Reykjavik, August 16, 2007

Infinite dimensional spherical analysis

The spherical analysis of Gelfand pairs plays an important role
in the analysis on Riemannian symmetric spaces. It involves ge-
ometry, Fourier analysis, and special functions. The Gelfand pair
theory occurs also for further homogeneous spaces as, for instance,
homogeneous graphs.

Consider an increasing sequence of Gelfand pairs (G(n), K(n)).
Analysis on the inductive limit (G, K):

G=|JGn), K=|[]KM0n),

has been developped by Olshanski. This analysis belongs to asymp-
totic harmonic analysis. In fact, in this analysis, one studies asymp-
totics of functions or measures on G(n) as n — oo. For instance
the spherical functions for the pair (G, K) are limits of spherical
functions for (G(n), K(n)). This a frame where various results in
infinite dimensional harmonic analysis take place:

- on the infinite dimensional unitary group by Voiculescu, Kerov
and Vershik,

- on the space of infinite dimensional Hermitian matrices by
Pickrell, Olshanski and Vershik,

- on the infinite symmetric group by Thoma, Kerov and Vershik.



Spherical analysis on Gelfand pairs

We recall first the definition of a Gelfand pair and some clas-
sical results. Let G be a locally compact group and K a compact
subgroup. Assume that (G, K) is a Gelfand pair. It means that the
convolution algebra L!(K\G/K) of K-biinvariant integrable func-
tions is commutative. A spherical function is a continuous function
@ on G which is K-biinvariant and satisfies

/K p(rky)a(dk) = p(x)p(y) (v,y € G),

where a denotes the normalized Haar measure on K. The charac-
ters of the commutative Banach algebra L!(K\G/K) are given by
bounded spherical functions: such a character has the form

(f) = /G f(@)p(x)dz,

where ¢ is a bounded spherical function, and dx is a Haar measure
on G (which is unimodular).

The property for (G, K) to be a Gelfand pair is reflected in
representation theory. Let m be a unitary representation of G on
a Hilbert space H. Assume that there is in ‘H a K-invariant cyclic
vector. Then the representation 7 is multiplicity free, that is: the
commutant 7(G)" is a commutative algebra,

Let SB(K\G/K) be the cone of K-biinvariant continuous func-
tions ¢ on G which are of positive type, and

- PB1(K\G/K) with p(e) =1 (e is the identity element of G),

- P (K\G/K) with p(e) < 1.

By the Gelfand-Naimark-Segal construction,
for ¢ € P1(K\G/K), one obtains a unitary representation (7%, H¥)
with a K-invariant cyclic vector u € ‘H¥ such that

p(z) = (7% (z)ulu).



Then, for ¢ € P (K\G/K), the following properties are equiv-
alent.

- The function ¢ is spherical.
- The function ¢ is an extremal point in the convex set P31 (K\G/K).

- The representation 7% is irreducible.

Let ) denote the set of spherical functions of positive type.
With the topology of uniform convergence on compact sets in G,
the set €2 is locally compact. There is in this setting an analogue of
Bochner’s Theorem.

THEOREM (BOCHNER-GODEMENT). —  For every function

v € P(K\G/K), there is a unique positive bounded measure [ on
Q such that

o(z) = /Q w()u(dw).

This integral representation can be proven by using Krein-
Milman Theorem. It is related to the decomposition of the rep-
resentation 7w as direct integral of irreducible ones.



Spherical pairs of Olshanski

We consider now an increasing sequence (G(n),K(n))
of Gelfand pairs.

- G(n) is a closed subgroup of G(n + 1),

- K(n) is a closed subgroup of K(n + 1),

-K(n)=Gn)NK(n+1),

Define

G=|JGMm), K=|]Kn)

A spherical function is a continuous function ¢ on G which is
K-biinvariant and satisfies

lim p(xky)om (dk) = p(x)e(y),

where a, is the normalized Haar measure of K (n).

In general the group G is not locally compact, hence there is
no Haar measure on G. Therefore there is no obvious analogue of
the convolution algebra of K-biinvariant integrable functions on G.
However the basic facts in representation theory for Gelfand pairs
extend to Olshanski spherical pairs.

For ¢ € P1(K\G/K), let 7% be the associated unitary repre-
sentation by the Gelfand-Naimark-Segal construction. The follow-
ing equivalence still holds:

- The function ¢ is spherical.
- The function ¢ is an extremal point in the convex set P (K\G/K).

- The representation 7% is irreducible.



For a given Olshanski spherical pair, a basic problem is to deter-
mine the set ) of spherical functions of positive type. This has been
solved for a number of special cases. A new phenomenon shows up:
in number of cases the spherical functions have a multiplicativity

property.
Space of infinite dimensional Hermitian matrices

The unitary group U(n) acts on the space H(n) = Herm(n,C)
as follows:
z— uzu®  (z € H(n),u € U(n)).

Define
Gn)=U(n)x H(n), K(n)=U(n).

A K-biinvariant function on GG can be seen as a function on the
space H(oo) consisting in infinite dimensional Hermitian matrices
r = (w;;) such that x;; = 0 for ¢,; large enough. A spherical
function ¢ has the following form

p(x) = det (),
where @ is a continuous function on R with ®(0) = 1. It means that
p(diag(z1, ..., 2n,0,...)) = ®(21) ... D(2n).

We make a definition: We say that a continuous function ® on
R with ®(0) = 1 is a Pdlya function if, for every n, the function

o(x) = det ()

is of positive type on H(n). We can state: The spherical function ¢
is of positive type if and only if ® is a Pdélya function.



THEOREM (PICKRELL, 1991, OLSHANSKI-VERSHIK, 1996).
The Polya functions are the following ones:
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First method of proof (Pickrell)

Assume that ® is the Fourier transform of an integrable function
f on R. Then ® is a Pélya function if and ond only if the function
f is totally positive: for all numbers s; < --- < 5, t1 < - -+ < tp,,

det((f(si — tj))lgi,jgn) > 0.

By a Theorem of Schoenberg (1951), the Fourier transform of an
integrable totally positive function has the above form.



Second method (Olshanski-Vershik)

By a result fo Vershik, every spherical function ¢ for the Ol-
shanski spherical pair (G, K) is the limit of a sequence 0™ where
¢") is a spherical function for the Gelfand pair (G(n),K(n)). A

spherical function for the pair (G(n), K (n)) is the Fourier transform
of an orbital measure for the action of the unitary group U(n) on
the space H(n):

SOg\n) (33) _ / 6itr(mu>\u*)0&(du>,
U(n)

where A = diag(\1,...,A,), and « is the normalized Haar measure
of U(n). Consider the following power expansion:

wf\n) (diag(z,0,...,0)) = Z a{™(X)z™,

For suitable sequences A\(n), the coefficients have limits:

lim a{™ (A(n)) = am,

n—0o0

and
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The set €2 of spherical functions of positive type can be identi-
fied with the set of the parameters («a, (3,) submitted to the above
conditions. One considers on () the topology of uniform conver-
gence on compact sets. This topology can be described in terms of
the parameters.

QERXQ(),

Qo ={(a,v) |7v>0, ar € R, Zozz < oo}
k=1

To an element w = (a,7y) € p one associates the measure ¢ on R
such that

[ F®ota) =170+ Y ad flan).

We equip €2y with the topology of weak convergence for the measures
o. Then () is homeomorphic to R x €.

It has been proven by Bouali (2006) that previous Theorem
extends to the case of H(n) = Herm(n,F), with F = R, C or H.
Then Pélya functions are the following ones
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where d = dimp F.



Infinite dimensional unitary group

Consider now
G(n) =U(n) x U(n), K(n) = diag(G(n)).

A K-invariant function on GG can be seen as a central function on
the infinite dimensional unitary group U(oco) consisting in infinite
dimensional unitary matrices u = (u;;) such that w;; = d;; for 4, j
large enough. A spherical function ¢ has the following from

p(u) = det O(u),

where @ is a continuous function on the circle U = U(1) with ®(1) =
1. We say that a continuous function ® on U is a Voiculescu function
if, for every n, the function

o(u) = det ®(u)

is of positive type on U(n). (Voiculescu says une bonne fonction.)

THEOREM (VOICULESCU, 1976; KEROV-VERSHIK, 1981;
BOYER, 1983). —  The Voiculescu functions are the following
Ones:

B(z) = ETDenl= —1>H L+ 64 (z=1) 1+ 6, (>~ = 1)

i 11—0%(2:—1) 1—a (271 —1)°

with
A>0, p>0, of >0, 3 >0,

and

Z(oz,i%—a,;wLﬁ,j + 5, ) < 0.
k=1



First method of proof (Voiculescu, Boyer)

Consider the Fourier series expansion of ®:

oo

d(z) = Z cp2®  (t € U).

m=—0oo

Then & is a Voiculescu function if and only if the squence ¢, is
totally positive: for all k1 < -+ < kp, b1 < --- < ¥y,

det ((Ck'z'—ﬁj ) 1§z’,j§n) > 0.

By a theorem of Edrei (1953), extending a theorem of Schoenberg
(1951), the generating function of a totally positive sequence has
the above form.

Second method (Kerov-Vershik)

A spherical function for the pair (G(n), K(n)) is a normalized
character of the unitary group U(n):

(n)
n Xy (w)
90&)<u>: ?n)
X\ (1)

Consider the expansion
o (ding(, 1., 1)) = Y al N (z =)™,
m=0

and look at sequences A\(n) such that the coefficients have limits:

lim a{™(A(n)) = an.
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The second method has been extended to inductive limits of
symmetric spaces of compact type.
(Okunkov-Olshanski, 1998, 1997).

In particular for

-G(n) =U(n), K(n) =0(n) (d=1),

- G(n)=U(n) xU(n), K(n) =U(n) (d=2),

- G(n) =U(2n), K(n) = Sp(n) (d=4),
G(n)/K(n) is the Shilov boundary of a Hermitian symmetric space
of tube type of rank n. The spherical functions are Jack polynomials.
Then the Voiculescu functions are the following ones:

@(Z) :e)\(z—l)eu(z_l—l)

o 1+85(z—-1) 1+ 6 (271 =1)
H k k

(1-2a, (=1 - 1))

[N][eH
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Bochner-Godement Theorem

An analogue of Bochner-Godement Theorem has been recently
established by Rabaoui, by using the integral representation theory
in convex cones due to Choquet.

THEOREM (RABAOUIL, 2007). —  For every ¢ € P(K\G/K)
there is a unique bounded positive measure i on 2 such that

o(z) = / w()u(dw).

Unicity

One shows that the cone B(K\G/K) is a lattice.

Recall that a convex cone I' is said to be a lattice if, for vy1,vo €
', there exists a smallest common majorant in I' (for the ordering
defined by the cone TI').

This is related to the commutativity property. Omne shows
that, for every ¢, the representation 7% obtained from ¢ by the
Gelfand-Naimark-Segal construction is multiplicity free: the com-

mutant 7% (G)’ is a commutative algebra. And this implies that the
cone P(K\G/K) is a lattice.

Existence

In the case of a Gelfand pair one embeds P(G) into L>°(G) and
considers on L>(G) the x-weak topology ¢(L>(G),L'(G)). The
closed unit ball in L°°(G) is compact for this topology.

A remarkable non trivial fact is that P<1(G) is closed in the closed
unit ball of L*>°(G) for that topology. It follows that the cap

B<1(G) = {p € B(G) | p(e) < 1}

1s compact.
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But this does mnot hold anymore in general
for an Olshanski spherical pair. The reason is as follows:

Let G be a locally compact group, H a closed subgroup. We
consider on the cones P(G) and P(H) the xweak topologies
o(L>*(Q)),L'(@)), o(L>*(H)),L'(H)). Then in general the re-
striction map

Res = P(G) — B(H),

1S not continuous.
For instance take G = R, H = {0},

pn(x) =c

Then, for every n,
Son(o) =1,

but, by Riemann-Lebesgue Lemma,

lim ¢, =0,

n—aoo

for the topology o(L>(R), L*(R)).
However the restriction map is lower semi-continuous.
Following an idea of Olshanski, one introduces the cone

Q={p=(pM,p®,.. )|
o™ € P(K(n)\G(n)/K(n)), Res ™ « o™},

The cone £ is closed in
[ BE®N\G(n)/K(n)),

and the cap Q< is compact. One can apply Choquet’s Theorem to
the cone Q.
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