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1 Motivation

* Kostant’s Quasi-Invariant Differential Operators

Assume that o is a representation of a Lie algebra g by first
order smooth differential operators on a manifold M. If 2 is a
diff. operator so that

0(Y),Q] =0, forall Y € g,

then the solution space of € is g-invariant.

A weaker condition of €2 still guarantees an invariant solution
space. A differential operator action on a manifold M is said
to be quasi-invariant if there exists a smooth function CY (+)
on M so that

0(Y), Q] =CY()Q, forall Y € g.

A typical example of a quasi-inavariant operator is the Wave
operator on Minkowski space.

This fact was observe by Seagal. The solution space is confor-
mally invariant.



e The multiplier action on Minkowski space comes from the
action of (mg, g = s0(4,2)) in ind%O(4’2)(X_s). Here the Lie
algebra of Pisp = [@n and [ = 50(3,1) + RH,. The element
H, induces a grading of g by eigenspaces,

g=9g1Pgo®gi,withgy=1I[g=n= T(M4).

For a particular s, the Wave operator
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is quasi-invariant under 7.

e The action of g on C®(G /P, x_s), s € R, induces an action
(77'37 9, COO(N))

s g — D(N)

(75(Y)9)(n) = sx(Ad(n™1)Y) ¢(n) — R(Ad(n™'Y) ¢)(n).

e Definition: A differential operator D is quasi-invariant with

respect to m if for each y € g, there is a smooth function
CY(-) € C*(N) such that

[7(Y), D] =C"(-) D

A quasi-invariant operator D is straight if C¥ (e) = 0 for all
Y en.



Proposition 1 (Kostant) Every quasi-invariant differen-
tial operator 1s equivalent to a straight quasi-invariant op-
erator.

Theorem 2 (Kostant) There is a bijections between all straight

quasi-invariant differential operators and all leading weight
vectors in the Generalized Verma module Vy = U(g) ®5 Cs

Remark 3 If V; is irreducible, then no quasi-invariant dif-
ferential operator exists.

*Generalizations of Kostant Theory

e Intertwining differential operators between induced represen-
tations. Among the many contributions: Boe-Collingwood, J-S.
Huang in connection to homomorphism of Generalized Verma
modules and leading weight spaces. Koranyi and Reimann,
Orsted among those contributions describing explicitly inter-
twinig diff. op.

e Symmetries of differential operators.(Eastwood) Consider the
Laplacian A on R" or on a Riemannian manifold (the signa-
ture of the metric is irrelevant) a symmetry of A is a linear
differential operator D so that

AD = oA

for some linear differential operator §. Two symmetries Dy,
Dy are equivalent if Dy — Dy = PA for some linear diff. op.
P. The space of symmetris mod equivalence is closed under
composition and determines an algebra A. The problem is to

describe A.



Note that A quasi-invariant for g under 7y, implies that

A (Y) = [m(Y) = CY]A forall Y € g.

Hence U(g) maps into the symmetry algebra of the operator A.

e Conformally invariant systems of differential operators.

1.

When M = G/ P, there is a bijection between homogeneous
conformally invariant systems of diff. op. on G' x5 E and
leading weight spaces of U(g) @5 E™*.

. The theory of c.i.s is formulated for vector bundles over

manifold other that homogenoeous spaces G/ P.

. The common kernel of the diff. operators in the system is

g-invariant. One might hope to obtain interesting rep. of
g or even (GG on such spaces of smooth sections. This is the
case in some examples.

. A conjecture by Gyoja relates zeros of the Berstein-Sato

polynomial to reducibility of Verma modules. When P is
Heisenberg type we build c.i.s that produces the first re-
ducibility point in each arithmetic progression predicted by
Gyoja.

. In examples, explicit constructions of c.i.s. lead to explicit

singular homomorphism between generalized Verma mod-
ules.



Conformally Invariant Systems

Suppose that g is a real or complex Lie algebra and M is a
smooth manifold. To discuss invariance we require additional
structure on M. Informally, we want

e to realize g as an algebra of first order differential op-
erators on M, in such a way that

e n C g is identified with the tangent space of M at
every point.

Assume that there is a map
m:g— D(M)

satisfying:

()X, V) = [£(X), 7(V)].

(2) For each X € g, m(X) is a first order differential operator.
7(X) = mo(X)+m1(X), with (X)) multiplication by a smooth
function on M and (X)) a vector field on M.

(3)For all p e M, X — 7(X)(p) is a linear iso between n and
T,(M).

A vector bundle & — M is a g-bundle if there is a linear map
e : g — D(E),such that

me([X,Y]) = [me(X), me(Y)], and
(me(X), fl=m(X)f,. forall X, Y € g and all f € C®(M).



Definition 4 A conformally invariant system on & is a set
of differential operators

Dy,...,D, € D)
so that

1.{D,...,D,} is linearly independent at each point of
M, and

2. for each X € g there is an nxn matriz C(X) of smooth
functions on M

(me(X), Dj] = Z Ci;(X)D;.

oThe map C' : g — M,x,(C®(M)) is called the structure
operator.

e A conformally invariant system is called straight if its structure
operator vanishes on n.

o T'wo conformally invariant systems Dy, ..., D, and D}, ..., D]
are said to be equivalent if there is an invertible matrix in

A € Myyn(C*(M)) so that

D= ZAijDi.

Proposition 5 Let M be simply-connected, and & — M
be a g-bundle. Then every conformally invariant system s
equivalent to a straight conformally invariant system.



Why is Proposition 5 true?

o If{Dy,...D,}isacis. on& — M, the trivial bundle over
M spanned by D!s admits a g-bundle structure given by

Hep)(X) - Di =Y C(X),;D;.
1

o Let Xp,...,X,, beabasisof nand V; = n(X;). f £ - M
is a g-bundle, there is a unique connection V so that Vy (o) =
me(X;) - o for o € I'(€) and 1 < j < n. This connection is
flat.

e The holonomy group of V is trivial. It follows that parallel
transportation taking {D}s} as initial data produces sections

(D!} with Tg(p)(X) - D] = 0.

*The Homogeneous Case

Assume that G is a real reductive Lie group, P = LN, P =
LN. Given (o, E) an irreducible finite dimensional rep. pf P,
form C*(G/P, &) with G acting by left translation. Restric-
tion to /N gives an injection

C*(G/P,E) — C*(N,E)
The Lie algebra action on the induced rep. induces an action
on the image of the restriction map

(mo(Y)£)(n) = o((Ad(n™ )Y )5) f(n)—(R((Ad(n" )Y )n) f)(n),
where n € N. This action extend to an action on all C*(N, E)
and &€ — N is a g-bundle under 7.



Proposition 6 Suppose that Dy,..., D, € D(E) and each

D; commutes with 7,(X), X € n. Assume that D, ..., D,

are linearly independent at e and there i1s a map b : g —
gl(n, C) so that

> (X)) (Dif)e).

i=1

for all X € g and all f € C®(N,E). Then D1,...,D,
1s a straight conformally invariant system. The structure

operator is giwen by C(X)(n) = b(Ad(n 1)X), forn € N
and X € g.

([mo(X), Djl f)(e)

eDefine

D/(N,&*) = {A:C™(N,E) — C : Ais continuous
and A(f) =01if e ¢ supp(f)}.
Note that DL(N,E*) a U(g)-module by

(u- A)(f) = Mo (u”) f),u € U(g),

where u — u° is the canonical anti-automorphism of U(g).
e For D € D(&) define

(DA)(f) = (", (Df)(e)).
If{D,...D,}isacissandY € p

Y- (DiAe) = ) Cii(Y)(€) Dif\er — DA gy



Proposition 7 If Dy,...,D,, is a conformally invariant
system acting on C*(N,E), then

F=span{DjA» : " € E*,5=1,...,m}
is a p-submodule of DL(N,E").

Observations
L HOIIlg(F,Z/l(Q) ®u(§) E*> 75 {O}

e A simple condition on the c.i.s will guarantee that F' C
{U(g) @uE) E*}", generalizing Kostant’s Theorem.

Given p, fix H, € [so that its eigenvalues are integers, g(0) = [
and n = @j>09(])

Acis. {Dy,...D,} is called homogeneousif C(H,) is a scalar
matrix.

Lemma 8 If Dy,...,D,, is a homogeneous conformally in-

variant system with structure operator C, then C'(Y)(e) =0
for allY €.

Theorem 9 If Dy,...,D,, is a homogeneous c.i.s. acting
on C*°(N,E), then for the p-rep.
F =spanc{DjAe 1 j=1,...,m,e* € E*},

Homy(F, {U(g) Que) E*}") # {0}.



Corollary 10 If F is P-stable, then Dg(E, F*) # {0}.

Claim: F C {U(g) Qyu E*}", determines a straight homo-
geneous c.1.S.

o (U(g) Qup) ") ® E ~ U(g) Qup) End(E) ~ Dy(E). The

iso is induced by the map

u® T — D,er, where

(Dusr ) (n) = T((mo(u®)(l,-1/))(e)).

e [ix a basis f1,... f, € Fand eq,...e, of F.

fi ®er € U(g) Que) End(E).
Set Dj. = Dyve, € Dy(E).
Write, for Y € p
Y. f = Zaw( )fi, ai;(Y) € C,

Yey = me ).f1, bu(Y) € C.

Then,

(7. (Y), D Z aij(Y)(Di.f)(e +Z b (Y )(Djif)(e).

Theorem 11 Suppose F' C U(g) Que) £ is a p-submodule
and let f;, e and Dj; be as above. Then {Dji} is a confor-
mally invariant system.



* Conformally Invariant Systems for
Parabolics with Abelian Nilradical

e P = LN with n abelian.

e Schmid’s Theorem gives the decomposition of S(n) = U(n)
as an L-module. All rep. occur with multiplicity one.

e If n1is the nilradical of a Borel in [, then S(n)* = Cluy, . .., u,]
with wy"" ... u” the highest weight vectors of the irreducible
constituents in S(n).

e Let I be the irreducible rep. with highest weight vector u;.
A computation done by Wallach shows that there is a s; € R
so that F; @ 1 CU(n) ® C, is a leading weight space.

e A basis of polynomials in F}, leads to differential operators
on C*(N,C_;;) that are conformally invariant.

e lf G=GL(n,R),L=GL(p,R) x GL(¢,R), n = M,,),
F; = span{det(j x j minors)}.

The construction of the conformally invariant system from F}
is as follows.

P(m) = S(n) is iso to and the constant coefficient differential
operators on n. Given P(Y) € P(n), P(0,) is the constant
coefficient differential operator satistying

P(9,) YY) = p(Y) eV, (12)

where (Y, X) —TT((Q 8) (8 )g)) _ TrY X).



* Conformally Invariant Systems for
Heisenberg Type Parabolics
e g is a complex simple Lie algebra with rank g > 1.

e Choose h C g a Cartan subalgebra; R = A(g,h), RT =
A*(g,h).

v = highest root in R, {E,, E_,, H,} is an sl(2)-triple.
ep=I[dn Alp) ={a € R:a(H,) >0}
en=V"®dCE, CE, =z(n).

e G = Aut(g)’, L C G connected with Lie algebra [.

e (L,Ad, V™) is a prehomogeneous vector space.
e n = nilradical of p (opposite to p). n =V~ + CE_,.

e We have a ad(H,)-weight space decomposition:
g=g BV @IV dg,.

o g =span{n,[, E_}.
e Since g, is one dimensional, there is a character x : [ — C*,

so that
Y €g,, Ad ()Y = x(0)'Y.



Let Gy be a real simple Lie group with Lie algebra go that
parabolic subalgebra pg with p = py ® C is a subalgebra of
g = go ® C of Heisenberg type.

Goal: Use Invariant theory to construct c.i.s on C%(Gy/ Py, X_s).

The invariant theory

A covariant is :

an irreducible representation (p, W) of L along with a nonzero
L-equivariant polynomial map

F: VT —W.
e By a polynomial map mean a map for which each coordinate

is polynomial in V.

e a covariant comes from an element of {P(V ') @ W}t But
this is Homz(W*, P(V)).

e There are four natural covariants 7, ..., 74 which will play a
role in our construction. For X € V* 7.(X) € g is given by

n(X) = Zad (X)(B )

n(X) = A(X)E,
Lemma 13 For /e L, X € V' and 1 < k < 4, we have
Te(Ad(0)X) = x(£) Ad(£) Te(X).



Facts:

e If g is not of type C) and prove that 7, # 0 for 1 < k < 4.
Under this assumption there exists a simple root § € A(V™", b)
so that &' =~ —d € A(V*,h) and v — 24 is not a root.

For non-zero scalars ., y

Tk(SCEg -+ yEv_(;) 74 0.

Example 14 If g = so(2r, C), the extended Dynkin dia-
gram 18

Qp—1
a1 s
i N
— Q
d = 9.

(Ad, V™) is equivalent to GL(2) x SO(2r —4) acting on the
tensor product C* @ C* .

e The point X, = \/§(E5 + Eg) € VT is a generic point of the
prehomogeneous vector space (ad, V™).

e Since n = V7' + 3, VT admits a non-degenrate alternating
form w given by

[Xl, XQ} = w(Xl, XQ)E% for X1, X9 € V.
By applying Ad(¢) to the above formula we have
w(Ad(0) X1, Ad(0) Xs) = x(0)w (X7, Xa).



Plan:
(1) The covariants 11, 79, 73, 74 Will be used to find
[-subrepresentations of U (n). We have

VT =W, k=1,...,4
are L-equivariant polynomial maps. That is
7. € {P(V*) @ Wi} ~ Hom (W}, P(V1)).
The symplectic form w gives an isomorphism
V) ~V"®C, 1.
Now
PV = S(VT)) =SV ®C\-)

. Since W}, occurs as homogeneous polynomials of degree k, we
have

Wi — S"(V*) @ C, -,
therefore

Wi @ Cu — S*(VH) < U(n).

(2) Extend x*, s € R, of L to a rep. of P by making N act
trivially.
The differential of x* has weight sy. Then consider C*(N, C, )

and the action of g by 7.
Each embedding

Wiy Cr— S(VT) — U(n)

gives a family of differential operators by the right action.

(3) Determine the values of s for which the operators are con-
formally invariant with respect to .



V+
) 1] ®C,
3 V™ ® CX2
4 CX2

e When k = 1 case, the embedding of V™ into S(V™) is clear.

e When k =2, 7 gives [[,[] ® C, C P(V™).
Each Z € [[,[] maps to the polynomial (in X)

R(TQ(X), Z)

After identifying P(V™) with S(V*) we obtain the map
L]®C, — S(VT) given by

Zi = Y wi'M,g(2)(EoEs + EsEy),

where

e Similar computations may be done for 73 and 7.



* When k£ = 1, the embedding V* < U(n) gives a family of
differential operators

0 ={R(E,) : a € A(V")}

Proposition 15 When s = 0, )y is a conformally invari-
ant systems.

* When k£ = 2, we need some notation:

e Let D(g,h) be the Dynkin graph of g with respect to b .
D, (g, b) the subgraph obtained by deleting the nodes attached
to —v in the extended Dynkin diagram.

e C = a component of D-(g,h). (D,(g,h) is connected except
in types B, and D,). R(I,C) = span {« € R(l), simple in C}.

¢ ((C)={X\: \€ R(,C)}..

Theorem 16 Let C be a component of D,(g,h) and Z €
0(C).

ms(X ), a(Z)] =
=28, 0(Z) + D([m(X), Z]) + (s = s2) U ([Z, X]),

where sy = (1/2) ¢(g,C) — 1.
Theorem 17 In type A,,
[ms(X ), Qa(Z,)] =

1
—260(Z,) + 5 —

Ql([ZmX])'



e There are two copies of V™ inside S(n). One such copy
is obtained via 73 leading to a system of differential opera-
tors 25(Y). The second copy produces operators of the form
C5(Y) = (Y, E,])0, for each Y € V™. It is a linear combi-
nation of these operators that produces a system {€23(Y")} that
is c.i. for appropriate s.

Theorem 18 Ifg is an exceptional algebra, then {Q3(Y),Y €
V =} is conformally invariant iff s = (dim (V1) —2)/6.

Theorem 19 The system €3 exists for the simple algebras
of type Ay and Dy. It does not exist for the simple algebras
of types A, with r > 3, B, with r > 3, nor D, with r > 5.

*» Remark:For X +yE, € V™ & 3, consider the polynomial
PX+yX,)=y"—A(X), X eVt yeC.

Gyoja conjectured that the Generalized Verma module U(g) ®5
C, is reducible iff b(—s — k) = 0 for £ > 1. Our construction
produces the first reducibility point in each arithmetic progres-
sion predicted by Gyoja.

e Example :B,, r > 3. .

The b-function of the quasi-invariant is conjectured to be

b(s) = (5 + 1) (s +2) (s + (r = ) (5 + (r — ).



Type Qb gmall O3 Oy

—1 — 2
Ap(r > 2) 0 ! 5 none r 5
5
B,.(r > 3) 0 r— 5 1  none r—2
—1
Cr(r >2) 0 - none  none none
5
D,(r >5) 0 r—23 1 none r— 5
9
Es 0 2 — 3 5
15
E- 0 3 — 5 —
27
2
Ex 0 5 — 9 —
; 2
F0 > _ ) 3
2 1 1
G 0 — — — —
3 3 2

In type Dy , D,(g,b) has three components. The special s
values for D, are

Type £ Q2(1) Q2(2) Q2(3) €3 £y
D, 0 1 1 1 1 g




