Foliations
in
Geometry
and
Arithmetic



X algebraic/analytic variety or manifold

(integrable) foliation
FCTy, DEce¢ F=|[D,EleF

Ve e X:F/mg — Homy (mz/m2, ks)

Zariski, Lipman, Nagata argument
Locally:

D1,Do,..., D € F,
F=0D1+0Dy+---4+0OD,

f1, /2, fr € O,

D;(f;) = di;

[D;, D1 =Y fED
k

0= Dy Dylfe = 3 £5,Dulfo) = L

~ [Dy, Dj] =0



Frobenius’ theorem

Characteristic 0, algebraic
5 D(f)
o ol

- Op 2 R[lty, ..., t]]

f—

Positive characteristic p:
Add De F= DPec F

A
[D;, D] =0ADY =0

0 %rs

version:

tOé

OCB %S[t177tk]/(t€ _f17°°'7t£_fk)



(Variant) special case:
Characteristic 0.

Vv € TX,:BHD cTlxy. Dy =v=
x Smooth point

Applications to smoothness
of moduli problems:

Smoothness of moduli
of Calabi-Yau varietes
(one of many proofs)

In positive characteristic
conclusions are weaker



Formal vs algebraic
integrability

Characteristic O:

Foliation F C Ty <=
Formal maps X, —» Y, F = TXx/Y

Algebraically integrable <—=
(Birational) map X — Y, 7 =Tx/y

Example:

F = k[z, y](28/08z + ayd/dy)

Constants f(yxz™9),
algebraically integrable «<— a € Q



Necessary conditions
for algebraic integrability

X — Y algebraic map (over C say)
“Arithmetic thickening”

] !
X\ /37

SpecR

p prime = TX/y/pTX/y C T p-integrable
i.e., De F=DPecF



Example:

D = x0/0x + ayd/0y =

DP = x0/0x + oPyd /0y

p-integrable <— of = a modp

For infinitely many p = « algebraic (easy)
All but finitely many p =

a € Q (number theory)

Remark:
a=1. oP=amodp «<— p=1mod4



A conjecture on
existence of
compact leaves

Conjecture: A foliation almost all of
whose reductions are p-integrable is alge-
braically integrable.

Remark: Over the complex numbers the
leaves of the foliation always exist as ana-
lytic (not necessarily closed) subvarieties.
It can be shown that algebraic integra-
bility is equivalent to the closure of the
leaves in some compactification of the
base space still being analytic.



Example cases

Example:
(X,&,V) an integrable connection

Vip,gl = VD, Vgl

Necessary for existence of
horisontal sections:
VD eTx.Vps=20

Characteristic p: p-integrability
VD € Tx: VY = Vo

Grothendieck:

Conjecture: An integrable connection
almost all of whose reductions are p-integrable
has a full set of algebraic horisontal sec-
tions.



Connections, cont’d

E =klz,z e, Vi/dz€ = ax " le
Horisontal section ™ “%e
algebraic <— a € Q

p-integrable:

p — —
de/dxe = oPe, V(xd/dx)pe = «e
p-integrable <= of =a modp

E = k[x]v, Vi/daV =V
Horisontal section e~ *v

p-integrable:

Vajiz® = v V(d/ryre =0
Never p-integrable
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Compact leaf conjecture
=
Grothendieck’s conjecture

Associate to (X, ) the frame bundle
F(E£) — X. V ~» foliation on F(&)

V integrable <= foliation integrable
V p-integrable <= foliation p-integrable

full set of horisontal sections on leaf of
foliation

Compact leaf conjecture
=
Grothendieck’s conjecture
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Translation invariant
foliations

A abelian variety (complex torus)
F C Ty translation invariant foliation
F + Fog CTho=Lie(A)

Commutator of translation invariant
vector fields equals commutator
of Lie algebra

A commutative ~ Lie(A) commutative
~» JF always integrable

Lie(A) has p'th power

p-integrability < D e Fg = DP € Fq
Compact leaf exists <—

Fo = Lie(B), B C A abelian subvariety

Remark: The corresponding problem for
an affine group is essentially trivial.
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Elliptic curves

E, E’ elliptic curves (over Q for simplicity)
V C Lie(E x E') = Lie(E) x Lie(E"),
dimV =1, V # Lie(E), Lie(E') =

V graph of linear iso f:Lie(E) — Lie(E")

p-integrable <—

f commutes with p'th power map F
TrpF = TTE/F mod p

(mod p trace formula)

Hasse: | TrpF|,| Trp F| <2,/p ~
TrgF =TrpF (plarge) = (Faltings)
E and E’ isogenous ~» assume E = FE'
= f mult by «a, ~

F:Lie(F) — Lie(E) non-zero =

o = a modp
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Case 1: E has complex multiplication
F:Lie(F) — Lie(F) non-zero <—

p splits in field K

of complex multiplications

~ a € K = f graph of isogeny

Case 2: E no complex multiplications
F:Lie(F) — Lie(F) non-zero <—

E has ordinary reduction

true for set of primes of density 1 =
a € Q = f graph of isogeny

Remark:

Similar arguments work in some other cases,
notably for all abelian varieties with com-
plex multiplication.
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Evidence/inspiration for
the conjecture.

Mori/Miyaoka construction of rat'l curves:

First idea (Mori):

Under positivity assumptions on tangent
bundle construct rational curves in posi-
tive characteristic (use Frobenius map) of
bounded degree and conclude character-
istic O existence by finiteness of Hilbert
schemes.

Second idea (Miyaoka):

Use only positivity assumptions on sub-
bundle.

These positivity assumptions imply inte-
grability and p-integrability of subbundle.
The rational curves are leaves.
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Major positive result

Bost’'s theorem:

Theorem If thereis an analytic map C" —
X which is generically a submersion, then
the compact leaf conjecture is true for
any foliation on X.

Special case:

Theorem Every translation invariant fo-
liation on an abelian variety almost all of
whose reductions are p-integrable corre-
sponds to an abelian subvariety.
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Scattered examples

Discrete cofinite subgroup I C SL>(R) X
SL>(R)

irreducible:

(FNSLa(R) x {1D(F N {1} x SLo(R))
not of finite index in

X =H x H/I" algebraic surface

H x {z} and {z} x H give foliations
[ irreducible = not alg. integrable
Conjecture =

not p-integrable for co many p.

Remark: all C"*" — X are constant

Example:

K real quadratic field

X Hilbert modular surface
p-integrable < p splits in K
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Ay moduli space of principally
polarised abelian varieties (g > 1)

Xg — Ag the universal abelian variety
P :=P(Lie(Xy/Ag)) — Aqg,

the bundle of lines in Lie(Xy/Agy)

Tautological O(—1) C Lie(Xy/Ag)p ~
translation invariant foliation

compact leaves «—
sub-elliptic curves of X

compact leaves are dense
but not algebraically integrable
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Paradox
Vanishing of p-curvature ¢: F — Tx /F,
Ww(D) := DP mod F is closed condition

Contradiction?

All compact leaves reduce to proper sub-
variety!
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