Z¢ of
complex corocycles is G¢ /Mg Ne.

® Let Z(Q) := GexpiQ- & ~ B x Aexpifl,
A(Q)

# Let H= be the space of holomorphic function
F: A(Q) — L?*(B) such that

» ForfixedY € Q (b,a) — F(b,aexpiY)isin L3,(B x A) and

_ dbda
X

< Q.

o -

—p. 221



| mage of A

f.o Let ' € Hx and ¢ = F|x. Lett, — 0, t, > 0, and view T
©n = H;, o as an element of Hx. Then lim,, A(H;, )
exists in H= and is independent of the sequence ¢,

Define A : Hx — H= by
A(F) = lim A(Hy, @) .

n—oo
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| mage of A

o, .

Let ' € Hx and ¢ = F|x. Lett, — 0, t, > 0, and view
©n = H;, o as an element of Hx. Then lim,, A(H;, )
exists iq H= and is independent of the sequence t,,.
Define A : Hx — H= by

A(F) = lim A(Hy, @) .

n—oo

® Theorem (O+S) The map A : Hy — H= is an unitary
Intertwining isomorphism.

—p. 23/
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