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1. Yang-Mills connections and met-
rics with harmonic curvature

Let (M,g) be a compact n-dimensional C
Riemannian manifold with n > 3,

V is its Levi-Civita connection

R is its curvature tensor,

r its Ricci tensor

W its Weyl conformal tensor

R its scalar curvature.

d is the exterior differentiation

0 is its divergence or its formal adjoint, viewed
as differential forms on M.

According to the second Bianchi identity :
5R = —dr 1.€. VZRijkl — Vkrhj — vjrhk

The sign conventions are such that

Tij — Rélj’ R = gw’l“ij.

Rg
n— 2

(n —2)0W = —(n—3)d[r—2 ].



We say (M, g) has harmonic curvature if

R =0

which is called Yang-Mills equation.
That is the Euler-Lagrange equation of the Yang-
Mills functional

_ 1 D
YM(D) = Q/MHR o,

on the space Cg of connections in the vector
bundle E — M, where R is the curvature
associated to the connection D e Cg.

So, the Levi-Civita connection V is a Yang-
Mills connection on the tangent bundle of M.
In this way, V is a critical point of the Yang-
Mills functional.

More generally, a symmetric (0,2) tensor field
C on (M,gq) is called Codazzi tensor if it verifies
the Codazzi equation dC =0 i.e.

We say (' is a non trivial tensor if V,C;; # 0.



Classical properties of metrics with harmonic
curvature are summarized in the following lemma,
A. Besse [B] chap. 16

Lemma l Let (M,g) be a Riemannian man-
ifold of dimension n > 3. The following holds
(1) if n = 3, (M,g) has harmonic curva-
ture R = 0O if and only if it is conformally
flat (W = 0) and has constant scalar curvature
R = C'te.

(2) If n>4, §W =0 and M has constant
scalar curvature, then 6R =0 .

(3) (M,g) has harmonic curvature if and only if
its Ricci tensor is a Codazzi tensor (i.e. dr = 0).
(4) If (M,q) is a Riemannian product, then it
has harmonic curvature if and only if any factor
manifolds has harmonic curvature.



2. Examples of manifolds with har-
monic curvature

The following have harmonic curvatures
and trivial Ricci tensors:
- Local product of Einstein manifolds

- conformally flat manifolds with constant scalar
curvature

- connected sums Y = #X; where X, are
manifolds with negative constant scalar curva-

ture

- warped product over Riemann surfaces



Notice that harmonicity condition is in a way a
generalisation of the Einstein condition :

r — 5g =0 1.€e. Tij — Egzj
mn mn
In particular, this fact shows that every Einstein
metric must have a trivial Ricci tensor dr = 0.

We may find many other examples of such man-
ifolds in the chapter 16 of A. Besse [B].

Turn out now to non trivial cases of the RiccCi

tensor.
A. Derdzinski has given examples of metrics with
harmonic curvature dr =0 .



3. Manifolds with harmonic cur-
vature and non trivial Ricci tensor

Let (Mp,g), n >3, be a compact C° manifold
with harmonic curvature. Suppose r IS non
trivial and has two distinct eigenvalues at each
point. Then ([D] and [L]) (M,g) is covered
isometrically by a manifold

(ST x N, dt® + h*/™(t)go),

where
(i) St is a circle of length T
(ii) (N,gp) is a (n-1)-dimensional Einstein man-
ifold with constant scalar curvature R > 0O
(iii) h is a positive periodic function verifying
the ODE
" nh

4(n—1)

for some constant C > 0.

pl=4/n — _"op (1)
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Remarks

a) - h must be non constant, otherwise the
corresponding metric has a trivial Ricci tensor.

b) - Notice that the manifolds S! x N are not
conformally flat, unless (IV,gg) has constant
sectional curvature.

c) - [L] and [K] proved if T = 2km\/"=1 where
k is an enteger, then equation

Hess(f) — (Af)g— fr=0

has non trivial solutions. This equation gener-
alizes the Obata equation Hessf = —n(n—R_l)fg
which has non trivial solutions only for the stan-
dard sphere S™.

d) - For n =4, Equation (1) becomes linear:
h'" 4+ Ch -4 =0.
So, it admits a 1-parameter family of non con-

stant periodic solutions whenever T = % Thus,

the corresponding 4-manifolds S1 x N have har-

monic curvatures and non trivial Ricci tensors.
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4. EXistence conditions for Derdzin-
ski metrics

Theorem 2 Let (N,gg) be a (n-1)-dimensional
Einstein manifold with positive scalar curvature
R, n# 4 and S! be a circle of length T en-
dowed with its standard metric.

Consider the product (SY(T)xN,dt24+h*/"(t)go)
where h(t) verifies Equation (1)

B nft p1-am —ZCh for C>O0.

- 4(n—1)
Then, if T satisfies the following inequalities
(k—1) k . .
2n——— < T < 27—, kK is an integer > 1,
VC - \/C

there exist at least k rotationnally invariant
warped metrics dt2 4+ h*/"(t)gs on SL(T) x N.
Moreover, these metrics have harmonic curva-
tures.

72'heir Ricci tensors are non trivial only if T >

7T

@nversely, if the warped metric of the type
dt2 + h*/"(t)go on the manifold S1(T) x N has
harmonic curvature, then the function h(t) ver-
ifies the ODE (1).



5. Link with pseudo-cylindric met-
rics

Let the Riemannian cylindric product

(81 x sn=1 dt2 4 de?), where St is the circle of
length T and (S"~1, d¢2) is the standard sphere.
Such a metric has a trivial Ricci tensor.

Moreover, we know that the number of Yamabe
metrics is finite in the conformal class of the
cylindric metric [dt? + d¢2].

- gc IS a Yamabe metric on a n-dimensional

Riemannian manifold (M,gq) if there is a C®
4

function w. such that the metric g. = u? 2g

has a constant scalar curvature -.
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There is a conformal diffeomorphism between
S™ — {p1,po} and (ST x S7~1 dt? + d¢?), where
Sl is the circle of length T.

The non trivial Yamabe metrics on S1 x sn—1,
are called pseudo-cylindric metrics.
There are metrics of the form

g = unT(dt? + de?)

where the C° function w« is a non constant
positive solution of the Yamabe equation.
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It has been shown (using an Alexandrov reflec-
tion argument) that any solution of

~1 nt2
L S Agou+ Rggu— Rgun—2 =0,  (2)

4

n_

iIs in fact a spherically symmetric radial func-
tion (depending on geodesic distance from ei-
ther p or —p ). Any solution of Equation (2)
which vyields a complete metric on the cylinder
IR x S™ 1 is of the form w(t, &) = u(t) , where
te IR and ¢e sn 1

The background metric on the cylinder is the
product gg = dt? 4+ d¢=.
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Therefore, the partial differential equation (2) is
reduced to an ODE.

The cylinder has scalar curvature

R(go) = (n—1)(n—2) and

R(u%go) =n(n—1). Thus uw=wu(t) satisfies

nn=2) "2 _0.  (3)

d? n — 2)2

@U_( 4 St 4
It follows that a pseudo-cylindric metric on
(SI(T) x s7~1 ¢g5) corresponds to a T-periodic
positive solution of (3) and conversely.

Analysis of this equation shows us, that it has
only one center (8,0) corresponding to the
(trivial) constant solution

n—2.n=-2
B = ) 4,

n
We proved the following,
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Theorem 3 Consider the product manifold
(SY(T) x S71 go) where S is the circle of
length T and S"™ ! is the standard sphere.

Under the condition
T(c) >T] = ——,
(>N ==
the Riemannian curvatures of the corresponding
4
pseudo-cylindric metrics gec = uen—2gg  are har-
monic and their Ricci tensors are non trivial.

Moreover, any pseudo-cylindric metric may be
identified to a Derdzinski metric up to a confor-
mal transformation.
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