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F ⊆ TX , D,E ∈ F ⇒ [D,E] ∈ F

∀x ∈ X:F/mx ↪→ Homkx(mx/m
2
x,kx)

< � � 
#=?>@
BADC2
FE � ���GADH � � � � � � �I�KJ�� � � �
C � ��� �L�M�ON
D1, D2, . . . , Dk ∈ F A
F = OD1 + OD2 + · · · + ODk
f1, f2, . . . , fk ∈ O A
Di(fj) = δij

[Di, Dj] =
∑

k

fkijDk

0 = [Di, Dj]f` =
∑

k

fkijDk(f`) = f `ij

 [Di, Dj] = 0

P



� ��� � � � �	� 
 � � 
 � � ���

� � � � � � � ��� 
#= � 
�� 0 A � �#�����	� ��
�� � ��� = 
 � � N

f 7→
∑

α

Dα(f)

α!
tα

 Ôx ∼= R[[t1, . . . , tk]]

� � = 
 � 
 � � � � � � � � � ��� 
#= � 
�� p N
� "�"

D ∈ F ⇒ Dp ∈ F
 

[Di, Dj] = 0 ∧Dp
i = 0

 

Ox ∼= S[t1, . . . , tk]/(t
p
1 − f1, . . . , t

p
k − fk)
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��� � � 
3��� ��� =?E � � 
3� � � � = � N
� � � � � � � ��� 
#= � 
�� 0 �
∀v ∈ TX,x∃D ∈ TX:Dx = v ⇒
x = � �5� � � E � 
F� �

� E�E � 
���� � 
 � � = � � = � �5� � � � � = =� � � �K"KJ�� 
.E � �!���#��� = N

� � �5��� � � � = = � � � �5" J�� 
� � � � � � � 
��
	 � J ��� � 
 ��� � =� � � � � � � ��� � E � �5� � = �

� � E � = 
 � 
 � � � � � � � � � ��� 
#= � 
��
� � � � �LJ = 
 � � = � � � � � ��> ���
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� � � � � � � ��� 
#= � 
�� 0
N

� �!� 
3� � 
 � � F ⊆ TX ⇐⇒
� ��� � � � � ��E = X̂x → Ŷ A F = TX̂x/Ŷ

� �#����� � ��
�� � �9�M� 
 � � � � � � ��� � ⇐⇒�
� 
 � � � 
 � ��� � � � ��E X → Y A F = TX/Y

� � /�� �!13* N

F = k[x, y](x∂/∂x+ αy∂/∂y)
� � � = � ��� � = f(yx−α) A
� �#����� � ��
�� � �9�M� 
 � � � �K� � ���#� ⇐⇒ α ∈ Q

�



� � � 
 
 � � 	 � � � � � � � � � 


� � � � � � � � ��� ��� � � � � � ��� � ��� � �
	

X → Y � �#����� � ��
�� � ��E � � � ���
C = � � �
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p E � 
 � � ⇒ TX/Y/pTX/Y ⊆ TX p ���
	���
�����������


 � � � A D ∈ F ⇒ Dp ∈ F
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� � /�� �!13* N
D = x∂/∂x+ αy∂/∂y ⇒
Dp = x∂/∂x+ αpy∂/∂y

p � 
 � � � � � � ��� � ⇐⇒ αp ≡ α mod p
� ��� 
F��� ��
 � ���M� � ��� �

p ⇒ α � �#����� � ��
�� � � � = � �
� �L� ��J�� � ��
 � ����� � ��� �

p ⇒
α ∈ Q

� � J�� �����D� � � ��� � �

� *
� / -�� N
α = i

N
αp ≡ α mod p ⇐⇒ p ≡ 1 mod 4
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� 7 '��&*��	)
	2- * N � ��
 �
� � � � 
 	 � ��� 
�� � ��� � 
��
� � 
�� 
 � 
������ � � 
 	 � � � 
 p � � 	 ��
 � ��� � ��
 � � ��� � 
 �
� ������� � �
��� �
	���
�����������
 �

� *
� / -�� N ! � ��� � � � � � � E � �#" � J�� ����� = � � �
� � � � � = � � � � � � �!� 
3� � 
 � � � � � � � = �#" 
#= � � = ����� ��M��� 
�� � � � � � � � � =&= � � 
 �M� � �#� = � " � = J�� � � � 
 ��� 
 � = �� � ����� ��� = � � � � � � � � � �#����� � ��
�� 
 � � � � � � �� 
 � 
 ��� 
#= �%$ J 
 ��� � � � � � � � � � � � � = J�� � � � � � �
� � � � � = 
 � = � � � � � � E �@� � 
 � � � � 
 � � � � � � �
� � = � =?E �@� � = � 
 �L� ��� 
 � � ����� �M��� 
�� �

&
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� � /�� �!13* N
(X, E,∇) ��� 
F� � � �K� � ��� � � � ��� � � � 
 � �

∇[D,E] = [∇D,∇E]

H � � � =&= � � � � �G� �#" 
#= � � �@� � � �
� �G� 
�= � � � � � = � � � 
 � � = N
∀D ∈ TX:∇Ds = 0

� � � � � � � ��� 
#= � 
�� p N
p � 
 � � � � � � � 
 � 
 ���

∀D ∈ TX:∇p
D = ∇Dp

� � � � � � � " 
 � ��> N
� 7 '��&*��	)
	2- * N � 	 �
	���
�����������
 � 
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�� � � �
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 � � � 
�� 
 � 
%��� � � � 
 	 � � � 
 p ���
	���
�����������

� � � � � � �
� � 
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�� � � � 
 ��� � ��� � 
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 	�� ��� � 
%� �
� � 
 	 � �
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� � � � � � � � � 
 � � � � � � �

E = k[x, x−1]e A ∇d/dxe = αx−1e� �G� 
#= � � � � � = � � � 
 � � x−αe
� �#����� � ��
�� ⇐⇒ α ∈ Q

p � 
 � � � � � � ��� ��N
∇p
xd/dx

e = αpe A ∇(xd/dx)pe = αe

p � 
 � � � � � � ��� � ⇐⇒ αp ≡ α mod p

E = k[x]v A ∇d/dxv = v� �G� 
#= � � � � � = � � � 
 � � e−xv

p � 
 � � � � � � ��� ��N
∇p
d/dx

v = v A ∇(d/dx)pe = 0

H � � ���
p � 
 � � � �K� � ���#�

���



� � � � � � � � � � � ��� � � � � ���

⇒
��� � 
 � � � � � � � � 
 � � ��� � � � � ���

� = = � �	
3� � � � �
(X, E)

� � � � � � � � ��J � " � �
F(E) → X � ∇  � � � 
 � � 
 � � � � F(E)

∇ 
 � � � �K� � ���#� ⇐⇒ � � � 
 � � 
 � � 
F� � � �K� � ��� �
∇ p � 
 � � � � � � ��� � ⇐⇒ � �!� 
3� � 
 � � p � 
 � � � � � � ��� �

� J��L� = �:� � � � �G� 
#= � � � � � = � � � 
 � � = � � � � � � � �
� �!� 
3� � 
 � �
� �!� E�� � � � � ��� � � ��� � � ��J�� �
⇒

� � � � � � � " 
 � ��>��;= � � ��� � � ��J�� �

� �
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A � ����� 
 ��� � � � 
 �:� � � � � � E �#� " � ��� J = �
F ⊆ TA � ����	 � � � � � 
 	 � 	���� � � � 	 � � �!� 
3� � 
 � �
F ↔ F0 ⊆ TA,0 = Lie(A)

� �!� � J�� � � ��� � � ��� ��� = � � � 
 � � 
 ��� � � 
3��� �
� � � � ��� � ���#" = ��$KJ � � = � � � � J�� � � �G�
� � C2
 � � �#����� � �

A � � � � J�� � � 
 � �
 Lie(A) � � � � J�� � � 
 � �

 F � ��� � � = 
 � � � � � � ��� �

Lie(A)
� � = p � � � E � � ���

p � 
 � � � � � � � 
 � 
 ��� ⇐⇒ D ∈ F0 ⇒ Dp ∈ F0� �!� E�� � � � � ��� �#" 
#= � = ⇐⇒
F0 = Lie(B) A B ⊆ A � ����� 
3��� = J�� ��� � 
 �����

� *
� / -�� N � � � � ��� � � =?E � � " 
 � � E � �!���#��� � ���
��� ��� � � � � � J E 
�= � =&= � � � 
3� �L�M� ��� 
 ��
3� � �

� P
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E A E′ ���L� 
 E � 

� � J�� � � = � � � ���
Q � ��� = 
 � E � 

�	
 ��� �

V ⊂ Lie(E ×E′) = Lie(E) × Lie(E′) A
dimV = 1 A V 6= Lie(E),Lie(E′) ⇒
V

�K� ��E � � � � 
 � � � � 
#= �
f : Lie(E) → Lie(E′)

p � 
 � � � � � � ��� � ⇐⇒
f � �!� � J � � = � 
 � � p � � � E � � ��� � ��E F

TrE F ≡ TrE′ F mod p� � �K"
p

��� �@� � � ��� � J�� � �

� � = = ��N |TrE F |, |TrE′ F | ≤ 2
√
p  

TrE F = TrE′ F
�
p

� � �I��� � ⇒
� � � � � 
F� � = �

E ��� "
E′ 
#= ����� � �!J =  � =&= J�� �

E = E′

⇒ f
� J�� � � �

α A  
F : Lie(E) → Lie(E) � � � ��� ��� � ⇒
αp ≡ α mod p

� �



� /�� * � N
E

� � = � �!� E � � " � J�� � 
FE � 

��� � 
 � �
F : Lie(E) → Lie(E) � � � ��� ��� � ⇐⇒
p =?E � 
 � = 
F� � ���#"

K� � � �!� E � � " � J�� � 
FE � 

��� � 
 � � =
 α ∈ K ⇒ f

� � ��E � � � 
�= � ��� � �

� /�� * � N
E � � � � � E � �#" � J�� � 
 E � 
���� � 
 � � =

F : Lie(E) → Lie(E) � � � ��� ��� � ⇐⇒
E

� � = 
 � � � 	�� � � � � "KJ � � 
 � ���� J � � ��� = ��� � � E � 
 � � = � � "�� � = 
 ���
1 ⇒

α ∈ Q ⇒ f
�K� ��E � � � 
#= ����� � �

� *
� / -�� N
� 
 � 
 � � � � �I�KJ�� � � � = � ��� > 
F� = �!� � ��� � ��� � � = � = A
� � � � ���M� � ��� � �L� � ����� 
3��� ��� � 
 �:� 
 � = � 
 � � � � � �
E � �#" � J�� � 
 E � 
�� � � 
 � � �

� 




� � � � � � � �	� 
 � � � � � � � � � � �

� 
 � � � ��� � � � � ��� �

� �G� 
3� � 
 � � � > � � � � = ��� J � � 
 � � � � � � � � � � J�� � � = N

� %B- �+) %��!* / $�� 7 - %B4 N
� � "���� E � = 
 � 
 ��
 � � � = = J�� E � 
 � � = � � � ��� ��� � �
��J � " � � � � � = ��� J � � � � � 
 � ��� � � J�� � � = 
 � E � = 
��� 
 � � � � � � �@� � ��� 
�= � 

� � J = � � � 
 ��
 	 � � � � �
	 � � ����!J � "�� " "�� �K� � � ��� " � � � � �LJ "�� � � � � �@� � ��� �

#= � 
�� 0

�#" 
#= � � � � � �+� � ��
 � � � � = = � � � 
 �L����� �
= � � ��� � = �

� *�� 78'�� %
�!*�/ $�� %��	/G7 � /!4 N
� = � � � �M� E � = 
 � 
 ��
 ��� � = = J�� E � 
 � � = � � = J�� ���J � " � � �� � � = � E � = 
 � 
 ��
 � � � = = J�� E � 
 � � = 
 � E �M� 
 � � � ��K� � � 
 � 
 ��� ��� "

p � 
 � � � �K� � � 
 � 
 ��� � � = J�����J � "K�#� �� � � � � � 
 � ��� � � J�� � � = � � � � � � � � = �

� �
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 � � � � � ��� 
 � � �

� 7 �+)�� � )��G* 7 - *
� �
� �G* 7 - *
� � � � � 
 � 
 � � � 	 � 	 ����� � ��� � � 	 Cn →
X

� � ��� � � � � 
 	 
 � ��� � �
��� � � ��� � 
 � � � 
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� � 
 � 
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 � 
 �
��	 � � 
 �
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 	 X �

� �!*���%9/21 ��/���*��
� �G* 7 - *
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 �
� ��	 � � � ��
�� � ����� 
 � � � �
� 
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� � 
�� 
 � 
%��� � � � 
 	 � � � 
 p ���
	���
���� � ����
 � 
 � � 
 �� 	 
 	 � � � 
 � 	 � � 
 �
� � 	 � � ����� � ��
 � � �
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� � � � � ��� � � � � � � � 


� 
#= � � �:� � � � �8��
 � � = J�� � � � J E Γ ⊆ SL2(R) ×
SL2(R)

�
� � 
������ � � ��
 N
(Γ ∩ SL2(R) × {1})(Γ ∩ {1} × SL2(R))'G7!) � � � ��
 � � 
 � "��#" 
 � Γ

X = H × H/Γ � �#�����	� ��
�� = J�� ��� � �
H × {z} ��� " {z} × H

� 
 � � � � � 
 � � 
 � � =
Γ 
 � � � "KJ �	
 ��� � ⇒ � ��� � �#� �8
 � � � � � � ��� �
� � � � � � ��J�� � ⇒
� � �

p � 
 � � � � � � ��� � � ��� ∞ � ��� �
p �

� *
� / -�� N � �L�
Cn → X � � � � � � = � ��� �

� � /�� �!13* N
K

� � � � $ J � "K� � � 
�� � ���#"
X

� 
 �L����� � � �K" J�� � � = J�� ��� � �
p � 
 � � � � � � ��� � ⇐⇒ p =:E � 
 � = 
 � K

� �



Ag
� �5" J�� 
 =:E��@� � � � E � 
F� � 
 E � �L�M�

E �!� � � 
�= � " � ����� 
3��� � � � 
 ��� 
 � = �
g > 1

�

Xg → Ag
� � � J ��
 � ��� = � � � ����� 
3��� ��� � 
 �:���

P := P(Lie(Xg/Ag)) → Ag A� � � ��J � " � � � � � 
 � � = 
F� Lie(Xg/Ag)

� � J�� �!� ��� 
�� � � O(−1) ⊂ Lie(Xg/Ag)P  ��� ��� = � � � 
 � � 
 � ��� � 
3��� � � �!� 
3� � 
 � �
F ⊂ TP×AgXg

� �!� E�� � � � � ��� � = ↔
= J�� � ���L� 
 E � 
�� � J�� � � = � � Xg

� �!� E�� � � � � ��� � = � � � � 
 	 � 
��J�� 	 
 � � �#����� � ��
�� � �9�M� 
 � � � �K� � ���#�

� &



� ��� � � �

� ����
#= � 
 � � � � p � � J�� � � ��J�� �
ψ:F → TX/F A

ψ(D) := Dp mod F 
#= � � 
�� 
%� � � � " 
 � 
 � �
� � � ��� � " 
�� � 
 � ���
� �L� � �!� E��@� � � � ��� � = � � " J � � � � E � � E ��� = J�� �
��� � 
 �:�����

� �


